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104. A Typical Formal Group in K-Theory

By Shordé ARAKI
Osaka City University

(Comm. by Kunihiko KODAIRA, M. J. A., July 12, 1973)

Typical formal groups were defined by Cartier [4] and used by
Quillen [9] to decompose U-cobordism, localized at a prime p, into a
direct sum of Brown-Peterson cohomologies with shifted degrees.

On the other hand, complex K-theory, localized at a prime p, was
decomposed into p—1 factors by Adams [1] and Sullivan [11]. This de-
composition is given in [1] with explicit idempotents. Its central factor
inherits a multiplicative structure from K-theory so that we can expect
a related formal group. In the present note the author observes that
the desired formal group is in fact a typical group law with a simple
nature.

As an application, using this typical formal group and a description
of the polynomial basis of BP*(pt) (Theorem 1), we obtain a proof of
Stong-Hattori theorem based on formal group techniques.

The details will appear elsewhere.

1. Typical formal groups. Let R be a commutative ring with
unity and F' a (pne-dimensional) commutative formal group over B. A
formal power series y over R without constant term is called a curve
over F'. The addition 7+ 7" of two curves over F' is defined by

G+ YD) =FGD), v (T)).
With this addition the set C; of all curves over F' forms an abelian

group. On Cr 3kinds of operators are defined [4] by the following
formulas:

i) (fnr)(T)=k§=_,‘1 7T, nzl,

where {,=exp 2zky/ —1/n, the n-th roots of unity;

iii) (elp(M)=y(D), aecR.

Operators f, are called Frobenius operators and particularly im-
portant. These 8 kinds of operators satisfy certain universal relations
[4], and we treat C, as an operator-module. A curve 7, defined by
7(T)=T will be regarded as the one of the basic curves.

Some functorialities of these operator-modules should be observed.
Let F and G be formal groups over R and ¢: F—G a homomorphism,
i.e., a curve over G satisfying

o F=Go(pX ).
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Then
@y Cp—C

defined by ¢,y =g¢c7 is a homomorphism of operator-modules. Next let
6: R—S be a homomorphism of commutative rings with unity and F a
formal group over R. 4.F is a formal group over S induced from F
by coefficient homomorphism 4. Then

0y: Cr—Cyp
obtained by coefficient homomorphism 6 is also a homomorphism of
operator-modules.

Let p be a fixed prime. A curve y over F' is called typical when
Sfir=0 for all ¢>>1 such that (9,p)=1. The formal group F is called
typical when 7, is typical [4]. Typical curves and formal groups are
mostly observed when the ground ring R is a Z ,-algebra, where Z,,
denotes integers localized at the prime p. In this case Cartier defined
an idempotent

Ep : CF—)CF

M) UnSn
F

(n,p)=1 F( n

where 4 is the Mobius function. A curve 7 is typical iff ye Imez. In
particular

(1) Er=cerls

is a typical curve over F' which we regard as the canonical typical
curve over F'.

Let y € Cy be invertible with respect to composition. As usual we

define another formal group F" by

Fr=y"1oFo(yxp.

Then y: Fr3 F, a (weak) isomorphism, and it is a strict isomorphism
when y(T)=T -+higher terms. We remark that F* is typical iff y is
typical. Thus, when R is a Z ,,-algebra, we have a standard way to
associate with each formal group F over R a typical formal group F*r
which is strictly isomorphic to F. We regard F¢r as the typical group
law canonically associated to F'.

In fact, Quillen [9] used this construction of typical formal group
in case FF=Fy, the formal group of U-cobordism, and we use the same
construction in case F'=F, the formal group of K-theory.

We need a remark about typical curves over typical group laws.
Let R be a Z ,,-algebra and x a typical formal group over R. Every
typical curve over p can be expressed uniquely as a Cauchy series
(2) r(T):é”aka"", o, € R.

2. A polynomial basis of BP*(pt). Let R be a Z ,,-algebra, ux a
typical group law over R, and assume that p is not a zero-divisor of E.

by

Ep=—
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JfoTo is a typical curve over p and we see easily that f,7,=0 iff p is ad-
ditive. Thus f,7, is a measure of deviation of x from additive group law
or an obstruction to identify yx with an additive one. And, expressing
as
o)D)=, e T
k20

by (2), we obtain a series of obstruction elements v,, v,, - -

Now we consider the case of p=pyp, the formal group of Brown-
Peterson cohomology. We remark that this is a typical group law [9]
and universal for typical group laws over Z ,,-algebras. Thus, in this
case {v,,v,, - - -} are universal obstructions to additivity.

