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Introduction. The Hodge spectral sequence for an isolated
singularity of (complex) analytic space is defined as follows. Note
first that, given a complex manifold Z, the bigrading of differential
forms of Z together with the operators 9 and ¢ defines a double com-
plex. The Hodge structure (E?%Z),d,) of Z is the spectral sequence
of this double complex so chosen that EF-«(Z)=H4Z,2%) where 2%
denotes the sheaf of holomorphic p-forms on Z. Let now (X, z) denote
the situation where z is an isolated singular point of an analytic space
X. For sufficiently small neighborhood U of x, (E2-4«(U\x),d,) are
well defined and form a direct system with the restriction maps. Set

E?»«(X, z)=1im E2«(U\x).

U

The map d,: E24X,x)—Er+e(X,x) is naturally induced.
(F24X,x),d,) thus obtained is the Hodge spectral sequence of the
isolated singularity (X, z). If X is n-dimensional, then E?*(X,x)=0
by Malgrange [3]. By Andreotti-Grauert [1] E?«X,x) are finite-
dimensional (over C) if 1<g¢<n—2.

The main result is the following

Theorem 1. Let n=8 and suppose (X,x) is a hypersurface
singularity, that is, there is a holomorphic function f in o domain Y
of C*':(zy, +-+,2,) Such that X={zeY; f()=f(x)}, and such that
0f(2)/02;=0 (0<i<n) if and only if z=x. Let E?%X,x) be denoted
for short by E2¢. Then the following conclusions are valid.

(i) EPi=0i1f q#0, g#=n—1, p+q#n—1, p+q+n.

(ii) There are canonical isomorphisms:

Err-t Fin-s .. < Frul
Eirn-te Fin-d~ ... =Ep2!

(iiY dim Ep-2?'=dim E?~%? for 2<q<n—2

(iil) EP? are all finite-dimensional.

(iv) E?°=0 for1<p=s=n-—2.

(ivy E?™'=0 for 2<p=<n-—1.

(v) If pisthe multiplicity of the hypersurface singularity (X, x)
in the sense of Milnor [4], then

p=dim E7-*'4dim E}°—dim E7~°

() =dim B4 4 dim By~ —dim By,



Nos. 5, 6] Isolated Singularity of Complex Hypersurface 335

The formula for the monodromy is obtained only in case f is
quasi-homogeneous, that is, f can be written in the form
J@) =2 ast0s -+ anta=mCiqe1, 280 * * Zi
where a, - - -,a,,m>0 are all integers. In this case the maps £,(2)
=(e*1a0vg,, . . ., e**ionvz ) induce an R/ Z-action on (X, x). In particular
hyn induces an endomorphism of E7-*'. Denote by 4'(¢) the character-
istic polynomial of this endomorphism. Then the characteristic poly-
nomial 4(t) of the monodromy of (X, x) is given by
(xx) A= —-1y4'®)
where y=dim E?°—dim Ez-1°,
1. Sketch of the proof. Let f, Y, (X,x) be as in Theorem 1.
We denote by 27 the sheaf holomorphic p-forms on Y. Following
Brieskorn [2] we set
Q2=07/df NQ*.
Then 23 is naturally a complex of sheaves. For an open ball B in
C"*! with center at x, we set B, =B\« and set
H?k(Qg):lEn HY(B,, 22).
B

Consider the exact sequence
0 221 Qe 2z 0
where the first map is induced by the exterior multiplication of df.
Using long exact sequence associated with this, we obtain at first
Lemma 1. H§(922)=0 if ¢#0, g#=n, p+q+n.
HL(Q9)=H§ (9277 if 1<q9<n—2.
Combining this lemma with the Hartogs-Osgood theorem, and

using the crucial parts of the long exact sequences, we obtain the
isomorphisms

af

(1) H* (2, )=H*(H%(2:) p=n—1
and the exact sequence
(2) 0—-H"™(2; ) —H"(H}(2:)—Hy (27 -0

where H'"(2; ,) is the notation of [2]. These (1) and (2) together with
[2] implies that

(3) H?(H%(27,))=0 1=p=n-1
and that Ker («), Cok () is finite-dimensional and
(4) p=dim Cok («) —dim Ker ()

where « : H*(H%(2;))—H"(H%(2;)) is the map induced by the multipli-
cation of f in 2;.
Consider now the exact sequence
0—00-Ls0n s0n/r— 50
where Q7/f abbreviates 22/7Q2. Using the associated long exact
sequences, with Lemma 1 in mind, we can prove (i), (ii) and (ii)). By

the crucial parts of these sequences, we obtain also the following three
exact sequences:
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(5) H,(27 )-Hy (27 H)—Er1'—0
(6) 0—-H(H3.(27)—HH%(27)—~E—- - -

o > H T HY(2)—H (HY () —Ey°
) 0—Ker (o) »E? - K—Cok (a)—E7°—0

where K=Ker (Hy (27 )—H(2%")). Combining (3) and (6) we prove
(iv). Using (4), (5) and (7) we prove (iii) and obtain the formula
p=dim E7"*'+4 dim Ep°—dim E3~"°,
Now the full formula (x) follows from this by the Poincaré duality;
@iv)’ follows from (iv) also by the Poincaré duality. The proof of
formula (xx) is almost evident from the course of the proof of (x).
The details will be published elsewhere.
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