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There are two ergodic theorems, one of which is the mean ergodic
theorem due to von Neumann and the other is the Birkhoff’s ergodic
theorem.” These theorems treat of the convergence of the arithmetic
mean

n

in the limit in the mean or in the limit in the ordinary sense, where
T and its inverse T! are the measure preserving transformation and
P is a point in the space £, in which the Lebesgue measure is defined
and | 2| << .2

This paper is to study the almost everywhere convergence of the
series®

@ f(TP) | F(T?P) ., f(T"P)
1 2 " ’
where
®) [r@rap=0.

2

The almost everywhere convergence of the series (2) implies that
of (1). The condition (8) is necessary for the almost everywhere con-
vergence of (2), which is seen by the Abel’s lemma and the mean
ergodic theorem,

If T is of the mixture type, then

lim |T"A-B|=|A|-|B|/| 2|

for any measurable set A and B in £. We will suppose that

.R|=lAl‘|B] 1
|7 4-B|=1 40 +0(1083|’n|)

uniformly for all measurable set A and B such as A 2 B. In this
case we will call that T is of the uniform mixture type.
The object of this paper is to prove the following theorem.
Theorem 1. If f(P)eL? in 2, (3) holds and T is of the measure
preserving transformation of the uniform mixture type, then the series
(8) converges almost everywhere.

1) For the detail, see E. Hopf, Ergodentheorie and the Wiener’s papers in the
American Journal of Math., 5 (1938) and the Duke Mathematical Journal, 5 (1939).

2) | A| means the measure of A.

3) The author owes this problem to Mr. Fukamiya.
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Proof. Let N be any positive integer and let us put
Jn(P)=1 u b zf(T"P) "§’f(T"P)
IS

n=1 n=1 n

where n(P) is an integral-valued measurable function and 1 < n(P) < N.
We can write

Jy= jJN(P)dP zbf f(T"P) ;p

2
where 2,2892.4 0=12,...,N—-1).
If we denote by ¢,.(P) the characteristic function of £2,, then

Iv=2} % [ u(P)r(T"PYIP
2

=

n=

=2 L[ eir=P s@rar=[(3 LourP) 5P 2P,
2 2

By (3) we have
Tw=[(Z L ouT"P)-ex) rPIIP,
2

where ¢y is a constant and is determined later. By the Schwarz’s in-
equality we get

Jw < [! (ZLeurPr—cv) P [i sPypap].

If we denote by K } the first factor of the right hand side, then we
have

K—j( —%(T"‘P) cN) P

i[m-l ,.2_1— on(T""P)pu(T"P)
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where T"™8,, denotes the set of points T ™P for Pe®,,. Since T
is of the uniform mixture type, we have

Tn—mgm'gn — '-Qm|'|'gn| + Am.n s
| | || log® (|m—n|+2)

where A, . is bounded. Therefore

N N . N
K<SI S 1 | 2w 2a _20N2@

= m=17-1 mn | 2] n=l q
A
+cv |2 T
vl |+7§1§1 log? (|m—mn|+2)
—(sh11el_, Vo A,
<n2-1'n | 2| )I |+m=1n-1mnlog‘*(lm —n|+2)
If we take
1 & |
=—2
| 2] a=
then
K<§ 21!" Am.n <A % g} 1
S v imnlog ((m—nl+2) = wctact mnlogd (m—mn|+2)
<451 ; S g

. = < -
-1 log® (A+2) lm—zn:l-a mn ”ASE Alogz(2+2) "

Thus K is bounded. Therefore Jxn(P) is almost everywhere upper
bounded. Similarly Jy(P) is almost everywhere lower bounded. The
almost everywhere convergence of (3) is proved considering
L u b f}f(T”P) g L b im
No<m<N n=No 7 NoSm<N neNoe nm
Theorem 2. In Theorem 1, if we take off the condition (3), then
the series

& ST"P)~M(T,P)

n=1 n

converges almost everywhere, M, (T, P) being defined by (1).
Proof is done similarly as Theorem 1. Let us put

Ju(P)=L u. b. 3 f(T"P)=MJT,P)

Sm<n n=1 n

We have

n=-1

]

MN(1 ,

> [ L{ATP - MAT, P} oiPYIP,
2

n=1

where %/(P) and ¢,(P) is defined as n(P) and ¢,(P) in the proof of
Theorem 1.



192 S. Izumr [Vol. 15,
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If we define 2, as 2, in the proof of Theorem 1, then we have

j[z > {AT"P)— pu(T-P)} [aP

12 m

1!‘ 1 N N

T2, |~ | T2, -T2,

m=1y=1 P22 m=1 p=1
—|T"Q, -T2, |+|T™2,-T*2,|},
which is bounded. Thus the theorem is proved.



