Nielsen numbers of iterates and Nielsen type
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Philip R. Heath

Abstract

In this paper we compute the Nielsen numbers N(f™) and the Nielsen
type numbers NPy, (f) and N®,,(f) for all m, for periodic maps f on tori and
nilmanifolds.

For fixed m, there are known formulas for these numbers for arbitrary
maps on tori and nilmanifolds. However when seeking to determine these
numbers for all m for periodic maps, fascinating patterns and shortcuts are
revealed. Our method has two main thrusts. Firstly we study N(f™), NPy, (f)
and N®,,(f) on primitives (maps whose linearizations consist of primitive
roots of unity), and then secondly we employ fibre techniques to give an in-
ductive approach to the general case adding one primitive at a time. This
approach is made possible by the eigen structure of the linearizations of the
maps involved.

1 Introduction

The Nielsen numbers N(f), and the Nielsen type numbers NPy, (f) and N®,(f)
of a self map f are f homotopy invariant lower bounds for respectively the num-
ber of fixed points of f, for the number of periodic points of period exactly m, and
for the number of periodic points of all periods dividing m. On tori these lower
bounds are sharp ([12]) and it seems likely they are too for nilmanifolds.

Received by the editors in October 2016 - In revised form in January 2017.

Communicated by Dekimpe, Gongalves, Wong.

2010 Mathematics Subject Classification : Primary 55M20.

Key words and phrases : Fixed points, iterates, periodic points, Nielsen numbers, Nielsen type
periodic numbers, torus, nilmanifold.

Bull. Belg. Math. Soc. Simon Stevin 24 (2017), 689-723



690 P R. Heath

As shown in [1, 2, 7, 8, 3] (see also Theorems 2.1 and 2.2) there are simple
formulas for the numbers N(f™), NPy, (f) and N®,,(f) for fixed m on tori and
nilmanifolds. These formulas involve the linearization F of f (see [10] and section
2.1), which any self map of a torus or nilmanifold possesses. In fact this is a two
way thing, since any square matrix F gives rise to a map of the torus or nilmani-
fold, and the linearization of this map is F itself. Furthermore the computations
of the numbers N(f™), NPy, (f) and N®,,(f) are independent of the choice of
matrix representing the linearization (which is defined only up to conjugation).
We therefore abuse notation and from now on fail to distinguish between the map
f and its linearization F. In particular, we will write N(F"), NP, (F) and N®, (F)
for N(f™), NP,(f) and N®,(f) respectively.

Since, as we have said, for fixed m there are simple formulas for all of the
numbers N(F™), NP, (F) and N®,,(F) on tori and nilmanifolds, the reader may
be wondering why the paper is either necessary or useful. There are, however,
several points that make this study worth while.

1. We compute N(F™), NP, (F) and N®,,(F) for all m for periodic maps.

2. There are fascinating patterns that occur among these numbers.

3. There are shortcuts for determining the N(F™), NP, (F) and N®,,(F) for
all m for periodic maps on tori and nilmanifolds.

To give some idea of the efficiency and simplicity of our considerations, we
give an example of a periodic map of period 3,354,120. We show that there are
only 33 different possible non-zero values for the numbers N(F™), and that these
values can be computed by hand without the aid of a computer. In fact the N(F™)
are given as a product of easily computed powers of the primes (in this case at
most 4) in the prime decomposition of the period of the map (3,354,120). We
show that NP, (F) = 0 outside the set of m for which the values of the N(F™)
first occur, and use shortcuts developed in the body of the paper, to compute the
NP,,(F) when m belongs to this same set, and to place them in a single table.
Furthermore, for an arbitrary m, we are then able to compute N®,,(F) from the
sum of an easily discerned subset of the set of 33 non zero values of the NP, (F).
In fact when N (F™) # 0 it is even easier, in that for this example the N®,,(F) can
then be computed as the product of at most 4 numbers already computed in the
compilation of the said table.

In terms of patterns the simplest and most fascinating, on tori and nilman-
ifolds, are for primitive matrices (the eigenvalues are primitive roots of unity,
Definition 4.1). If F is such a matrix of period n = pi'p3? - - - py", where p1,..., p;
are distinct primes, and r > 1, then all three of the Numbers N(F™), NP, (F) and
N®,, (F) can be easily read off from at most 1+ }_s; computations of the N(F™).
With the possible exception of 1, each of the corresponding m comprise of n di-
vided by the power of one of the primes p; in the prime decomposition of 7, and
the value of N(F™) for that m is the same p; raised to a certain power described
below. More complex periodic matrices (maps) are then computed inductively
starting with a single primitive and then adding one primitive at a time. Thus the
main body of the paper is divided into two parts, the first dealing with primitives,
the second with the just mentioned inductive procedure.

We illustrate the part dealing with primitives in the example below, and say
more about the second part afterwards. Our example is a kind of prototype for
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all primitives whose period 7 is not a power of a single prime. When 7 is a power
of a single prime we need a small modification. A primitive is a matrix F whose
characteristic equation (xr) is a cyclotomic polynomial &, (x) for some #.

Rather than trying to write out the entries of very large matrices (but see
Example 3.1), we point the reader to Lemma 2.6 which gives a standard method
of building the “companion matrix” C(p(x)), associated with a monic polynomial
p(x). As already stated this gives rise to a map whose linearization is C(p(x)).
Furthermore the characteristic equation of C(p(x)) is p(x).

Example 1.1. Prototypical primitive example. Let n = 23.3%.5.7 = 2520, and
let F = C(P,,) be the companion matrix (map) associated with the nth cyclotomic
polynomial ®,. So F has as eigenvalues the 2520th primitive roots of unity, with
multiplicity 1.

Computing the N(F™): Using a Maple worksheet to give approximations to the
formula N(F™) = xp»(1) (and then rounding) we discovered, for m in the range
1 <m <1,260, that N(F™) = 1 except for m in the set

{280, 315, 360, 504, 560, 630, 720, 840, 945, 1008, 1080, 1120, 1260}.

We organize the data in the following table which we explain below.

F(F) m 11280 | 315 | 360 | 504 | 630 | 840 | 1260

~ ~ ~

FE| m (1|32 ]2 |7 |5 |23 ]2 | @
N(Fm) 1 396 2144 796 5144 2288 3288 2576

Using the set F(F) indicated in the table and defined below, we can prove
(Corollary 4.8 where (m, n) denotes the GCD of m and n) that

N(Emm)Y) if (m,n) € F(F)
N(F")=<¢ 0 if (m,n) =n
1 if (m,n) ¢ F(F)U{n}.

Note we are claiming, for example, that N(F?°) = N(F°%0) = N(F!1?9). In fact

this follows from the general principle that N(F™) = N(F("™") for all m for all
periodic matrices (Proposition 3.2). Note also that of the 1,260 numbers between 1
and 1,260 that for 1,247 of them the N(F™) take the value 1. These include many
numbers that divide 1. So for example N(F') = 1, since (15,n) = 15 ¢ F(F).

The set F(F) := {1,280, 315,360,504, 630, 840,1260} is the set of m for which
the values of the N(F™) first occur, where we interpret first with respect to divi-
sion (Definition 3.3). The F in the notation F(F) is meant to remind the reader
that the elements of F(F) are “firsts.”

In order to make the second line of the table clear, we introduce a “hat” nota-
tion which we will use throughout the paper. This notation will only be used in
the context that F is a primitive of period often denoted 1, and where m|n. In this
context we use 77 to denote the number

m =

e



692 P R. Heath

Thus for example 504 = 5. In fact, as shown in the second line of the table we
have, except for m = 1, that each m € F(F) can be written as p” for some prime
dividing n. Note that the “hatted” primes that appear in the first row, also appear

immediately underneath in the second. Thus for m = 22 we have that N(F™) is a
power of 2, and for m = 7 we have that N(F") is a power of 7. The corresponding
powers of these primes are described below.

All this, including the “hatted” composition of the sets F(F), generalizes to
give analogous patterns for arbitrary primitives, with a small modification when
n is a power of a single prime. In fact it all follows from two key results for
primitive matrices of period n. The first (see Proposition 4.5) is that

N(F) = p if nis a power of the single prime p,
| 1 otherwise.

The second is Theorem 4.6 which states, for F := C(®,,), that
¢(n) ¢(n)

xer(x) = det(xl — F") = (@4 (x) ) *# and N(F") = (@

m

n
m

S
I

where ¢ is the Euler ¢ function. By way of illustration for m = 36
have that 555 = 7,50 ® 1 (1) = ®7(1) = 7 from above. Moreover ¢

= 96, and so N(F3¢Y) = 7% as shown in the table.

7
n)/¢(n/360)

—

Computing the NP, (F): In general (not just for primitives) we will show that
NP, (F) =0if m ¢ F(F) and NP;(F) = N(F)

(Theorem 3.6, Theorem 2.2). Computation of the rest of the NP, (F) are very
simple for primitives, and are given by the following formula (Corollary 4.12
rewritten). Let m = p¥ # 1, then

NPy (F) = {

Thus in this same example NP, (F) = N(F") — 1 for m = 32,23 7 and 5 (divi-
sion of n by the maximum powers in the prime decomposition) and NP, (F) =

N(F™) — N(F%) form = 22,3 and 2. In particular, for example, NPy (F) =
2576 __ 288

Computing the N®,,(F): In fact for tori and nilmanifolds there are formulas for
the N®,,(F) that involve the N(F7) and the NP, (F) for various g|m. For exam-
ple N®,,(F) = N(F") when N(F") # 0 and is always given by Y, ,, NP;(F)
(Theorem 2.3). Thus N®s¢)(F) = N(F°) = N(F?®) = 3% since 3% # 0. But
N(F?20) =0, so N®sgo(F) = 77¢ 4 5144 43288 1 2576 __ 3 by the sum formula. We
also have in general, for periodic matrices, that N®,,(F) = N®,, ,\(F) for all m
(Corollary 3.9).

We come now to indicate something of the second main thrust of the paper,
where we use an inductive procedure to work out the general case. We need a
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definition. Let A and B be respectively s x s and g x g matrices respectively then
we use the symbol A & B to denote the (s + g) x (s +¢) block diagonal matrix

A 0
nese(49),

which we will call the sum of A and B. In fact an arbitrary matrix of finite order
is, up to conjugation, a direct sum of primitives (Theorem 2.7). Our idea is to
build up the three Nielsen theories primitive by primitive in an inductive type
procedure. In this scenario we are thinking of B as the kth stage, and the addition
of a primitive A as the k 4 1st stage.

