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By a semigroup in a Banach space X we mean a one-parameter
family {T,: t=0} of bounded linear operators on X such that (s,) T,=I
(the identity operator on X), T;,,=T,T, for t,s=0, and (s,) for x e X,
T,x is strongly measurable for £>>0. A one-parameter family {G,: t € R}
of bounded linear operators on X is said to to be a one-parameter
strongly continuous group in X, if (g9,) G,=I,G,,,=G,G, for t,se R,
and (g,) for x ¢ X, G,z is strongly continuous on R with respect to ¢.
Let {T,} be a semigroup in X. We say that the semigroup {7} can be
embedded in a group iff there exists a one-parameter strongly contin-
vous group {G;} in X such that G,=T, for t=0. A well-known theorem
of Hille and Phillips ([1], Theorem 16.3.6.) states that a semigroup {T';}
in X can be embedded in a group iff T, is injective and surjective for
some t,>>0.% OQOur purpose in this paper is to give another version of
this theorem in terms of Fredholm operator theory.

Let X and Y be Banach spaces. B(X,Y) will denote the set of all
bounded linear operators from X to Y. For basic properties of
Fredholm operators, we refer to Schechter [2]. An operator
T e B(X,Y) is said to be Fredholm if (f,) a(T)=dim N(T) < oo, (f,) R(T)
is closed, and (f3)B(T) =dim N(T*) < oo, where N(T), R(T) and T* denote
the null space, the range and the adjoint operator of 7', respectively.
We denote by @(X, Y) the class of all Fredholm operators from X to Y.
For T ¢ (X, Y) we define the index ¢(T) of T by i{(T)=a(T)—p(T). We
shall use the following facts concerning Fredholm operators:

(@) If T\ed(X,Y) and T, d(Y,Z), then T,T,c (X, Z) and «(T,T,)
=i(T)+i(T).

(b) Assume that T,eB(X,Y) and T,c B(Y,Z) are such that T,T,
€e?d(X,Z). If either a(T,)<oco or B(T)<oo, then T,ed(X,Y) and
T,e 9(Y,Z).

We now state our theorem:

Theorem. A semigroup {T;} in X can be embedded in a group
iff
ED)  Nieso N(T)={0}; and

*)

In [1] the semigroup {T;} is supposed to be of class (A), although it is
proved without this assumption that the invertibility of some T';, implies that of
every T':; hence the theorem holds for every semigroup in X.
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E,) T.,ecdX,X) for some t,>0.

Proof. If {T;} can be embedded in a group, then each T, is in-
vertible, so N(T,)={0} and T, € #(X, X) for all t>0. Conversely, sup-
pose that (F,) and (E,) hold. Then we shall establish the following
facts:

(i) T,ed(X,X) for all t>0;

(ii) «(Tp=0 for all t>0; and

(i) «(T,)=0 for all ¢>0.

Given (i), (ii) and (iii), then &(T,) =p(T,) =0, T, is invertible for all £>0,
and by the theorem of Hille and Phillips mentioned above {T';} can be
embedded in a group.

Proof of (i). Lette(0,t). Then T.T,, .=T,,_.T,=T, and N(T,)
CN(T,). Hence a(T,)La(T;)<oo, and so T, e &(X, X) (by Fact (b)).
Let t>¢,, Then t=mt,-|-s for some positive integer m and a number
s€(0,t). Therefore, T,=T7T, e (X, X) (by Fact (a)).