Theorem 1. Let f, zp denote the Frobenius operators of ugzp and
put

(S, 5p7)(T) =l§) wpV i TP

Then the coefficients {v,, v, - - -} form a polynomial basis of the poly-
nomial algebra BP*(pt) with deg v,= —2(p*—1), i=1.

Let logzr be the logarithm of ugp, i.e., logge: pzpr=G, (additive
group law), the strict isomorphism over the rationals @. Compute
loggps f», 770 iN two ways and compare the coefficient of each power 77",
then we obtain a recursive formula which describe the relations be-
tween the above generators v; and the coefficients of logzr. Obtained
formula is the same as the formula given by Hazewinkel [7]. Thus
our polynomial basis of BP*(pt) is the same as those given by
Hazewinkel. Cf., also Liulevicius [8] for the case p=2.

3. Formal groups of K-theory. We shall discuss the formal
groups of complex K-theory. For complex K-functor we use

2"(E)=Z¢: (—DANE)=eX(E)

as the Euler class of the vector bundle E. Thus, for a line bundle L
we have
eX(L)=1—L
so that the corresponding formal group is
F(X,Y)=X+Y—-XY=1-(1-X)A-Y).
On this formal group we remark two facts: the Frobenius operators
satisfy
[ n, K 0="70
for all n=1; and over @ the logarithm logy: F' =G, is described by
logg T=—log 1—T)= 37 -1~
nzl n

Now localize at a prime p. Over Z,, the canonical typical curve

is given by
Ex(T)=(exr)(T)=1—P(Q—-T)

where PA—T)= [ @ —Tm)*™/m ig the power series of Hasse [5].

(m,p)=1
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Put

—TY— 1 ¥

La-m —éoFT

and remark the following relation [5]
LA—-T)=—log PA-T).

Let px=F%, the typical group law canonically associated to Fg.

Then
log,,=loggoéx
over Q. Hence we have
log,, (I)=L(1—T)= 3 L T,
£20 p*

Next we observe formal groups of periodic K-cohomology K*(X).
Its coefficient object is K*(pt)=Z[u,u '], where u ¢ K-%pt) is the Bott
periodicity element. For our purpose it is convenient to choose the
K*-theoretic Euler class of a line bundle L so as to lie in K¥(X), i.e.,

e (L)=u""'-eX(L).
The corresponding formal group is
FrX,Y)=X+Y—u-XY
with the logarithm
loggs ()= —u~log 1—uT)= 3 Lyr-17n,

nzl N
After localized at the prime p, the canonical typical curve &x=exy, is
given by
Ex(M)=u""PA—uT)
over K*(pt)p,. Let px.=F3&", the canonically associated typical formal
group. Its logarithm is given by
1080 (T) =4~ L(l—uT)= 3 = yr-1T,

k20 pk

4. The formal group of G*(X). Fix a prime p. Adams [1] de-

fined additive idempotents
E,: K(X)—KX) 4
of K-theory localized at the prime p for s ¢ Z, which depends actually
only on the coset “s mod p—1”. E/s decompose K(X),, into the nat-
ural direct sum
K(X) ), =EK(X)py+ -+ - + B, K(X) .

As to the basic properties of these idempotents, cf., [1].

These idempotents give rise to an idempotent

Ey: K¥(X),,—»K*(X),,,

of the periodic K-cohomology by the requirements: (i) Ey is stable
and (ii) the following diagram
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~ {2 ~
RHX) 2> R(X)
Ex E;

BH(X) > K(X)
commutes for all ¢ e Z, where § is the Bott periodicity, i.e., the multi-
plication with u. We put

G*(X)=ExK*(X) ).
It turns out that i) G*(X) inherits its multiplicative structure from
K*(X), ii) G*(pt)=Z ,,[u,, u;*] such that u,=u?"?, i.e., G¥*(X) is a peri-

odic cohomology theory of period 2(p—1) with %, as the periodicity
element.

Theorem 2. td(e®P(L)) =e"=(L) ¢ GX(X)
where eBF(L) and e"*(L) denote Euler classes of a line bundle L corres-
ponding to the formal groups pgzp and ug. respectively.