In order to do this, we need to regard A @ B as a fibre preserving map of a
trivial fibration. Of course we are thinking of A as a self map of nilmanifold or
torus. In the nilmanifold case we work with the torus model and torus model
map ([6]). So without loss we can think of A as a map of the ¢(n) torus, and B as
a self map of the ¢(g) torus and A & B as a fibre preserving map of the ¢(n) x ¢(q)
torus. That is we have a commutative diagram

T¢(n) _y To(n) « TO(@) s TPM)
Al lA®B | B
T¢(n) _y T¢(n) « TO(@) s TP[)

The advantage of looking at A @ B in this way is that we can use the philoso-
phy and results of Nielsen fibre space theory which is to determine the various
Nielsen theories of the map on the total space in terms or those on the base and
fibre. Perhaps the most obvious of these is the so called naive product Theorem
which says that N((A & B)™) = N(A™)N(B™). But of course this also follows
from properties of determinants. Of more importance is the sum product for-
mula of the author and Ed Keppelmann (see Theorem 5.1) which states in this
context that
NPy (A®B) = Lgim NPq(B)NP%(Aq).

To gain some insight into the sum product formula, consider a periodic point x of
B of minimum period 2. Then x # B(x) (recall we are thinking of B both as a map
(n)

and a matrix). In particular the fibre Tg (x) OVer B(x) is not the same as the fibre

T? ™) over x, but it is the same over B?(x) = x. The restriction of (A @ B)? to ! )

will then be a self map. Similarly the restriction of (A & B)* to T¢ ") will then
be the sth iterate of the same self map. Thus we need to look at N Pzzi (A?) in the

tibre, and the corresponding classes, by the so called naive addition conditions
(see for example [3]) inject into the classes of period s in the total space.

The sum product formula then, allows us to perform an inductive procedure
to determine the NP, (F) inductively from previous computations adding one
primitive at a time. The sum product formula may, at first sight appear cum-
bersome, however many times many of the products NP;(B)N P% (A7) are equal

to zero,. We illustrate this with an example whose details are given later (see
Example 5.12 and following in section 5.2).
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Example 1.2. Let A := C(Py), B := C(P3), then F(A) = {1,4,5,10},
F(B = {1,6,10,15} and F(A @& B) = {1,4,5,6,10,12,15} (section 5.1). Also
NP,(A®B) = 0if m ¢ F(A @ B) otherwise the sum products simplify as
follows:-

NPy (C) N(B)N(A)

NP(C) N(B)NPy(A)

NP5(C) N(B)NP5(A)

NP(C) NPs(B)N(A)

NPy C) | N(B)NPyy(A) + NPyy(B)N(A")
NPy (C) NPs(B)NP,(A?)
NP;5(C) NPi5(B)N(AP)

Though there is a corresponding formula in [4] that we could use for
N®,,(A ® B) it is more convenient and more efficient to wait until the end of
the induction process to calculate these numbers where we also indicate the com-
plete identification of the N(F™) in the more complex situations.

The paper is divided as follows:- Following this introduction we give a sec-
tion where we remind the reader of the linearization process and, for fixed m,
the formulas for N(F™), NP, (F) and the N®,,(F) on tori and nilmanifolds. We
quote a very specific form of known results on the structure of matrices of finite
order that seems to be tailor made for our considerations. In section 3 we give
results about the N(F™), NP,,(F) and N®,,(F) that can be deduced without the
main techniques of this paper. We also give the formal definition of the set F(F)
and look at some of its properties. Section 4 brings us to one of the two main
parts of the paper where we study N(F"), NP, (F) and N®,,(F) for all m on
primitives. We show that the patterns exhibited in Example 1.1 are easily gener-
alizable, and that the computations of the NPy, (F) for all m can be read off from
the values of the N(F™) for m € F(F). Section 5 is devoted to the inductive step
mentioned above. An outline is given at the beginning of the section where it can
be more easily comprehended. In the last subsection we work the example of pe-
riod 3,354, 120 mentioned earlier. This 4 stage example uses all of the techniques
developed here in the paper.

I want to acknowledge the help and influence of Ed Keppelman and Chris
Staecker. Ed was present at the conception of the paper which flowed out of
a joint project, started way back in 1994/5, to study the Nielsen periodic point
numbers on solvmanifolds. What was left over from the project was the study
of these numbers on the special class of periodic maps on these spaces. In this
regard, Proposition 3.2 is joint work with Ed. As can be seen from the paper, it
turns out the study of these maps is already rich on tori and nilmanifolds, the
building blocks for solvmanifolds. I also want to thank Chris Staecker for a lot of
help during the early stages of the manuscript (see in particular Proposition 4.5
and Remark 4.7). I would also like to thank the referee for his or her comments,
his careful reading of the text, his helpful suggestions and for catching a number
of errors and omissions in the proofs.
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2 Preliminaries

In this section we sketch the necessary preliminaries. Our sketch includes com-
putational results for the numbers N(F™), NPy, (F) or N®,,(F) rather than the
definitions. The point is that for tori and nilmanifolds there is no advantage in
giving the usual definitions which use orbits and sets of m-representatives. In
other words the computational results allow us to bypass these concepts. We re-
ter the reader to [7, 8, 3] for justification for this, and to [1] for the formula for
N(F™).

This preliminary section is divided into two. In the first part we remind the
reader of the concept of linearization and then use it to state the results that
for fixed m give formulas for the Nielsen number N(F"), and for the Nielsen
type numbers NPy, (F) and N®,,(F) for arbitrary maps on tori and nilmanifolds
([1,7, 8]) together with a couple of results from [7, 3] (Proposition 2.4) that we will
also need. In the second part of the section we look at the structure of matrices
of finite order. The structure for arbitrary matrices is well known, however we
quote a version for matrices of finite order presented by Koo ([11]) that particu-
larly suits our purposes.

2.1 Linearization and formulas for N(f™), NP,(F) and N®,,(F) for fixed m
on arbitrary maps of tori and nilmanifolds.

In the first part of this subsection we remind the reader of the concept of lin-
earization, of a self map of a torus or nilmanifold, details can be found in [3, 10].
If f: T9 — TYis a map of a torus T7 (a q fold product of S's), then up to homo-
topy, f can be covered by a linear map F : R — RRY. By abuse we identify
F with the matrix with respect to the standard basis, and call F the lineariza-
tion of f. Another way to find F of course is to look at the homomorphism
fuo 2 II1(TP) = ZP — ZP = T1;1(TP) of of Abelian groups, and take its matrix
with respect to the standard basis of ZF. A more usual definition of linearization
does not specify the bases for Z". In this case the matrix is only defined up to con-
jugation. However it should be clear from the formulas for the various Nielsen
numbers, that they are independent of the choice among conjugate matrices.

Linearization is functorial in that the linearization of the identity map is the
identity matrix, and the linearization of the composition of maps is the matrix
product of the linearizations. In particular the linearization of an iterate of a map
f is the iterate of the linearization. In other words, if F is the linearization of
f, then F1 is the linearization of f7. So then the linearization of f completely
determines the (ordinary) Nielsen numbers N (™) of f. In fact it also completely
determines both NPy, (f) and N®,,(f).

The paper [6] exhibited for each solvmanifold (and a fortiori for nilmanifolds)
a model solvmanifold that had exactly the same Nielsen theory (N(f™), NPy (f)
and N®,,(f)) as any map f on the original solvmanifold. Part of the process
was to replace the nilmanifold in the minimal Mostow fibration by a torus. We
can think of the linearization of the the map on the replaced nilmanifold as the
linearization of the nilmanifold. So in fact the paper ([6]) also showed how to
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make a torus model for a nilmanifold (even if it was not explicitly stated). So
then from now on we deal only with periodic matrices. In particular with respect
to a map on a nilmanifold, we deal with the linearization on its model. Also, as
mentioned in the introduction, we shall not distinguish betweenamap f : X — X
of a torus or a nilmanifold, and its linearization F.

Starting with N(F"), we now give the formulas for the computation of N(F™),
NP, (F) and N®,,(F) for fixed m. We include a couple of useful facts that will be
helpful in what follows.

Theorem 2.1. [1, 2] Let F be the linearization of a self map of a torus or nilmanifold.
Then for any positive integer m we have that

N(E") = |det(I — F")| = [Ti=1 (1 = AY") = xpn (1),
where I denotes the identity matrix, the Ay are the eigenvalues and x pn is the character-
istic equation of F™. m
Theorem 2.2. ([7, 8, 3]) Let F be the linearization of a self map of a torus or a nilmanifold.
Then NPy (F) = N(F). If N(F™) = 0, then NPy, (F) = 0 and if N(F™) # 0, then

NP, (F) = Y (-DIIN(E™),
TCP(m)

where P(m) is the set of prime divisors of mand m : T = m]]pe, p~L. n

To illustrate the Theorem we note, for example, if in a particular situation we
had that N(F%¢) # 0 then NPsg(F) = N(F%) — N(F'8) — N(F'2) + N(F®).

Theorem 2.3. ([3, Theorems 5.1; 5.8]) Let F be the linearization of a self map of a torus
or a nilmanifold. Then

N(F™ if N(F™) # 0
N®(F) = { Zq(lm I\)qu(F) ngag/s. )

Alternatively N®, (F) = ZQ#VQM(F,,Z)(—1)‘”‘_1N(ch‘1(")) where M(F,n) denotes
the set of maximal divisors q of n for which N(F17) # 0.

The following equalities may not, perhaps, be immediately obvious from the
above formulas.
N(F) = NP;(F) = N®4(F).
We shall also need the following which, rather than following from the for-
mulas, is used as part of their proof:-

Proposition 2.4. ([7, 3]) Let F be the linearization of a self map of a torus or nilmanifold,
and let q|m, then N(F7) < N(F™) and N(F") # 0. If in addition q # m and N(F7) =
N(F™), then NPy, (F) = 0. ]

By way of explanation, for the reader familiar with the definitions as found in
[7, 8, 3], we know that tori and nilmanifolds are n-toral and essentially reducible.
Part of what that means is that NP, (F) is the number of irreducible essential
classes (we don’t need to use orbits). Since tori are Jiang spaces, and tori and nil-
manifolds are n-toral then when N(F™) # 0 all classes at both levels are essential,
and the boosting functions are injective. This gives N(F7) < N(F™). Next, when
N(F7) = N(F™) # 0with q|m but g # m, then the boosting functions are bijective
so there are no irreducible essential classes, giving that NP,,(F) = 0.
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2.2 The structure of matrices of finite order

Definition 2.5. A map (matrix) F is said to be periodic of period n if F" = I (the
identity matrix) for some positive integer 1, and n is the smallest such positive
integer. A matrix is said to be primitive if it has eigenvalues the primitive nth roots
of unity of multiplicity 1, for some 7. In other words the characteristic polynomial
XF is equal to @, the nth cyclotomic polynomial.

The following well known lemma is useful for generating examples.

Lemma 2.6. Let p(x) = x* + ap_1x* "1 + - + ayx + ag be a monic polynomial, then
p(x) is the characteristic polynomial of the matrix C(p(x)) given by:

00 0 —ag
10 ... 0 -
00 ... 1 —aq

The matrix C(p(x)) in Lemma 2.6 is called the companion matrix of p(x). This
together with the characterization of periodic matrices, given below, gives a model
for constructing periodic matrices.

The rational canonical form of a matrix is well known. For a periodic matrix
this takes a special form, and the Theorem below represents a small tweaking of
an explicit version of it that appears in [11]. The direct sum notation (©) was
introduced in the introduction.

