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12. On a Theorem of K. Lowner on Univalent
Functions.

By Kenzo JoH.
Faculty of Engineering, Osaka Imperial University.
(Comm. by S. KAKEYA, M.LA., Feb. 12, 1938.)

1. We denote by (S) the family of normalized univalent functions
@) f@)=z+a+a’+ -,

regular for |z| <1, and by (Sy), £=2,83, ...... , the family of normalized
univalent functions given by

1
6] [ @) =Fk (%) =2+ a2+ afd, 21+ .
Lowner” succeeded to prove that, for any function of (S),
@ las] <33,

which relates to the Bieberbach’s conjecture, using his own essential
theorem of expressing all coefficients of any funection f(2) of (S) by
parametric function corresponding to f(2) itself.

On the other hand, Fekete and Szegé® have recently proved that,
for k=2,8, ...... s

@ ol < 2 orsewmicing L

It is remarkable for us that the inequality (4) becomes for k=2,

5) la@| <

1
+=>1,

2
and the extremal case of (4) and (5) are attained by a function which
is different from the well known extremal function

2
W ’ (k=2,3, ...... )»
by which the Bieberbach’s conjecture for the class of functions (S) is
realized for k=1.
In the present note, a coefficient problem closely related to the
above mentioned theorems of Lowner, Fekete and Szegé is investigated.
2. Instead of the class (S), Lowner considered the class (S’) of
univalent functions of the form

(6) 8z, ) =€t (2 +bi(OP+b )P+ ),  t=0,

1) Math. Annalen, 89 (1923), 103-121. .
2) Jour. London Math, Soc., 8 (1933), 85-89.
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regular for |z] <1 under the condition that |s(z,t)| <1, s(z,0)=2
and coefficients by(t), by(£), --.... are functions of &.

By the theory of Lowner, it is true that from any function
s(z,t) of (S”) we get in the limiting case of ¢t — o,

@ tim * 1) —lim (2502 + 0+ )

=z+ a2+ agt+ - ,
which is a function of (S).
Let
8(z, t) =€~ (z+by(t)22+ bulto)e+ )

be any function of (S’), then Lowner’s expression for b,(%), b.(¢;) are
given by

£
0

( { by(t) = -2§ " w(z)e—dz
8
) bz(to)=4|]:° u(r)e_’dr:r—*Z j: (e de

where x(t) is the parametric function of the function s(z, f;) such that
|5(t)]=1 and is continuous but discontinuous at atmost finite points in
the interval 0 <t < ¢,

Lowner’s results obtained from (8) are

9 [bi(t) | < 2(1—e%),
(10) |bot)| << 8—de o420,

The inequality (9) is the best and identical with that of Pick” and its
extremal case is attained by the function s(z) given by the equation

s  _ 4 2 =
) (1+es(2)” * Ut le]=1.

And the inequality (10) is not the best, but for the limit £, — o it
becomes to the best inequality |as| < 3 for the class (S).

3. In the following we get the best inequality for |by(t,)| instead of
(10) and prove that the exact maximum of |by(¢s)| for any fixed ¢,
(t, == 1) is not attained by the corresponding coefficient of the extremal
function given by (11), in which we can see in the class of functions
(S), (S’), there exists the close relation to the theorem of Fekete-Szego
for (Sy), k=2,38, .......

Theorem 1. For the functions of the class (S) for t=t,,

(1) Max|bit)] < 4{Go+e -ty
S

- (v0e‘2”°+~;—e“2"° - %e‘””)} +1—e%,

1) Wien. Ber. 126, Abtlg. (2) a (1917), 247-263.
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where vy=y(t), (0 < vy < 1), is given by the root of the equation
(13) ”oe—-vo=e—to .
We see that
lim l"l)(tl)) =0 ’
tog>oo
and for f;— o (12) becomes
Max |as| < 8,

S)

which is consistent with the Lowner’s theorem and inequality (12) is the
best for t, > 1.

To prove the theorem 1, we must use the following

Theorem 2. Let A(r) be a function, real and continuous except
atmost one point in the interval 0 <+ < ¢, and be

()| <Ze,
and also for N such that

0<N< %(l—e‘”"),

§:° 2()dr < N.
Then
14) H: ADdc| < V),

where V(N)=(@+1)e—e® and »=u(N), (0 v < ¢y, is the root of
the equation

l. _2"_.*]?. —2t0 — —2ty l — p—20
(»+2)e ;e=N  whn te™<N<l(-e®),

and »(N)=t, when 0< N te 2,

Applying theorem 2 we arrive at the following Valiron-Landau’s
theorem? in a generalized form.

Theorem 3. Let x(c)=e"** be a function, continuous except atmost
one point in the interval 0 < = < ¢, and be

|2(z)|=1,
and also for M such that

0<M< %(1—@%) ,

H: (e Fde| < M.
Then
(15) [ oreas| < V(T4 M - Lom),

1) Math. Zeitschr., 30 (1929), 608-634.
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and we can see that for ¢ =1, there exists in fact a function
»#(7)=e"® which realize the equality in (15).

4. Now using theorem 3, the proof of our theorem 1 is im-
mediately given.

b to
bt =4[ [[* e)ede [ -2 " seerewde,
and here, without loss of generality, we can assume that |by(f)|=

Rbo(t,), because in the other case we replace x(z) by ex(z), |¢|=1, and
using theorem 3,

|Balto) | = Rb(ty) =4{(j:" cos 9(c) -e"dr)z— (j: sin 9(c) -e"dr)z

- S:o cos? I(z)- e"2'dr} +1—e

IA

4{(5:0 cos J(z) -e"dr)z—— S:ﬂ cos? J(z)- e‘Z’dr} +1—¢
4{<ve"‘+e‘” - e"")z—- (ue‘z" + % ey — % e-”«)}

+1—eZ=F(»t), put.

IA

The maximum of F(v, %) is given when v=y, (0 < vy < 1,) which is
given by the root of the equation

(16) ver=e %,
and we see that
F(v, tg) > 3—8e~%+be20=F(0,%) for &, =>1.

Thus we get the proof of our theorem 1. The details of this and
other relating problems shall be published soon in the another place.



