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§1. Projective parameters in projective geometry.

In an n-dimensional space A, with the affine connection I, a
system of curves called paths is defined by the differential equations
of the form

Pt ; da? da . . _
1.1) ey = Th—= d ds =0 4, k, 1,2, ...,m)
as autoparallel curves, where s is called affine parameter on each path.
Conversely, if we are given the differential equations of the form (1.1)
in an n-dimensional space X, we can define a symmetric affine con-
nection in this space taking I} as the components of the connection.
The study of the properties of these differential equations constitutes
the affine geometry of paths”. But, an affine connection is not defined
uniquely by the system of paths (1.1). H. Weyl® and L. P. Eisenhart®
have independently shown that any two affine connections whose com-

ponents I_“,-i,, and I}, are related by the equations of the form
(1.2) Tjo= T+ din+ 845 ,

where ¢; are components of an arbitrary covariant vector not neces-
sarily gradient, give the same paths. In this sense, the change over

from I, to I is called the projective change of affine connections,
and the study of those properties which are invariant under such
changes of affine connections is called the projective geometry of
paths®.

To study the projective geometry of paths, T.Y. Thomas® has
introduced the functions

(1~3) J?:k = 1:ilc -

(81 k+8% aj)y

which are invariant under prOJective change of affine connections (1.2).
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Although 11}, are invariant under the projective change of affine
connections, their law of transformation under the change of coordinates
is not identical with that of the components of the affine connection,
that is the case when and only when the jacobian of the transforma-
tion is constant. The study of the invariant properties of I7j, under
such restricted transformations constitutes the equi-projective geometry
of paths®.

To avoid this inconvenience, T.Y. Thomas® has introduced an
extra dimension #° and defined an affine connection *I72 (4, 4,v,...=
0,1,2,...,m) in an associated space of (n+1) dimensions by means of
the relations

(L4) *Hi="Mh=—-—L_5, *m=mj, *ny="*1m,,
n+1 n—1
where . '
=%, and ”%kh=‘all—j?’c—%‘+”ﬁcllgh_nﬁnofk’

ox" oxk

and formulated the projective geometry of paths as the invariant
theory of the affine connection of this (n-+1)-dimensional associated
space under the special change of coordinates

ox’
ox

(15) x°’=x°+log’ \ l , a)i'=xi'(9§1’ a;z, ey m”) .

This idea of introducing an extra coordinate x° is adopted later by
0. Veblen®. O. Veblen has defined the projective geometry as the
invariant theory of II}, symmetric and satisfying the following con-
ditions

(106) ”0/}/':”}0:‘%’ ’aa?”lfv"_‘o’
under special transformations of coordinates
1.7 2¥=a"+logp (! o2 ..., %", a¥ =¥ (!, o, e, 7).

Let 11}, be the components of an affine connection in an (n+1)-
dimensional space A,.;. If there exists a coordinate system in which
the components of connection 177, satisfy the conditions (1.6), then the
A,., referred to this coordinate system may be taken to represent a
projective space P,. From this point of view, J. H.C. Whitehead® has
studied the representation of projective spaces, and derived many
interesting results on generalized projective geometry.

Let I}, be the components of an symmetric affine connection of
an n-dimensional space A,, then introducing a symmetric tensor I7},
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8) O. Veblen: Generalized projective geometry. Journal of the London. Math.
Soc. 4 (1929), pp. 140-160.
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we can construct a symmetric affine connection I}, of an (n+1)-
dimensional space A,.; by means of /7%, IIJ, and [l =11}=2¢}.
The equations of paths in A,.; are given by
2,4 v
(1.8) d’x dx”  dx*

+112 =0,
dt? ®odt dt

where t is an affine parameter for the paths of A,.;. Putting 2=0
and 1=17 in (1.8), we obtain

d% da?  dx* dx
19, %% 0% d
w9 g gt dt) =0 an
) d% da? da® da® \ da®
1, P (R
g e gy dt+<dt)dt

respectively. If we introduce a new parameter s by means of the

relation 2( ?;;) g:i (dt) or = 1 log Zt , the equations (1.9)

take respectively the form

da? da® dx? do?  dx®
1.10 t,s}= 11} and 11, =0,
(1.10) {t,s}= is ds dsz+ 75 ds

where {t, s} denotes the Schwarzian derivative of ¢ with respect to s.