Theorem 2.7. If A is an integer matrix with A" = I for some n, then the characteristic
polynomial of A is a product of cyclotomic polynomials:

d d
XA = (I)mll ---Cbm’r/

where each m; | nand n = lem(my, ..., my).
Furthermore, A is similar to a block diagonal matrix as follows:

A~ C(q)ml)[dl] D @C(q)my)[dr}l
where each exponent [d;) indicates a d;-fold direct sum of C(Py,,),

Since the Nielsen number of F is equal to the characteristic polynomial evalu-
ated at 1, we obtain immediately:

Corollary 2.8. If F is an integer matrix with A" = I for some n, then there are integers
m; | n and d; such that lem(my, ..., m,) = nand

N(F) = @y, (1) ... Dy, (1)
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3 Preliminary relationships among N(F™), NP, (F) and N®,,(F)
on general periodic matrices

In this section we exhibit a number of results that can be proved directly (without
the inductive procedure) for arbitrary periodic maps F on tori and nilmanifolds.
In addition we introduce the sets F(F) for arbitrary F, and give some simple
results. We do not assume in this subsection that F is a primitive matrix.

We start with an illustrative example.

Example 3.1. Let F be the matrix below, then F determines a periodic map of R,
and F induces a self map f on T* (which by abuse of notation we also call F) of
period 10.

000 -1
1 00 1
b= 010 -1
001 1

As already mentioned we identify f with F its linearization. Now the eigen-
values of F are the primitive 10 roots of unity with multiplicity 1. In particular
F10 = [ the identity matrix. Consider the following table obtained using the for-
mula N(F") = |det(F" —I)]|.

m |1|12|3|4|5|6(|7[8]9|10

N(F") [1]5]1|5]16|5|1|5[1]0

Proposition 3.2. (Heath Keppelmann.) Let F : N — N be the linearization of a periodic
self map of a Torus or nilmanifold of period n > 1, with linearization matrix F. If
(t,n) = 1then N(F) = N(F!). Moreover

(@) N(F™) = N(F"™), and (b) N(F*) = N(F"~5) for 0 < k < n,
where m is arbitrary, and (m, n) is the gcd of m and n. Moreover
(c) NP,,(F"m")) = NP,,(F) and N®,,(F"")) = N®,,(F) for all m.

The equalities N(F?) = N(F*) = N(F%) = N(F8) illustrate part (a), while the
symmetry around N(F°) (i.e. N(f2) = N(f7)), is explained by part (b).

Proof. We show that F and F! have the same eigenvalues for any t with (t,n) = 1.
It follows that F7 and F7" also have the same eigenvalues for any g (applying the
m

result to F7). For (a) we lett = -~ and g = (m,n). For (b) welett = n —1

(m,n)
and g = r, and then use the fact that F""~" = plr=ntn—r — pn—r (since plr=1)n —
I). Part (c) also follows, since F™ and F("") are similar matrices for all m, and
the result now follows from the formulas for these numbers (Theorems 2.1, 2.2
and 2.3) which are easily seen to be independent of the linearization within its
congujacy class.
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SoletE = {Aq,...,As} be the eigenvalues of F listed with multiplicities. Thus
N(F) = |det(I — F)| =TT;_1(1 — A;). By Theorem 2.7, each A; is a primitive kth
root of unity for some k | n. Further, again by Theorem 2.7, all kth roots of unity
appear as eigenvalues of F with the same multiplicity. Suppose that (¢t,n) = 1,
then there exist 4 and b such that at +bn = 1. Since k | n, we have that f is
relatively prime to k, and so A! is also a primitive k-th root of unity.

This means that the function that takes E to Ef = {A,..., AL} takes the various
primitive roots to primitive roots of the same order. In fact this function is a
bijection since it has as inverse the function Ef — E, that takes A to A%+, Thus
F7 and F7 have the same eigenvalues as claimed. n

As it turns out, in order to to specify N(F"), NP,,(F) and N®,,(F) for all m in
Example 3.1, we need only the following table of values (we define F (F) below):-

FE)U{0Y| m |1]2]5 |10

N(F™) |1|5|16| 0

NP, (F) |1|4|15] 0

N®,(F) | 1|5 |16 20

The values for NP, (F) come from Theorem 2.2, while N®yy = 1+ 4 + 15 from
Theorem 2.3. The values for all other m can be read off from the equations
N(F™) = N(F0"")) and N®,,(F) = N®,,, ,(F) (Corollary 3.9).

We now make the formal definition of F(F).

Definition 3.3. We define the set F (F), for an arbitrary square matrix F, by
F(F):={m#0| N(F") # 0and N(F1) # N(F") Vq|m, q # m}.

So again the F in the notation F (F) is meant to indicate the “first” occurrence
of the indicated value. Here first has to do with division, and should not be
confused with the regular order of the natural numbers.

We do however have:-

Proposition 3.4. Let F be an arbitrary periodic matrix of period n, and let N(F") # 0.
If m has the property that N(F17) % N(F™) for all ¢ < m then m € F(F).

Proof. If n = 1, or if m = 1, then there are no g satisfying the condition. If n =1,
then F(F) = @. If n # 1 and m = 1, then there is nothing to prove, since
1 € F(F). Let m have the given property, and let q|m with g # m. Then N(F7) #
N(F™) by hypotheses. But N(F7) < N(F™) by Proposition 2.4. Thus N(F1) <
N(F™) for all g|m with g # m and so m € F(F) as required. ]

The converse of Proposition 3.4 is false as the following example shows.



700 P R. Heath

Example 3.5. Let F = C(PP3p) then the table for F(F) is given below.

FF)| m |[1|4|5]6]| 10 |12]15
N(F™) | 1|5%|2* |52 |3%8 |54 |27

Note that both 4 and 6 satisfy Definition 3.3 and so belong to F(F). This makes
sense geometrically, since N(F*) is detecting 24 (=25 -1) periodic points of least
period 4, and N(F®) is detecting 24 periodic points of least period 6. Clearly these
cannot be the same points. What we are exhibiting here is that

F(F) # {m|n | N(F™) # 0 and N(F7) # N(F") Vg < m}

So again we are stressing that F refers to “first” with respect to division, not with
respect to the usual order on the natural numbers.

Theorem 3.6. Let F be an arbitrary periodic matrix of order n. Then F (F) is finite, and
NP, (F) =0ifm ¢ F(F).

In particular NP, (F) = 0if m { n, or if mp; > n where p; is the smallest prime dividing
n.

In all our examples we have that NP, (F) # 0if m € F(F), but a proof of
this for general periodic maps on tori and nilmanifolds is elusive. It is not true in
general as the example f = -1V 1: S' v S! — Sl v Sl indicates. Here F(f) =
{1,2} but NP, (f) = 0, since the unique class at level 2, though essential, is in
fact reducible. As an illustration of the last part of the Theorem, if n = 32 - 5 then
p; = 3,and NP, (F) = 0 for m > 15.

Proof. To see that F(F) is finite, recall that N(F™) = N(F("™")) for all m, so that
there cannot be more firsts than the number of divisors of n. To see that NP, (F) =
0if m ¢ F(F), let m be such that m ¢ F(F). If N(F") = 0, then NP, (F) = 0 by
definition. If N(F™) # 0 then m is not a first. In particular there is a g | m with
q # mand N(F™) = N(F17). But then NP, (F) = 0 from Proposition 2.4.

For the “In particular” part, in either case m { n. But then N(F™) = N(F(""))
and clearly (m,n) < m, so m cannot be a first and so cannot belong to 7(F). =

The next result is a small refinement of Theorem 2.3 and a small tweaking of
Theorem 2.2. We need some notation. Let m be a positive integer, we define

m!F(F) :={q|m | g € F(F)}.
Theorem 3.7. Let F be an arbitrary periodic matrix. Then

N(E™) FN(P™) 0
Ygemr(F)y NPy (F)  always.

Moreover if N(F™) # 0, then N(F™) = Y.y e 7(r) NPy (F), and

N, (F) = {

NP, (F) = N(F") — ) NP, (F).
gem!\F(F)—{m}
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Proof. That N®,,(F) = N(F™) if N(F™) # 0 is not new, but is included for
completeness. The sum formula in the first part is a restatement of the sum
formula in Theorem 2.3 which simply omits those g for which NP, (F) = 0.
This of course occurs if g ¢ F(F). For the second formula, if N(F") # 0 then
N(F") = N®u(F) = Lsemrr) NPy(F), and the given formula is just a rear-
rangement of the sum formula in the first part. m

Example 3.8. Let F = C(PyP3p) be as in Example 3.5. We compute NPy (F).
Now N(F#) = 0 since any multiple of either 20 or 30 has Nielsen number 0. So
we must use the addition formula. Now 40! F(F) = {1,4,5,10} and NP;(F) =1,
NPy(F) = 52 — 1, NP5(F) = 2* — 1 while NPy(F) = 3*2% — 2% + 1 by Theorem
2.2.50 N®y(F) =328 —24 1424 —1+52 - 1+1=3%28452%

We compute NPjp(F) by the second formula in Theorem 3.7. Note that
121F(F) — {12} = {1,4,6}. So NP5 (F) — Yocq1,46) NPy(F) =5* — (1+ 5% — 1+
52 —1)=5*—2.52+1.

Corollary 3.9. Let F be an arbitrary periodic matrix of order n. Then for any positive
integer m we have that

Nq)m(P) = Nq)(m,n)(F)'

Proof. By Theorem 3.7 we need only show that (m, n)!F(F) = m!F(F). So let
g € (m,n)!F(F) then g|(m,n) and g is a first. Thatis N(F7) # 0 and there is no
tlg with t # g and with N(F!) = N(F7). But g|(m,n) implies that g|m and as
already seen g is a first and so belongs to m!F (F). Thatis (m,n)!F(F) C m!F(F).
On the other hand if g|m but g { (m,n), then q { n, and NP;(F) = 0. So q does
not belong to F(F) and hence cannot belong to either m!F (F) or (m,n)!F(F). So
any q € m!F(F) must divide (m,n) and is, of course a first, so g € (m,n)!F(F)
by definition. n

Remark 3.10. So Theorem 3.7 gives us a way of computing N®,, (F) atevery stage
of what will be our inductive procedure. It is however more efficient to wait until
the end of the process to perform the computations, since it is possible that the
size of F(F) can actually be smaller than those of the various stages along the
way (see step 4 of the final Example 5.28).

4 Patterns among N(F"), NP, (F) and N®,,(F) for primitives

In this section we study the numbers N(F™), NP,,(F) and N®,,(F) for all m on
primitives. It is convenient to give the formal definitions here.

Definition 4.1. We call a square matrix F a primitive matrix or map of order n, if it
has only primitive nth roots of unity as eigenvalues with multiplicity 1.

Proposition 4.2. A primitive matrix F, of period n, is a ¢p(n) x ¢(n) square matrix,
where ¢ is the Euler ¢ function. Any other primitive matrix of period n, is similar over
the complex numbers to F. n
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Proposition 4.3. If F is a primitive matrix of order n, then the characteristic equation
det(xI — F) of F is equal to ®,(x) the nth cyclotomic polynomial. Conversely if the
characteristic equation of F is equal to @, (x) then F is a primitive n matrix. In particular

N(F) = @, (1).