Proof of (ii). For every pair of integers m and » with 0 <m <mn,
we have (T ,,,) =(m/n)i(T) (by Fact (a)). However, the function i(T,)
is integer-valued, so (7)) =0 and ¢(7T,)=0 for all rational numbers in
(0, 0). On the other hand, «(T;) and B(T;) are both nondecreasing as
functions of t. For, if 0<s<t, then N(T,)CN(T,) and N(TFH)CN(T}¥)
by the semigroup property (s,); hence a(T,)<a(T;) and B(T,)Zp(T,).
Since (T;)=a(T,)—p(T,) is integer-valued and of bounded variation on
[0,1], there are at most a finite number of jumps in [0,1]. Let ¢,,¢,,
.+ +, t, be the points at which the jumps may occur. Then i(T,) is con-
stant on the intervals (0, t,), (¢, £,), - - -, (tx_1, t) and (¢,, 1) (where (0, £)
and (¢,, 1) are empty sets if ¢,=0 and ¢,=1). Now «(T,)=2i(T,,))=0
if ¢,>0, and similarly, i(T,)=0 for j=2,8, . - -,n. Therefore, i(T;)=0
on [0, 1], and hence it follows that ¢(T,)=0 for all £=0.

Proof of (iii). Since «(T,) is nondecreasing and is integer-valued,
there exists a positive number ¢, such that «(T',) is constant on the in-
terval (0,t). Since N(T,) is nondecreasing, N(T,) is constant with
respect to t in (0,¢). Hence, {0}=\iso N(T) =No<t<t; N(T})=N(T,)
forse(0,¢). This means that T, is injective and «(T,)=0 for s € (0, £)).
Let £>0. Then there exist a nonnegative integer m and a number
s€(0,t) such that t=mt,/2+s. Since T,=T7,T;, T, is also injective
and «(T,)=0.

Remarks. (1) In our theorem we considered two conditions (E,)
and (E,). However, condition (E,) is automatically satisfied for semi-
groups of basic classes discussed in [1]. Even if (E)) is not satisfied,
we can pass to a semigroup {T,} in a quotient space in which condition
(E) is satisfied. This can be done in the following manner. Let {T}
be a semigroup in X such that N=,,, N(T,)#{0}. Notice that for
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x e X, T,x is strongly continuous on (0, o) with respect to ¢ ([1], Theo-
rem 10.2.3). Since N is a closed subspace of X, X/N is a Banach space
in a natural way. Lety:X—X/N be a natural mapping and write [x]
for the coset containing x. Note that [x]=vxz. Now for ¢t=0, define
T,: X/N—>X/N by T,[xl=vT,x for xelxle X/N. Then |T,|<|T.,I
for £=0. Since ff‘tu:th on X, it is seen that {T,: t =0} forms a semi-
group in X/N. We then demonstrate that N=(,,, N(T)={[0]}. If
Tf‘t[x]=[0] for t>0, then vT,x=[0] for t>0 and z e[x]; hence T,x e N
for all t>0. This implies that T,x=0 for all £>0, and so xe N or
[x]1=[0]. Consequently, condition (E,) holds for the semigroup {Tt} in
the quotient space X/N. Moreover, if the original semigroup {T,} sat-
isfies (E,), then so does {f‘,}. In fact, let T, ¢ &(X, X). Then, dim N
<ooandy e @(X, X/N). From thisit follows that T,v:uT, e (X, X/N)
and T‘t € O(X/N,X/N) (by Fact (b)). Thus, given a semigroup {7} in
X satisfying (F,), we can always associate a one-parameter strongly
continuous group with {T,}.
@) If TedX,X), there exist closed subspaces X, and Y, of X such
that dim Y,=4(T) and X=N(T)@X,=R(T®DY,; and it is proved ([2],
p. 108) that there is an operator T- with N(T-)=Y, and R(T")=X,
such that F,=I—T-T and F,=I—TT- are operators of finite rank sat-
isfying N(F)=X,, R(F)=N(T), N(F,)=R(T) and R(F,)=Y, Hence,
T- is a “pseudo-inverse” of T. (Notice that T'e B(X,X) iff «(T)
=p(T)=0.) The theorem of Hille-Phillips asserts that the semigroup
{T;} can be embedded in a group iff T,, is invertible for some ¢,>0.
Our theorem states that {T';} can be embedded in a group iff (¥,) holds
and T,, has a “pseudo-inverse” for some ¢,>0.

Finally, the author wishes to express his gratitude to Professor
A. Vogt for comments.
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