Thus, the projective connection of O. Veblen and J.H.C. White-
head defines a system of paths in A, and a projective parameter ¢ on
each path. The projective parameter t introduced first by J.H.C.
Whitehead plays an important part in the study of projective geometry
of paths.

L. Berwald? developed, on the other hand, the projective geometry
of paths resting on two notions: the notion of the class of affine con-
nections belonging to a system of paths and the notion of a projective
parameter of a system of paths. He defines the paths by (1.1) and
projective parameter by

=—gpy W di"
(111) {t,sh=—20} 7 7.

The projective parameter ¢ being defined by a Schwarzian deri-
vative,
(a) it is determined, up to an arbitrary linear fractional trans-
formation, on each path of the system at the same time,
he requires moreover that
(b) it is not altered by transformations of coordinates,
(¢) it remains the same for all affine connections of the class
belonging to the system of paths.
From the condition (b) and (1.11), we know that I}, are the com-
ponents of a tensor, and from the condition (c), we conclude that, the

1) L. Berwald: On the projective geometry of paths. Annals of Math. 37 (1936),
pp. 879-898,
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law of transformation of 77, under the projective change of affine
connections (1.2) is

, o | O
12)  F=rhe L2 By

The term ~—( gﬁ; + 0‘[”‘) appears owing to the fact that I, in

(1.11) are the coefficients of a quadratic form and consequently only
the symmetric part of I}, is in question.

The present author® has shown that all these projective geometries
of paths may be naturally interpretated from the standpoint of E.
Cartan®. If we define Cartan’s projective connection by the formulae

(1.13) dAo = dsz, , dA i= I?kdxkAo + I?kdxkA,,

and paths as the curves whose developments in tangent projective space
are straight lines, then the equation of paths may be written as

(1.14) @ o 4,=0
. ‘d710 0— VY,
and the differential equations of the paths coincide with (1.1) and ¢ is
precisely the projective parameter defined by (1.11). The theory of
T.Y. Thomas is obtained if we adopt the so-called repére naturel in
the space with normal projective connection.

J. Haantjes®¥ studied the projective geometry of paths using the
homogeneous coordinates of D. van Dantzig?. The differential equa-
tions of the paths are

% 2 da® dat i, dat
(1.15) 0’ +17}, o dr ax*+p o

where ' are homogeneous coordinates, I17, components of the symmetric
projective connection which are homogeneous functions of degree —1
and satisfy I x“=0, and r an arbitrary parameter on the paths
J. Haantjes also introduced special homogeneous coordinates %’ and w!
on each paths and showed that their ratio coincides with the projective
parameter ¢t appeared in old theories.

It is shown in the author’s These that if we choose a suitable
factor p and parameter t on each path, the equations of paths (1.15)
may be written as

d2ox’ 11 dpx”  dpx” =0
(1.16) s +11,(px) Fras el
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It is interesting to remark that, in all these theories, the equations
of paths in their most simple forms (1.8), (1.14) and (1.16) have the
same form that the second derivatives of the coordinates vanish, and
that the parameter ¢ which admits this simplification is the projective
parameter.

$2. Projective parameters in conformal geometry.

In this section, we shall show that the method of L. Berwald
explained in §1 may be applied also to the conformal geometry.

(i) Conformal geometry.