In all the examples in the introduction we had N(F) = ®,(1) = 1, but this is
not always the case as the next example shows.

Example 4.4. Let n = 24 = 16, and let F be a primitive period 16 matrix. We
deviate slightly from pattern of the example in the introduction. The values of
N(F™) were originally found using a Maple worksheet.

FEYU{16} | m |1(=2%| 23 22 2 | 20(=16)
N(F™) 2 22 24 28 0

NP, (F) 2 22 -2 |24 22|28 24 0

N®,,(F) 2 22 24 28 28

Of course N(F™) = N(F("™10)) for all m, NP,(F) = 0if m ¢ JF(F) and
N®,,(F) = N®,, ,)(F) for all m.

So here is our first example where N(F) # 1. The following Proposition gives
the general situation for N(F) for primitives.

Proposition 4.5. (Heath Staecker) Let F = C(®y,) where n = pi' - - - pi’, withr > 1,

then . )
| ifr=
N(F) = { 1 ifr>1

Proof. We use the following two well known fundamental relations

p-1
P(x) =), 2 and " -1 = [T®a(x).
i=0 dn

The result that N(F) = p; when v = 1 comes from Proposition 4.3 by simply
putting x = 1 in the first equation.

It is convenient to abbreviate @, (1) by C, for our proof that N(F) = 1 when
r > 1. By dividing both sides of the second equation above by x — 1 we see
that 14+ x + x> +--- + x"1 = [j421 Pa(x), so by putting x = 1, we have
that n = J]gjn.q+1 Ca- Using this and strong induction on n we prove that for n a
product of prime powers of more than one prime, we have that C,, = 1.

Since ®6(x) = x*> — x + 1 then Cs = 1 and we can start the induction here. Let
n=py---py withr > 1and py,..., p, distinct primes, and suppose we have
proved the result for all cases less than n. Now

n = H Cd:Cn H Cd.

d|n;d#1 dln;l1<d<n
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In the right hand product, if 4 is not a power of a prime then we have C; = 1 by
the induction hypotheses. Thus we may remove all factors in the product which
are not prime powers, and the above reads

n = Cn . (Cpl P% .. .Cpil) e (CpGC% .. .Cpir).
By the first part C pk = Pi for each prime p;, so that the last equation gives
n=Cu-(pl'...p7) =Cu-n,
and so C,;, = ®,(1) = N(F) = 1 as desired. ]

Proposition 4.5 together with the results of section 3.1 and the Theorem below
will give us all we need to compute the Nielsen numbers of iterates of primitive
periodic matrices.

Theorem 4.6. Let F be primitive of period n. If q|n then

(n) 9(n)
xre(x) = det(x] — F7) = (cm(x)) "% and so N(F7) = (cpg(l)) oG

q

Proof. Let Ey := {A1,-+- Ay} denote eigenvalues of F, which are in fact the
primitive nth roots of unity. Then the eigenvalues of F7 are E, := {A7,..- A7 1.
1 ¢(n)

Clearly, if (k,n) = 1 then (k,n/q) = 1for any g | n. Soif A = exp(2kmi/n) is a
primitive nth root of unity and q | n, then A7 = exp(2kmi/(n/q)) is a primitive
(n/q)th root of unity. Thus the eigenvalues of F7 are all primitive (n/g)th roots
of unity.

Since F is a matrix of order n and g | n, then F7 is a matrix of order n/g and
so Theorem 2.7 applies to F9. In particular the characteristic polynomial of F1 is a
product of cyclotomic polynomials. Since all eigenvalues of F7 are primitive n/q
roots of unity, it must be the case that the characteristic polynomial is (®,, /)" for
some positive integer f. It remains only to show that t = ¢(n)/¢(n/q).

Because F is a square matrix of size ¢(n), so too is F9, and thus ¢(n) is the
degree of its characteristic polynomial (®,,/,)". Since deg(®,,,) = ¢(n/q), we
have ¢(n) = t¢p(n/q), and sot = ¢p(n)/¢(n/q) as desired. u

Remark 4.7. Theorem 4.6 was conjectured after running a number of Maple work-
sheets looking for patterns. For the longest time a proof was elusive. Of course it
was obvious that the A7 were primitive (11/4)th roots of unity, but it was how to
get the distribution right that was elusive. In fact, as the proof shows, it follows
from a small tweaking of a special case (for matrices of finite order) of the ratio-
nal canonical form. Chris Staecker found this by typing “matrices of finite order”
into Google, something that continues to amaze me. The second entry in Chris’
search ([11]) puts the rational canonical form in the precise form that we need,
and it also turns out to be a convenient reference for section 2.2. I would like
to thank Chris for his help here, and in many other places. In addition I would
like to thank Tom Baird, Mikhail Kotchetov and Mike Parmenter for interesting
prior conversations aimed at proving the Theorem directly, including a proposed
Galois theory proof. In fact the correct distribution also follows from the fact that

g« : Z, — Z is a homomorphism, but not with respect to multiplication of
q
eigenvalues.
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When dealing with primitives of order n = pj'p3* - - - p)’, it is convenient to
separate the cases r > 1 (Corollary 4.8) and r = 1 (Corollary 4.11). Part of this is
that we can be more specific when n = p® is a power of a single prime.

Corollary 4.8. Let F = C(®y,) be a primitive matrix with n = pi'p3? - - py’, where
p1, ..., praredistinct primes, and r > 1. Then

F(F) = {1}U{Elﬁ| wherei=1,--- ,rand 1 < u <s;}.
If (im,n) = n, then N(F™) = 0. If (m,n) ¢ F(F) U {n}, then N(F") = 1.

P(n)
P?*Pll-l_l

i

Finally if (m,n) = Z??for 1 <u <s;, then N(F™)
Note for r > 1 we have that #(F(F)) =1+ )Y _;s;.

Proof. Since N(F™) = N(F("")) we can, without loss, replace (m,n) by m | n in
the Corollary. Also since N(F") = 0 from Theorem 2.1 we need consider only
m|n and m < n.

We prove first that if m = ﬁ? for 1 < u <'s;, then N(F™) is as shown. So let
m = ;/7?, then . = p’ and @1 (1) = p; by Proposition 4.5. So N(F") is equal to
p; to the power % by Theorem 4.6. But ¢(2) = ¢(p¥) = p* — p* ! and the
description of N (P%) as given is proved. In particular N(F™) # 1 for such m.

We next show that {1} U {f)? | wherei=1,---rand1<u <s;} C F(F).
Now clearly 1 is a first and so belongs to F(F). To see that 1 # m = ;/7? is a first,
we must show that N(F7) # N(F™) for any gq|m with q # m. If g = 1 then, as
we have already seen N(F") # N(F) = 1. Next, if ¢ = p? with u < v <'s; then
(L) = p* —p*~ ! > p* — p*~1so N(F1) < N(F™), by the description of N(F7)
and N(F™) already seen. If g|m and q # pAf’ forany v withu < v <s; thengl =m
for some ¢ with p;|¢ for some p; # p; (this can only happen if r > 1). In this case
% = (p" is a composite so N(F7) =1 # N(F™). So in each case if g|m and g # m,
then N(F7) # N(F™), and m is indeed a first.

Nextif m # nand m|n and 1 # m # ;/9? for 1 < u <s; for any i, then m must

divide at least one of the E? but not be equal any of them. But we have already
proved for such an integer that N(F") = 1 and so is not a first. We have actually
shown, if m # nand m|nand m ¢ {1}U{§? | wherei=1,---rand 1 <u <s;},
then both N(F") =1 and m ¢ F(F), and we are done. n

Before giving the Corollary for the case r = 1, we give a couple of exam-

ples that pertain to Corollary 4.8. Recall first, that if g = plil pgz e pls(s then the

Euler ¢ function is given by ¢(q) = gb(p]1<1)¢(p§2) .- p(p¥), where for (])(pfi) =
ki ki

P

Example 4.9. Let C(n), where n = 2520 = 3%23(5)(7) be as in Example 1.1.

Then F(F)= {1,280, 840,315,630, 1260, 504,360}. Now ¢(2520) = ¢(233%(5)(7))
= (23 -22)(32—-3)(5—-1)(7 — 1) = 576. So for example to compute N(F3), we
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recall that 840 = 3,50 p = 3and u = 1so p* — p*~! = 2. From Corollary 4.8,

576
N(F840) = 3% = 3288 a5 shown in that example. Similarly N(F?%) = 33231 =
576

3% = 3%,

The next example shows that we cannot remove the condition that F is primi-
tive from the conclusion that N(F™) = N(F) if (m,n) ¢ F(F) U {n}.

Example 4.10. Let F = C(®1¢Ps5), then F(F) = {1,2,3,5,6,7,14,15}, and F has
period 210. Now (30,210) = 30 ¢ F(F) U {n}, but N(F*®) = 0 # N(F).

The difference in cardinality of 7 (F) (from Corollary 4.8) in the Corollary be-
low comes because 1 is already present as p5. Note also that N(F) = p rather

than 1 in Corollary 4.8. These points will also make a difference when it comes to
discussing the NPy, (F).

Corollary 4.11. Let F = C(®y,) with n = p°, then
FE) ={Lp,p? - p~ 1} and #(F(F)) =s,

and if (m,n) € F(F), then N(F™) = p(mn),
If (m,n) & F(F)U{n}, then N(F™) = p, and N(F"™) = 0if (m,n) = n.

Proof. Note first that we can write {1,p, p?,---,p* "'} as {ﬁs, p/sjl, -+, P}, so the
proof that F(F) is as shown, is similar to the proof in Corollary 4.8. Recall that
N(F™) = N(F""), so (putting (m,n) = g), we show that N(F7) = pf for g =

p € F(F). So as in Corollary 4.8 N(F1) is p to the power pj‘i(;jj_l. But Puqi(;?_l =
PS—P571 . P_

S o n .
pi_piT — pt p* = q as required.
The rest is trivial. .

Having dealt with the F(F) and the N(F™), we now come to the NP,,(F).

Corollary 4.12. Let F = C(®,) wheren = pi' - - - py” withr > 1, then NPy, (F) = 0 if
and only if m ¢ F(F).

Letr > 1. If m = 1, then NP, (F) = 1. Let m = E? € F(F) wherel < u <'s;.
Then
N(F™)—1 ifu=s;

NPm(F) = { N(Fm)_N(FPmI) lfu<Si/

where the N (F1) are given in Corollary 4.8.
Letr =1and m = ;J? € F(F), where1 < u <'s;. Then

p1 _ifu=s;
P —pi  ifu<s;.