This theorem implies that

td(BP*(X))c G*(X)

by a standard argument. Thus yx. is already defined on G*(pt) and
gives a typical formal group pug of G*-theory corresponding to the
Euler class e®*(L)=¢e"**(L).

5. Stong-Hattori Theorem. Herewe put p=pg.. Letz=({,,t,,--+)
be a sequence of indeterminates with deg ¢;,= —2(p’—1). We put

¢t(T)=§,‘thpj, t,=1.
¢, is a typical curve of u overJ_G*(pt)[t] and invertible. Hence
¢ =y
is a typical group law over G*(pt)[¢f]. By the universality of pzr we
get a unique homomorphism of graded algebras
h: BP*(pt)—G*(pt)[¢]
such that k. uzp=¢/. In fact, this map can be extended to arbitrary
complexes so that it gives a cohomology map. By a standard argu-
ment we can identify 2 with the Boardman map
r(BP)—rn, (G/N\BP).

Thus we can state Stong-Hattori theorem [6,10] as

Theorem 3. & is an injection to a direct summand.

Cf., also [8]. For the proof it is sufficient to prove that “/ mod p”
is injective.

Put
(3) h*(fp,Bpro)(T)=(fp,p/ro)(T)=f;:1. Y K
i.e., 1,=h(v,) for j=1. Then

¢t°(fp,l"70):¢t#(fp‘,u’ro):fp,l‘¢t’

hence

FpntI D =47 (3 5,487

20
We compute f, .(t;T?) as follows:
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fp,p(toT)’—"un
and
fp,p(thp’)Eu1t§Tp! mod p
for 7>0. We put
I=(t1’ t27 ° ‘)s
the augmentation ideal of G*(pt)[#]. Then
([ wrd(TN=u,T  mod (p)+ L.
Here we remark that ¢;* is a typical curve of ;/, and put
é:3(T) =ngo w8 T?, s=1.
Then s; e I for §>>0 and we obtain
(4) ‘(fp,wro)(T)Eszo,uui”sz"’ mod (p) +I%.

On the other hand, by easy arguments with respect to typical formal
groups we obtain
s;+1;,=0 mod I*

for />0. Thus

G*()lel=G*(pd)ls,, s, -+ -1

=G*(DO)ups,, up's,, - - -, uf’s;, - - -1
since u, is invertible.
Finally (3) and (4) show that

G*(POIRZ , = G*(pt)[V,, Ty, « + -, Vs, + - - 1QZ,
where Z,=Z/pZ, which contains Z,[u,, v,,7,, - -+, ¥, ---]. Thus we
obtain the proof of Theorem 3 since 7,=u, mod p.

References

[1]1 J.F.Adams: Lectureson Generalized Cohomology. Lecture notes in Mathe-
matics, 99, 1-138 (1969). Springer-Verlag.

Quillen’s Work on Formal Groups and Complex Cobordism. TUni-
versity of Chicago (1970).

[8]1 J. F. Adams and A. Liulevicius: The Hurewicz homomorphism for MU
and BP. J. London Math. Soc., 53(2), 539-545 (1972).

[4] P. Cartier: Modules associés & un groupe formel commutatif. Courbes
typiques. C. R. Acad. Sc., Paris, 265, 129-132 (1967).

[5] H. Hasse: Die Gruppe der p"-priméren Zahlen fiir einen Primteiler p von
p. J.f. Reine u. Angew. Math., 176, 174-183 (1936).

[6] A. Hattori: Integral characteristic numbers for weakly almost complex
manifolds. Topology, 5, 259-280 (1966).

[7] M. Hazewinkel: Constructing formal groups. I. Over Z(,-algebras. Pre-
print, Econometric Institute, Netherlands School of Economics (1971).

[8] A. Liulevicius: On the Algebra BP*(BP). Lecture notes in Mathematics,
249, 47-52 (1972). Springer-Verlag.

[91 D. Quillen: On the formal group laws of unoriented and complex cobordism
theory. Bull. Amer. Math. Soc., 75, 1293-1298 (1969).

[10] R. E. Stong: Relations among characteristic numbers. I. Topology, 4,
267-281 (1965).

[11] D. Sullivan: Geometric Topology, Part I. Localization, Periodicity and
Galois Symmetry, M. 1. T. (1970).

[2]