Let us consider an n-dimensional Riemann space V, with the
fundamental quadratic form ds®=gdx'da*. By a conformal trans-
formation g;,=p%;r of the fundamental tensor, the line-element ds of
each curve and the Christoffel symbols {5} are transformed into ds

and {%} respectively by the formulae of the form

2.1) ds=pds,
22) {5} =} +OleutOhpi— 0 *Pagic (m-= % log p)
da? o da’
consequently the tangent vector ds and the curvature vector s d
S s ds
20T 3 2,00
=~r§%— of any curve are transformed into ~di_ and —5—?2-« respectively by
os ds 0s
do® _ da® /ds
2.3 == -
(23) ds ds

ot _ ot / ( ds )2 dax® d%s ds >3 ; / ds )2
24 = -/ = - — /=) = 9% /| — )
A N VAV Rl (ds gr <ds
where 6/0s denotes the covariant differentiation along the curve with

respect to the Christoffel symbols {7} and §/65 with respect to {}.
Now we define a projective parameter ¢t on each curve xis) by
means of the Schwarzian differential equation of the form

1 0% P dx?  do®
2. ,8}=-=¢; ~ 11 .
(25) .5} Zg’k 08 o8 “ds ds

t being defined on each curve up to an arbitrary linear fractional
transformation, we assume moreover that it is not altered by trans-
formations of coordinates and that it remains same for all metrics
related by a conformal transformation g;.=p0%¢;z From the first as-
sumption, we can conclude that the functions I7J, are components of
a symmetric tensor. From the second assumption, we find, by a
straightforward calculation with the aid of (2.1), (2.3), (2.4) and

=L - /(L)

that the law of transformation of /1, under a conformal transforma-
tion gj=p’gr is
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(2.6) 1j =15+ Zp L —p; {5} — p:pk+—;—g PaPel it
Thus the conformal geometry is fixed by giving g;; and consequently
{%#} and II, whose laws of transformations under the conformal trans-
formation g;.=p%g;: are (2.2) and (2.6) respectively.
(ii) Conformal circles.
Geodesic circles” in Riemann geometry are defined by the equations

6390 O’ &k dat _
21 T o o ds

The left-hand side of this equation is not invariant under a con-
formal transformation g;z;=¢%; Under this transformation it is
transformed by

2.8) 8390 i & S dat

0t 08 ds
(O, S 8 A, A Aot e, di
,ﬁ( T e o ds TPMds ds ds ”"“ds)’

where

(2.9) ij}%i—Pi{fk}—wk+—§—g“"papbgm, and  ph=g"pu,

hence, from (2.6) and (2.8) we have
%t~ %7 o%F daf s, dae? da* do® | 7, da®

o T e s s a5 ds T gy
1 [6390 i &%k da? 0 de? d® da? da®
= — 19 O% QX7 G4 4 i 0% |
& O Tod s “ds ds ds | ¥ ds
where Tiy=g%IY% and I1i,=g¥IlIY,

which shows that the curve defined by

(2.10) 8390 o O’ ok dac"__n%d_x'iog"__@x__l_”; da® _

o08f  08* ds ds ds ds ds

has conformal property. This is the conformal circle found by the
author in the conformally connected space®

(ili) Conformal curvature tensor.

It is well known that the Riemann-Christoffel curvature tensor

Rija= aa{jik} —a—{-hL}‘f‘ it (i} = (o} {5}

is transformed into Rij; under a conformal transformation gu=0%gse
of the fundamental metric tensor g;; by the formulae

1) K. Yano: Concircular geometry I. Proc. 16 (1940), pp. 195-200.
2) K. Yano: Sur les circonférences généralisées dans les espaces a4 connexion
conforme, Proc. 14 (1938), pp. 329-332.
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(2.11) R jyn= Rin— pirdi+ 0ind% — Yinfn+ ginfln -

Substituting the relation
pae= 11— I},
obtained from (2.6) in the equation (2.11), we have
R+ T30, — T304+ GindT o — G ind1 2,
= R+ 11,0}, — 355+ g I — 9an s,

which shows that the curvature tensor defined by

(2.12) Cliin= R jia+ 11,0}, — 1305+ iS5 — g ind 1y,

is a conformal invariant.
(iv) Determination of I3, in terms of ¢
Since the curvature tensor C’y is a conformal one, the condition

(2.13) Clini=0

is also a conformal one. From (2.12) and (2.13), we have
(2.14) 0=Rj+(n—2) 1%+ gug™I3

from which
(2.15) g 118 = _"zinﬁ—’i? ,

where R;;=R';; and R=g“R,.