NPy, (F) :{

In particular if n = p°, then NP, (F) = p? — p independent of s.
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Proof. We deal first with the case that » > 1. Now for m = 1 we have that
NP;(F) = N(F) = 1 by Theorem 2.2 and Proposition 4.5. For m = Elﬁ e F(F)
with 1 < u < s; we use Mobius inversion (Theorem 2.2). Suppose first that
m = p}’. Now if g is a proper divisor of m, then ¢ ¢ F(F) and so N(F7) = 1
(Corollary 4.8). In particular for all subsets T of P(m) except for the empty set
we have that N(F™T) = 1, and of course the empty set gives us N(F™). Now
#(P(m)) = r, so there are (7) subsets of P(m) with just one element, and there are
(3) two element subsets etc. So by Mdbius inversion

N e

which is equal to N(F™) — 1+ ((+1) 4+ (=1))" = N(F™) — 1 as required.

For u < s; we have that N(F™7) = 1 except for T = @ and 7 = {p;}, and the
above argument is easily modified! to give NP, (F) = N(F™) — N(F"/pi).

For the case r = 1 we note again that pi'! = 1, and NP;(F) = N(F) = p;
from Theorem 2.2 and Proposition 4.5. Also P(m) = {p1} and p; | m for all other
m e F(F) ={py",psr~L,---,p}. Thus NP, (F) = N(F™") — N(EF™/P1) as required,
using Theorem 2.2 again. |

Corollary 4.13. Let F be a primitive matrix of period n where n = pil cepy withr > 1,

then '
N(F) if (m,n) ¢ F(F)U {n}
e R
N®,,(F) = { N(FmM) = pot/mn  if (m,n) = p* € F(F)
Ypep(m) N(FP) —r+1 if (m,n) =n.
Proof. That N®,,(F) = N(F) for the indicated m follows from Theorem 2.3 and
P(n)
Corollaries 4.8 and 4.11, as does the equation N(F(mf”)) = po/mm) for (m,n) =
pt € F(F).

When (m,n) = n, then N(F("")) = 0, and we need to use the sum formula in
Theorem 2.3. When r = 1 we have that M(F,n) = {p*~!}, and the sum formula

gives N®,(F) = N(F %) directly. Next when r > 1 the maximal divisors of n
are simply the p;, and there are r of them. Now GCD(y;) = p; for the r one
element subsets p; := {p;}. When #() > 2, on the other hand, we have that

GCD(y;) = 1 and of course for such y we have that N(FGCD(P‘)) = 1. We
are now in a very similar situation to Corollary 4.12, but with one less term and
the signs reversed. Thus N®,,(F) = Y ,cp(m) N(F?) — (3) + (3) -+ + (=),
which is equal to Zpep(n) N(F7) =1 +1= (1) + (1) = () + () -+ + (=1)+1()) =

Lpep(m) N(FP)=r+1=((+1) + (-1))" = YpeP(m) N(F?)—r+1as required.

<z

INPu(F) = ()N(F™) = N(F"/71) — (1) = 1) + (5) -
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5 Computing N(F™), NP, (F) and N®,,(F) inductively

In this section we use the natural eigenspace structure of the maps on the univer-
sal covering space to split our map on the torus (the torus model in the nilmani-
fold case) into a series of product maps on trivial fibrations. The aim is to build
up the numbers N(F™) and NP, (F) inductively adding (direct sum) one primi-
tive at a time. As mentioned earlier we reserve the computation of the N®,, (F)
until the end of the finite induction process.

More precisely let A be a primitive of period 14, and B an arbitrary periodic
matrix of period np. Then as seen in the introduction, we can think of A @ B as
a product map A @ B : T?("4) x T9(8) — T¢(n4) x T9("8), This map is moreover
fibre preserving with respect to the trivial fibration T9("4) x T9(%8) — T¢(18) with
A being the restriction of A @ B to the fibre T?("4), In the inductive step we are
assuming we already know the N(B7), NP;(B) for all g4 and we wish to use this,
the information from the primitive A and the sum product (Theorem 5.1 below)
to compute N((A @ B)7), NP;(A @ B) for all . So the inductive step is to add
(direct sum) a primitive A using the results of section 4 to compute N(A7) and
NP;(A) for all g. In order to use the sum product, however we will also need to
study the numbers N P% (F7) for various m and g|m.

The first formula below follows from properties of determinants (or the naive
product Theorem). The second formula is an easy adaption of [4, Corollary 4.6]
using the trivial fibration described in the introduction.

Theorem 5.1. Let A and B be periodic matrices with N(B™) # 0. Then

N((A @ B)™) = N(A")N(B") and

NPu(A® B) =) NPy(B)NPu(A7).
qlm

We call the second formula in Theorem 5.1 the sum product formula, or simply
the sum product.

The section is divided into four subsections. In section 5.1 we seek to deter-
mine for which m we automatically have that NP, (A & B) = 0 without having
to compute the sum product. In fact we make an approximation F(A) ® F(B)
to F(A @ B), and show NP,(A@® B) = 0if m ¢ F(A) ® F(B). Some clarify-
ing results about F(A) ® F(B) are also given here. In section 5.2, having de-
termined for which m we have NP, (A @ B) = 0, we turn our attention to de-
termining which of the terms in the sum product are zero. As part of this we
study the sets F (A7) and compare them with F(A). This enables us, for each
m € F(A) ® F(B), to define a set m” which has the property that the product
NPq(B)NP% (A1) = 0if g ¢ m”. In section 5.3 we study the numbers NP% (A7),

determine when they are equal to NP,,(A), and what they are when they are not.
Finally in section 5.4 we work a specific example of the inductive procedure with
four stages.
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5.1 Inductive approximations to the 7 (A & B)

We use an example to help motivate our definitions. The example was initially
worked using a maple worksheet.

Example 5.2. Let A := C(®;,,) where ny = 22 x3 x5 = 60, and B = C(Dy;)
where ng = 2 x 3% x 5 = 90. Then A & B has order 180, and the tables for F(A),
F(B) and F(A & B) are given as follows:-

F(A) q 1]12]15]20] 30
N(A7) |1 |5% |28 |38 ]|2l°

FB)] q [1]10]18]30 [ 45
N(B7) [1]3*]5°|312]2% [

F(A@B) q 1]10]12]15]18] 20 | 30 | 36 | 45
N((A@B)1) |1 |3*|5* |28 | 503438 | 216312 | 5456 | 28224 |

Note that 36 € F(A @ B) because N((A @ B)*®) = N(A%®)N(B%*) =
N(A?)N(B®) = 5% .5 = 519, S0 36 is a first that belongs to neither F(A) nor
F(B). Note however that new values occur not only at m = 36 = Icm(12,18), but
also at m = 20 = Iem(10, 20).

It should therefore be obvious that the lcm of pairs taken from F(A) and F(B)
have the potential to give new firsts. In fact we define the set

LCM(A,B) := {lcm(a,b) | a € F(A),b € F(B)}.

Note however, that not every lcm of pairs of elements of F(A) and F(B) appear
in 7(A @ B). In particular 60 = Icm(15,12), but N((A @ B)®?) = 0 and of course
we exclude zeros from F(F). Accordingly we set

Z(A,B):={q€ LCM(A,B) | N(AT)-N(B7) =0},
and make the following formal definition.

Definition 5.3. Suppose that A and B are periodic matrices with F(A) and F(B)
already defined, we define F(A) ® F(B) to be the set

F(A)® F(B) := LCM(A,B)) — Z(A, B).

In the example we have that LCM (A, B) = F(A) U F(B) U{36,60,90}, and
Z(A,B) = {60,90}. Note that we are not considering all zeros here, only those
that occur in LCM(A,B). So for this example we have F(A) ® F(B) =
F(A®B)=F(A)UF(B)U{36}.

Proposition 5.4. Let A and B be periodic matrices, then
F(A®B) C F(A)® F(B), and F(A) ® F(B) = F(B) ® F(A).
Moreover if m ¢ F(A) ® F(B), then NPy, (A @ B) = 0.
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Proof. Commutativity is trivial. To prove the inclusion, let m € F(A & B), then
N((A® B)™) = N(A™)N(B™) # 0 by definition. Thus we need only show that
me LCM(A,B). If m e F(A) orm € F(B), thenm = Ilecm(m,1) € LCM(A,B).
In any case, there are integers a € F(A) and b € F(B) with a|m and b|m and
such that N(A%) = N(A™) and N(B?) = N(B™). Let ¢ = Icm(a,b) then using
Proposition 2.4 we have that N(A?) < N(A°) and N(B?) < N(B°). Moreover
alm and b|m, so c|m. Thus N(A*)N(B?) < N(A°)N(B°) < N(A™)N(B™) and
therefore N(A°)N(B¢) = N(A™)N(B™). So m = c since if not, m would not be a
first. Thus m € F(A) ® F(B) as required.

For the last partif m ¢ F(A) ® F(B), then m ¢ F(A & B) by the first part. So
m is not a first. Thus there is a g|m with g < m and N((A @ B)7) = N((A & B)™).
By Proposition 2.4 again we have that NP, (A & B) = 0. m

Remark 5.5. Though we have no counter example for the reverse of the inclusion
in Proposition 5.4 a proof that it holds is elusive.

In spite of the remark we do have

Proposition 5.6. If for all my,my € F(A)® F(B) with my # my we have that
N((A@®b)™) #£ N((A® B)"™) then

F(A)® F(B) = F(A® B).

Proof. Letm € F(A) ® F(B), then N((A @ b)7) # N((A & B)™)for all ¢ < m by
the hypothesis. So m € F(A & B) by Proposition 3.4 . ]

The following example shows it is not always true that F(A) U F(B) C
F(A®B).

Example 5.7. Example where 7 (A) U F(B) € F(A® B). Let A := C(P30) and
B = C(®s), then F(A) = {1,6,10,15} and F(B) = {1,2,3} while F(A® B) =
{1,2,3,10,12,15}. The number 6 € F(A) is not in F(A ® B), because N(B®) = 0
so N((A @ B)®) = N(A®)N(B®) = 0 too.

We saw in Example 5.7 that F(A) may not be contained in F(A) ® F(B). On
the other hand if A = B we have no problem determining 7 (A & B)

Proposition 5.8. Let A be an arbitrary periodic matrix, then
F(Ae A)=F(A).

Proof. The result essentially follows from the fact that N((A @ A)™) = (N(A™))2.
So for example if m € F(A @ A) then (N(A™))? # 0, and for all proper divisors
g of m we have that (N(A7))? < (N(A™))2. Clearly by taking square roots we
have that N(A™) # 0 and N(A7) < N(A™) for all proper divisors of m so m is a
tirst. The converse is similar. n

The following Corollary will allow us, in our inductive procedure, to add a
kth power of a primitive in one fell swoop, rather than having to do it k times. Its
proof essentially boils down to the fact that for each q we have that N(&5_; A)7) =
(N(A%)), and is omitted.
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Corollary 5.9. Powers of a primitive Let F = &% | A, where A = C(®,,)) with

n=pi---py andr > 1. Then For all m we have that N(F™) = (N(A™))¥, where the

N(A™) are given in Corollary 4.8. Furthermore NPy, (F) = 0 if and only if m ¢ F(A).
Letr > 1. If m = 1, then NP,,(F) = 1 otherwise let m = ﬁ? € F(A). Then

- (N(Am))k—l ifu=s;
NP, (F) = { (N(Am))k _ N((Apmi)k ifu < sj.