Substituting (2.15) in (2.14) we find
—_ RJ' + jolc .
n—2 2(n—1)(n—2)
Thus, the functions I/, are completely determined in terms of g

by imposing purely conformal condition (2.13). If we substitute (2.16)
in (2.5), we have

(2.16) 113,

Il

1 & o*F 1 de? dx* R
2.17) {ts}=1g, R R
e U L VR R ier S Jal 2n—1)(n—2)

The projective parameter defined by this equation may be called
the preferred projective parameter on each curve in Riemann space.
Substituting (2.16) in (2.12), we have

(2.18) Cljwm=Rijm— _;L%Z.(Rjkaﬁ — Rindy+9iuRs— ginR%)

R
+ (n—1)(n—2)

which is the Weyl conformal curvature tensor.
(v) The theory of T.Y. Thomas®.

(919% — gn0%)

1) T.Y. Thomas: The differential invariants of generalized spaces. Cambridge
University Press, (1935).
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Under a conformal transformation g;;=p%; of the fundamental
tensor, the tensor density of weight ——12; defined by

1

(2.19) Gin=9il9™

is invariant where g denotes the determinant formed with ¢;. Then,
on each curve in V,, a parameter o is defined by

(2.20) do*=Gda’da®

this parameter o is a conformal one but is not a scalar and its law

of transformation under the transformations of coordinates «*'=
vt o ..., a") is
_L

(2.21) do’'=4 "do,
where 4 is the jacobian of the transformation: 4= gg'f:, .
i

Denoting by 8/6s the formal covariant differentiation along the
curve with the use of Christoffel symbols formed with G :
*II?:]‘;_ 1 Gza( aGa.? + Gak — ank)
! oxt o oxe /’

we define the projective parameter ¢ by

= i ——

(2.22) {t, a}:%_gdki wz cj:ovz x g0 da? dat*

and require that ¢ is a conformally invariant scalar under the trans-
formation of coordinates. From this assumption we obtain the law
of transformation of the functions *II},:

» .,
(2‘23) Hg/ ,= _aw’ axk *”ka_*_ < Qﬂﬂ_ — ¢i’* ;’k’)+ ¢j’¢k’

ox’ ox¥ ox*
~1lg Y by G
2
1
where ¢v,,— logd R

*IL), being invariant under a conformal transformation g;z=p%gj.

The transformation law of the functions */I}, being thus obtained,
we can show by a straightforward calculation that the curves defined
by the differential equations

da®

2.24) bﬁ“‘ G ‘f”: ‘;if %—*11,&"35 ‘fg ‘;’Z #1145 =0
is a conformal one, where
Nip=G¥*11},,
and the left-hand side of these equations are the components of a
vector density and the quantities defined by
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(2.25) *Céjn="I s+ 138} —* )04+ G " I p— G ™ I,
are components of a tensor, where
_ oty 9rIT,
o’ ox®

The conformal invariance of (2.24) and (2.25) being evident, we
have thus defined a conformal curve and a conformal tensor. If we
impose the conformal condition

(2.26) *C.ijki =0

on *Ciym, the functions *II) may be determined completely in terms
of Gj, thus

I jun

+ I g —* 1155 T

*1, *11G,;
2.21 *ig= - h__
(2.27) * n—2 2n—1)(n—2)
where *Mp=*My; and *HI=G®*Il,.

It is shown by a straightforward calculation that, if we substitute
(2.27) in (2.24) and (2.25), we obtain precisely (2.10) and (2.18) and
we know that (2.24) defines the conformal circle and (2.25) defines the
Weyl's conformal curvature tensor.