Letr = 1andm:ﬁ€}—(A). Then

p’l‘ ifu=s;
km k% :
Py —p ifu <si

NPm(F) = {

In particular if n = p°, then NP, (F) = p*? — p* independent of s. ]

There is of course a similar result for N®,,(C(®,)) which we omit.
The proof of the following Proposition is left to the reader.

Proposition 5.10. (F(A) ® F(B)) ® F(C) = F(A) ® (F(B) ® F(C)).

The final result of this subsection, whose proof combines the first parts of
Propositions 3.2 and 5.1, and can obviously be extended to more than two factors.

Proposition 5.11. Let A and B be arbitrary periodic matrices of periods n, and ng
respectively, then
N((A @ B)") = N(Amma))N(Bm75)). .

In Corollaries 4.8 and 4.12 we saw for primitives that if (m,n) ¢ F(F) U {n},
then N(F™) = N(F). Proposition 5.11 helps us to see why this is not true for arbi-
trary periodic matrices. To give a concrete example consider m = 40 in Example
3.5 where F = C(®yP30) with period 60. Now (40,60) = 20, (40,20) = 20,
(40,30) = 10, and 20 ¢ F(F) U {60} = {1,4,5,6,10,12,15,60} but N(F?%) =
N((C(@20)*)N((C(P30)") =0 # 1 = N(C(P20))N(C(P30))-

5.2 The sets 7 (A7) and m” forq | m € F(A) ® F(B)

In this subsection B will be an arbitrary periodic matrix, and A a primitive. We are
thinking of B as the kth stage of our induction procedure and A @ B as the k + 1st
stage. In this subsection we are looking to simplify the sum product formula (the
second part of Theorem 5.1). In particular we want to know when the various
NPq(B)NP% (A7) are zero. We show for a fixed m, rather than having to take

the sum of the products over all g | m, that we need only take the sum over a
subset of such g which we denote by m” (Notation 5.17). The point is if § ¢ m”
then the product NP;(B)N P% (A7) = 0. We verify the simplification advertised

in Example 1.2 given in the introduction, which we restate below. In the next
subsection we will need to figure out the numbers N P% (A7). After reminding

the reader of Example 1.2 we start by looking at (A7) and its comparison with

F(A) for various g. We continue with the definition and the study of the sets m” .



Nielsen numbers of iterates and Nielsen type periodic numbers ... 711

Example 5.12. Example 1.2 revisited. In the introduction we gave (without proof)
the table below of values of NP, (A & B) for A := C(®y) and B := C(P3).
From Example 3.5 we have that F(A) = {1,4,5,10}, F(B) = {1,6,10,15} and
F(A®B) ={1,4,5,6,10,12,15}. We verify the table below in this subsection. In
particular we will see, for m = 1, m = 4 and m = 5 that m” = {1} (Notation 5.17,
Example 5.22).

NP (A @ B) N(B)N(A)
NP,(A & B) N(B)NP4(A)

NPs(A @ B) N(B)NPs(A)

NPs(A @ B) NPs(B)N(A)
NPy(A® B) | N(B)NPyy(A) + NPy (B)N(A!0)
NPy (A @ B) NPs(B)NP,(A%)
NPi5(A @ B) NPi5(B)N(AP)

Proposition 5.13. Let F = (C(®y,)), then F(F1) = F(C(P_n_)).

(nq)

Proof. By Proposition 3.2 we can work with F("4) rather than F7. By Theorem 2.7
¢(n)

[ _n
we have that F("1) = C’(CD%) "@ar” . Thus F(™9) is a sum of 4?(@) copies of the
ngq (n,4)

matrix C(®_»_). So by Proposition 5.8 we have that F(F("7)) = F(C(®_x_)) as

(nq) (n9)
stated. n

The next example not only illustrates Proposition 5.13, but compares various

F(E7) with F(F).

Example 5.14. Let F = C(®psp0) be as in Example 1.1. The table below compares
F(F) with F(F2) = F(C(@w)), F(F®) = F(C(n))), F(F) = FC(dp))
and F(F%Y) = C(dy)).

From Proposition 5.13 we have that F(F*?) = F(C(®g)) = {1,12,15,20,30},
and from Proposition 3.2 that N(F?*) = N(F®%1) = N(F315) so as above
F(F**)) = {1,2,4}. From the table we can see also see that this last set is equal

to
{1} U{v € N | v(945,n) € F(F)}.

This illustrates the following alternative way of describing the F(F17).
Proposition 5.15. Let F = C(®,,), and let q be arbitrary. If (q,n) = n then F(F1) =

@, otherwise
F(FT)={1}U{ve N |v(q,n) € F(F)},
and of course if v € F(F7), then N((F7)?) = N(F1°) = N(F*@@m),
Moreover if % € N, then . € F(F1) < q=mor %(n,q) € F(F). If g|n with
q # n then
F(F1)={1} U{v e N | gqv € F(F)},
and if m|n and - € N, then - € F(F1) < qg=morm € F(F).
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F(F) m 1280 | 315 | 360 | 504 | 630 | 840 | 1260
1032|287 |5 |23 2
N ( Em ) 1 396 2144 796 5144 2288 3288 2576
F(F*) t 1 12 | 15 | 20 | 30
N( (F42 ) t) 1 5144 2288 3288 2576
F(F10%) t 1 3 6 | 8 | 12
N( (1:105 )t ) 1 2144 2288 3288 2576
F(F%) = F(F3) t 1 2 4
,Nn) =
(945 ) 315 N((F315)t) 2144 2288 2576
JF(F830) t 1 2
N( (1:630 )t ) 2288 2576

Note that if (q,n) # 1, then #(F (F7) < #(F(F))

Proof of 5.15. 1If (q,n) = n then N(F7") = 0 for all m and so F(F1) = @ as
stated. Otherwise let 1 = (g,n), then h|n, and by the proof of Proposition 3.2, F1
and F" have the same eigenvalues, so F(F7) = F(F"). Next, let B = C(CID% ), then
B is primitive, and by Theorem 4.6 we can think of F" as a finite direct sum of
copies of B. By Proposition 5.8 we have that F(F") = F(B). We show F(B) =
{1}U{v e N | hv € F(F)}.

Let n = p'---py with r > 1. Then # = pil - pl for some t;, with
0 < t; < s;foralli. Now F(B) = {1}U{(n/h)/pf | 1 < £ < t;} by Corol-
lary 4.8. We show that 7(B) C {1} U{v | hv € F(F)} and vice versa. Clearly
1e{1}u{v e N| hv € F(F)}, soletw = (n/h)/p! € F(B), then hw =

h(n/h)/pt = n/p! = p € F(F),sow € {1} U{v € N | hv € F(F)}, and
F(B )g{l}U{UENMvE}"( )}

Conversely let w € {1}U{v € N |hv € F(F)}. fw = 1thenw € {1} U
{v € N | hv € F(F)}, otherwise hw = p! for some i with 1 < ¢ < s;. Clearly
w = (n/h)/p!. We must show that 1 < ¢ < t;. Now w € IN and this would not
be the caseif / > t;,s01 </ < t;,and w = (n/h)/pf € F(B) as required.

The rest is trivial. n

Corollary 5.16. Let B be periodic, A primitive of period n, and m € F(A) ® F(B).
Then

NP;(B)NPx (A7) =0
if either q ¢ F(B), or % ¢ F(A1). In particular if m|n then NPq(B)NP%(A‘?) =0if
either q ¢ F(B), or (g # mand m ¢ F(A)).

Proof. The first part is trivial, since if g ¢ F(B) then NP;(B) = 0. Similarly if
% ¢ F(F17) then N P% (A7) = 0. The rest follows from Proposition 5.15. [
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We use the following notation for the complement of the set described in
Corollary 5.16.

Notation 5.17. Let B be periodic, A primitive of period n, and m € F(A) @ F(B).
We use the notation m” to denote the set

m” := {q|m | g € F(B) and (g = m or 7(mq) € F(A)}
This gives immediately the following Corollary of Theorem 5.1:-

Corollary 5.18. Let B be periodic and A be primitive. If m ¢ F(A) ® F(B), then
NPu(A®B) = 0. Ifm € F(A) @ F(B) then

NPyu(A® B) = ¥y cpr NPy(B)NPu (A1),

q

Example 5.19. Example 5.12 continued. We explain the cases m = 6 and
m = 12 in Example 5.12. We remind the reader that 7 (A) = {1,4,5,10}, 7(B) =
{1,6,10,15} and F(A ® B) = {1,4,5,6,10,12,15}. For m = 6 we have that
{q6} = {1,2,3,6}. Now neither 2 nor 3 belong to F(B), and so are eliminated.
For 4 = 1 we have that g(n,q) =6 ¢ F(A),s0o1 ¢ 6!5. On the other hand
6 € F(B)and g = 650 67 = {6}. Thus NPs(A @ B) = NPs(B)N(A?) =
NPs(B)N(A) (since 2 ¢ F(A) - see Corollary 4.8.

For m = 12 we have {q|12} = {1,2,3,4,6,12}, but 2,3,4,12 ¢ F(B) so do
not belong to 127. Also 1 ¢ 127 since 121 = 12 ¢ F(A). Now 22(20,6) = 4 €
F(A) and 6 € F(B), so 127 = {6}, and we thus confirm that NP;(A © B) =
NPs(B)NP;(A?). At this point we do not know how to compute NP,(A?). We
look into this sort of computation in 5.17 in the next subsection.

We now establish some criteria that give shortcuts to determine the m” . Since
if m|n we have that (m,n) = m, then the Lemma below simply restates the defi-
nition in Notation 5.17.

Lemma 5.20. Let B be periodic and A primitive of period n, and m € F(A) @ F(B). If
m|n, then

m” :={q|m | q € F(B) and (9 = morm € F(A)) }. m

Corollary 5.21. Let B be periodic, A primitive, and let m € F(A) ® F(B) with m|n.

Ifm e F(A), then
m” = {q|m | q € F(B)}.

In particular, if no g|m lies in F(B) — {1}, then m* = {1} and so
NP, (A& B) = N(B)NPy(A).
Ifm € F(B) but m ¢ F(A) then m* = {m} and so

NP, (A @® B) = NP,,(B)N(A).
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Proof. For the first part, if m € F(A) the right hand condition in Lemma 5.20
is fulfilled and the statement that m” = {g|m | ¢ € F(B)} is simply the left
hand condition of the Corollary. The “In particular” part is now obvious. For the
second part, since m|n but m ¢ F(A), then the only way that the right hand
condition in Lemma 5.20 can be fulfilled is if § = m. Since m € F(B) then
m” = {m}, and the formula for NP,,(A @ B) follows from Corollary 5.18. ]

Example 5.22. We explain first the cases m = 4,5 and 10 in Example 5.12. Since
m € F(A) for m = 4,5 and 10, the first part of Corollary 5.21 allows us to explain
these cases. In particular 4” = {g|4 | ¢ € F(B)} = {1}, similarly 57 = {4|5| g €
F(B)} = {1}, while 10 = {g]10 | g € F(B)} = {1,10}. Now we cannot use
Corollary 5.21 for the case m = 6, because 6 { n. However since both A and B are
primitives we can reverse their roles in the first part of the Corollary to deduce
that NPs(A @ B) = NPs(B)N(A).

In order to illustrate the part of Corollary 5.21 with m ¢ F(A), we go back to
Example 5.2, where A := C(®gp) and B = C(Pyy). We saw there that F(A) =
{1,12,15,20,30} and F(B) = {1,10,18,30,45}. So 10 € F(B) and 10|60, but 10 ¢
F(A). So 107 = {10} so NP;g(A@® B) = NP;o(B)N(A) = (3*—1)-1=3* -1
which can also easily be seen from the table for (A & B) in that example.

There are in fact three more cases we investigate where NP, (A & B) can be
computed as a simple product. We give the first two here, but wait until the
next subsection for the third. The first two results come into their own in our
concluding example (5.28) and we wait until then to illustrate them. Proposition
5.23 below differs from Corollary 5.21 in that the hypotheses here do not include
that m|n. The following Proposition is used in step 2 of Example 5.28, where F
plays the role of B and F, the role of A.

Proposition 5.23. Let A and B be periodic matrices with A primitive of period n. If
m € F(B) N (F(A) ® F(B)) is such that m < p! for all p¥ € F(A) — {1}, then
m” = {m} and
NP, (A& B) = NP, (B)N(A).

Proof. Clearly 17 = {1}, so the Proposition is true for m = 1. So we can assume,
for the rest of the proof, that m # 1. In particular from the hypotheses we have
that m ¢ F(A) — {1}. Moreover no g with 1 < g < m lies in F(A). Recall that
m” = {qlm | g € F(B) and (g = m or 2(n,q) € F(A) }. Now m € F(B) so for
q = m we certainly have that m € m”. So we must show that if m # 1, g|m and
q # m, then q ¢ m”. We show for all such g that 7 (n,q) &€ F(A). Now % <1,
SO %(n,q) < m. So unless %(n,q) = 1 it does not belong to F(A). But g # m, so
% > 1 and so %(n,q) > 1 as needed.

Now NPy(A® B) = NPy(B)NPu(A™") from Corollary 5.18. We need to

see that N(A("") = N(A). If (m,n) = 1 there is nothing to prove. On the other
hand if (m,n) # 1, since (m,n) < m then (m,n) ¢ F(A) by hypotheses, and so
N(Am")) = N(A) by Corollaries 4.8 and 4.11, and we are done. ]

Proposition 5.24. (Used in step 4 of Example 5.28) Let B be an arbitrary periodic matrix
of period np and let A = C(Dys) where p is a prime that does not divide ng. Then
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F(A) ® F(B) = F(A)F(B) as a set. Moreover for each maymp € F(A)F(B) we
have that (mamp)” = {mp} and so

Proof. We note first that (14, np) = 1implies that (m4,t) = 1 forany my € F(A)
and any t|np. In particular, for any my € F(A), and mp € F(B) we have that
lem(my, mp) = mamp. Recall next that F(A) ® F(B) = LCM(A,B)) — Z(A,B).
So if Iem(my, mp) € F(A) ® F(B), then since 0 # lcm(ma, mp) = mamp, we
must have m4 # 0 and mp # 0 thus Icm(my, mp) = mamp € F(A)F(B).

Next let mymp € F(A)F(B). Since mamp = lcm(m 4, mp) we need only show
that N((A @ B)™A™B) =£ 0. So let ny, - - - ny be all the zeros of B which divide the
order of B. Since A = C(®,s) we know the only zero that divides the order of A
is p°. It is easy to see that m is a zero of B if and only if (m, n;) = n; for some i, and
that the zeros of A @& B are multiples of either some n; or of p°. But if mp € F(B)
then N(F™8) # 0so (mp,n;) # n; for any i. Also (my,n;) = 1foralli (t = n;
above) so (mamp,n;) # n; for any i, and neither is it a multiple of p°. So mmp is
not a zero of A @ B.

To show that (mmp)” = {mp}, note that (mamp)” := {q|mamp | g € F(B)
and (g = mpmp or mAqu (na,q) € F(A))} by definition. We show first that if
either my = 1 or mp = 1 then the result holds. If my = mp = 1 then clearly
(1-1)F = {1}. If my = 1 and mp # 1, then NPuy (A7) = 0 for all ¢ # mp,

q

since for any such g we have that A7 = A and 1mTB(nA,q) = % -1 ¢ F(A). Thus
(1-mp)* = {mp}. If mp = 1and m, # 1, then the only g|1 - m, that belonging
to F(B) is ¢ = mp so again (m, - 1)* = {1}. So without loss we may assume that
ma 75 lande 75 1.

Let g € (mamp)”, then g € F(B), so (ma,q) = 1since (my,mp) = 1. In
particular g # m,, and we must have that %(TZA,E]) = % € F(A). Soq
must cancel mp and be equal to it, and we have shown that ¢ = mp asrequired. =

5.3 Computing NPx (AlM) for g € m”

The main thrust of this subsection is the determination of the NP%(A‘] ) for

m € F(A) ® F(B) and for g € m”. We will use our results to continue to give
simplifications of the sum product. Since N((F7)4) = N(F™), we can expect
some connection between the N P% (F7) and the NPy, (F).

Example 5.25. We use two primitives F; := C(®ys) and F := C(Pasp9) together
with Corollary 5.9 to illustrate the fact that N P% (F7) may or may not be equal to

NPy, (F). These computations also illustrate Proposition 5.26 below. The cases, in
that Proposition, are indicated in brackets following the computations.
The determination of F(F;), F(F?) and F(F?*) are shown in the table below.
So NP%(Ff-) = N(F?) = 22 # NPy(F) = 22 —2. Similarly NPy (F}) #
NPg(F;) (both illustrate ¥ = 1 and m = g in Proposition 5.26). On the other
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F(F) m 1124|816 32|64

N(Em) |2(22 2428216 2% 0

F(F?) t 112148 |16 |32

N((B)) | |22 {24 |28 [216 |22 | 0 |

F(FH) t 12| 4|8

(24,2%) =8 | N((F})h) 28 | 2161 2321 0

hand NP (F?) = NPg(F?) = 21 — 28 = NPyg(F) and NP%(F%*) = NPy(F}) =

232 216 = NP3 (F) (r = 1 and g # m in Proposition 5.26).
We now use F := C(®Py5p9), and the table in Example 5.14, to illustrate the
indicated parts (in brackets) of Proposition 5.26. So

NPso; (F#) = NPpp(F#) = 5% — 1 = NP54(F) (r > 1and u = s;)

NP%(F‘*Z) = NP3o(F*?) = 2°76 — 2258 = NP1y (F) (r > L, u <s;and p; | §)
NP (F%2) = NPy5(F*) = 2288 — 1 # NPg3o(F) = 2288 — 24 (4 < 5;and p; | )

Similarly NPsy (F1%) = NPg(F!%) = 328 — 1 £ NPgyo(F) = 328 — 3%,

105
The Proposition below gives conditions under which N P% (FT) = NP,ygm (F),
q
and under which NP% (FT) = NPy, (F).

Proposition 5.26. Let F = C(P,) where n = pi' - - - pi" and r > 1. Suppose that m is
an arbitrary positive integer and q | m.

If g = m (and # n) then NPy (F7) = N(Fmm)Y (# NPy, (F) if m # 1).

Ifq;émand@ = p € F(F), then

r>1landu = s;, or
NPu(F1) = NPugw(F) if { r>10<u <s;andp; | %
! I orr=1.
In particular, if in addition to any of the above conditions we have that q | n, then
NP%(F”’) = NP, (F).
Finally ifr > 1, u < s; and p; 1 g then

m

NPu (F7) = N(F") =1 # NPy (F) = N(F") = N(F7i).
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Proof. Let q and q|m be given. From Proposition 3.2 we have N(F") = N(F %q) =

m(q,n)

N(F # ). Now if g = m, then NPx (F) = NP (F") = N(F") = N(E(mm), and
the first part is shown.

Next suppose that g # m and m(g’") = E? € F(F). Since F7 has period
then n, | n, and we must have that n, = pil ... plr for some t; with

_n_

(9,1)
0<u<t <sjfori =1,---r. By Proposition 5.15 we have that @ = ;;f\l =
;—ly € F(F) if and only if 7= Z—? € F(F7). Armed with this, we consider the
various cases separately.

So firstly then let r > 1 and @ = ;/9? = % € F(F). By Corollary 4.12 we

m(q,n)
have that NP, (F) = N(F i )—1 = N(F™) —1. On the other hand from
g
above we have that 7 = Z—sq € F(F7). Clearly t; = s; for this i, so again from

1

=3

Corollary 4.12, we have that NP% (F1) = N((F7)

first case follows.
Next let @ =pi = ﬁ € F(F)withr > 1, u < s;and p; | - Again from

)—1 = N(F™)—1, and the

above we have that 7 = % € F(F1). Butp; | 7 SO Ppi | @,that is it € F(F).
From Corollary 4.12 again we have that N(F") — N(Fpﬂi). But also p; | % €
F(F1). In other words % € F(F17) so again NP% (F1) = N(F™) — N(Ff’mi), and
the second case is proved.

Finally let r = 1 with @ = E? € F(F) and of course, g # m. Clearly neither
m m(qn)

nor
g MOt =

must have that 7 = p} for some t > 1. In particular p; | g and the proof follows

51—1

is equal to 1, and since 7 (F) = {1,p1,---,p;" }and (gq,n) | n, we

exactly as in the case r > 1 with u < s; and p; | %.

If, in the previous part we also have that g|n, then (g,1n) = g and @ = m.

The next part now follows from the previous one. The last part follows from a
careful examination of both sides and Corollary 4.12. m

The Corollary below is useful, since many times F(A) C F(A) ® F(B).

Corollary 5.27. (Used in steps 2 and 3 of Example 5.28) Let A = C(®P,) with
n = py'---py and r > 1. Let B be arbitrary periodic and m = p* € F(A). If

r>landu=s;,orr>10<u<s;andp | pf“,orifr: 1 with u # sq then
NP%(AQ) = NPy, (A) forall g # m.
Moreover in these cases if m ¢ F(B) then

NP,,(A@® B) = NP, (A)N(B™).
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Proof. If m = ;/7? € F(A), then any g|m must divide n. In these cases (q,n) = g

m(qn)

and of course —4 = m. So for g # m the first part can now be read off the
formula in Proposition 5.26.
Under these same conditions if m ¢ F(B), then g = m is excluded from

m” . Tt follows from Lemma 5.20 that m” := {g|m | g € F(B)} for this m.
Since NPy(B) = 0if g ¢ F(B) we have that }.c,,» NP;(B) = Y, NP4(B)
= N®,,(B) = N(B™), with the last two steps from Theorem 2.3. Using this we
have that

NPu(A®B) = L,cpr NPy(B)NPu (A)
= NPu(A) L,c,,» NPy (B)
= NP,,(A)N(B™). n

5.4 Computing a four stage example

In this final subsection we demonstrate the induction process by working a four
stage example. In doing this we will indicate at each step, which matrix plays the
role of A (the primitive) in our earlier results, and which plays the role of B the
matrix to which we are “adding” A.

Example 5.28. Four stage induction example. Let F be as given below, we deter-
mine N(F™) for all m, and indicate shortcuts to determine N(F") and N®,,(F)
for all m for this F.

F = C(Pg3) & C (P19 @ C(Pasno) ® C(Pr351)12

has period Icm(63,210,2520,1331) = 3,354,120. For convenience we assign the
following names to each of the primitives (or powers thereof):- F; := C(Pg3),
F2 = C(q)zm)m, P3 = C(q)2520) and F4 = C(q)1331)[2]. The primitive F3 is of
course familiar from Example 1.1.

Step 1 F; = C(®Pg3). We use the methods of section 4 to compute the table for F;.
The “hat” notation here is of course, with respect to the period n; = 63 = 327,
of Fl .

F(F) m 1| 7 9 21
m 1 3A7- 7 3
2)
N(E™") |1] 3¢ 76 318
NP, (F)|1]30—1|76—1]3!8_-3°

As mentioned earlier, we defer the computation of the N®,, (F) until the end.

Step 2 Adding F, := C(®P219) ! to obtain ®?_, F;. Note that the period of ®?_,F; is
lcm(63,210) = 630. Now F(F,) = F(C(P210)) by Proposition 5.8, but note that
N(EJ") # N((C(Da10)™) since F, = C(Da19)P (not C(Py1g)). We use Corollary 5.9
to construct the following table. Here of course the “hat” notation is with respect
to Fz.
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FB)| m |1] 30 42 70 105
m |1 7 5 3 2
N(Fm) 1 (78)3 (512)3 (324)3 (248)3

NP, (F) |1 |72 —1]5% -1 321|214 1

)

In this step F; plays the role of B and F, the role of A in our earlier results.
So we need to find F(F,) ® F(F) (Definition 5.3), from F(F) = {1,7,9,21}
and F(F,) = {1,30,42,70,105}. Obviously, since we exclude any lem that is a
zero, we must exclude any multiple of either 63 or 210. In fact 7 (F,) ® F(F;) =
F(R@®F) = F(R)UF(F)U{90}. The values of N((67_,F)™) in the table

come from the fact that N((®%_,F)™) = N(E")N(E}") = N(F1(63’m))N(F2(210’m))
from Proposition 5.11.

F(®7_,F) m 179|210 |30]| 42 |79 | 105

N((EB;’Z:lFl)m) 1 36 76 318 724 318536 378 730 2144318 '

To find the NP, (&% F) note that for each m in F(F) = {1,7,9,21} C
F(@2,F) that m < pt for all p* € F(F) — {1}, so NP, (®* F) =
NP, (F;)N(F,) = NPy (F;) for each such m, by Proposition 5.23. This gives ta-
ble (4) below (we show later that NP, (®?_,F;) = NPy, (®3_,F;) for these m).

m 1 7 9 21

(4)

NPy (®%F) = NPy (®3_F) | 1|36 —1 |76 131836

Table (5) below continues table (4) (including the claim that NP, (®?_F) =
NPu(®7_1F))-

30 42 70 90 105

(5)

724 -1 (536 _ 1)318 (372 _ 1)36 730 _ 724 _ 76 +1 (2144 _ 1)318

To see this note firstly that for m = 30,42,70, and 105 we have that m = pii €
F(F) and NP, (&% ,F,) = NP, (F)N(F") by Corollary 5.27. The values of the
N(FJ") for these m, come from Corollary 4.8. So NPsy(7_,F;) = NPy(F) -1 =
7%* — 1 while NPy (®?_|F;) = NPyp(FR)N(F!) = (5% — 1)3'8. Next NPy(F, ®
Fi) = NPy(FR)N(F/) = (372 —1)3% and NPjg5(F, & F;) = NPyos(E)N(F?!) =
(214 — 1)318. Lastly for m = 90, since N((F, @ F;)*°) # 0, and 90!\ F(F, & F) —
{90} ={1,9,30}, then from Theorem 3.7 we have that NPy (F, ® F;) = 7%° — 724 +
1-7641-1=70-72_7641.
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The justification that F(F,) ® F(F;) = F(F, & F;) comes from Proposition 3.4
because N((F, & F)7) # N((F, & F)*) = 7% for any g < 90.

Step 3 Adding F5 := C(Pysp9) (Example 1.1) to obtain @1-3:1131-. Note that the pe-
riod of ®?_,F; is lcm(630,2520) = 2,520. In this step ®?_,F; plays the role of B
and F; the role of A. So we need to find F(F @ i) ® F(F;) from F(®?_,F)
={1,7,9,21,30,42,70,90,105} and F(F3) = {1,280, 315,360, 504, 630, 840, 1260}.
Obviously we still exclude any lem that is a multiple of either 63 or 210 since they
are zeros. This automatically excludes 315,504,630,840 and 1260 from
F(F, & F) ® F(F3). In fact we can compute this as {280,360} @ {1,7,9,21, 30,42,
70,90,105}. So

F(R®E)® F(F) = {1,7,9,21,30,42,70,90, 105,280,360} = F (&3, F).

We confirm first the equation NPy, (®>_,F;) = NP, (®?_,F;) claimed for each
m in tables (4) and (5). To see this note, for each m € {7,9,21,30,42,70,90,105},
that m|2520, the period of Fs, and that m € F(®?_F), but m ¢ F(F3). So then
NP, (®3_,F;) = NPy (&% ,F)N(F;) by Corollary 5.21. But N(F;) = 1, and since
the formula also holds for m = 1 trivially, the claim is established.

It remains to compute NP, (F;) and NP, (®?_,F) for m € {280,360}. We
combine the results in the table below with the explanation to follow.

m 1 280 360
N(E) 1 3% 776
(6)
NP,(F) |1| 3%-1 776 —1
NP, (93 (F) | 1| (3% —1)3% | (76— 1)7%

The computations for N(Fj") and NPy, (F3) are familiar from table (1) in Example
1.1 in the introduction. Note for m = 280, and 360 we have that m € F(F;3),
but m ¢ F(d?_,F). So for m = 280,360 we have, from Corollary 5.27, that
NP, (93 _|F)) = NP, (E)N((®?_,E)™). From Proposition 5.11 we have that
N((&7_1F)®%) =N(F/)(N(F}?) = 3°37® = 3% and similarly N(($%_,F)*°) =
7%Y. Thus NPos(®?_,F;) and NPsg(®3_, F;) are as shown in table (6).

Step 4 Adding F; := C(P1331)? to obtain F = @?‘ZlFi (= F). In this step @?:1131'
plays the role of B and F; the role of A. Now the table for F; is

F(Fy) m 1 11 121
N(F")) | (11)* | (111)? (1112 | )
NP, (F) | 1172 | 1122 —112 | 11?42 — 1122

The period of @?:1131' is Icm(2520,1331) = 3,354, 120, and since (2520,1331) =1,
then by Proposition 5.24 we have that F(F;) ® F(®3_F) = F(Ey)F(®?_F)
with elements which we write as 11“m foru = 0,1,2and m € F (@?:15). Using
this formulation, we record the 33 elements of the set 7 (F;) F (¢7_, F;) in the table
below.
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1% | 1 7 9 21 30 42 70 90 105 280 360
Wm | 11 | 77 | 99 | 231 | 330 | 462 | 770 | 990 1155 | 3080 | 3960
112m | 121 | 847 | 1099 | 2541 | 3630 | 5082 | 8470 | 10890 | 12705 | 33880 | 43560

By Proposition 5.24 we have that NPyjuy, (&} F) = NPy (®?_ F)NPyju(Ey).
Thus for each m € F(&3_,F;) we have from table (7) that

NP, (®fF) =
NPy (@} F) =
NP1y (DEF)

112NP,, (47, F;)
(112 — 11°)NPy,(93_,F,

(1122 — 112)NP, (@7,

) 8)
F).

We now construct the table for the NP, (F). We do this using this and tables (4),
(5), (6), (7) and (8). The constructed table also allows us, by Proposition 5.6, to
deduce that F(Fy) @ F(®2_E) = F(@! | E) = F(R) ® F(®3_,F) = F(F).

m NP, (F) NPy, (F) NPio1,(F)

1 112 112 — 112 11742 — 112

7 112(3% — 1) (1122 - 112)(3° - 1) (11%#2 — 1122)(3° — 1)

9 112(76 — 1) (1122 —112)(7° — 1) (11%#2 — 1122)(7° — 1)
21 112(318 — 36) (1122 — 112)(318 — 39) (11242 — 1122) (318 — 36)
30 112(7% - 1) (112 - 112)(74 - 1) (1122 - 112)(7%4 — 1)
42 112(5% — 1)318 (1122 — 112) (5% — 1)318 (11242 — 1122) (5% — 1)318
70 112(372 — 1)3° (1122 —11%)(37%2 — 1)3° (11%#2 —1122)(372 — 1)3°
90 | 112(730 — 72 —76 +1) | (1M1 —1123) (730 -7 — 76 1) | (1122 — 112)(730 — 724 —76 1+ 1)
105 112(2144 _ 1)318 (1122 _ 112)(2144 _ 1)318 (11242 _ 1122)(2144 _ 1)318
280 112(3% — 1)3% (1122 —11%)(3% —1)3% (1122 — 1122)(3% — 1)35%
360 112(796 — 1)7% (1122 — 112) (7% — 1)7%0 (11242 — 1122)(7%6 — 1)7%0

The numbers N(F") and N®,,(F) for all m.

So the big table gives the values of NPjqu,,(F) for each 11"m € F(F). And of
course NP;(F) = 0if g ¢ F(F). As mentioned in the introduction it is convenient
to wait until the end of the induction process to do the complete identification of
the N(F™) and N®,,(F) for all m.

We start with the N(F™). Perhaps the best way to proceed is to determine first
if N(F™) = 0, and this occurs exactly when m is a multiple of 63, 210,2520 or 1331.
For the rest, the reader will have noticed that we have not given the table for the
N(F™) for m € F(F). This is because these values are already present, slightly
hidden, in the big table for the NP, (F). The point is that for all such m we have
from Theorem 3.7 that NPy (F) = N(F") — Lcmr(r)—{m} NPy(F), and N(F")
can be identified as the largest term in this expression (see Proposition 2.4). So
for example N(F) = 1127%0, and N(F3%®) = 11223177 gince these are respec-
tively the largest terms in the expressions 112(730 — 724 — 76 - 1) and (11?2 — 112)
(3% —1)3%. Since the big table is the table of all firsts, then it contains all of the
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values of the N(F™) in this way. The task then for any m, when N(F") # 0, is to
identify which of the g € F(F) has N(F™) = N(F1).

We have several tools. The first uses the equation N(F™) = N(F"")) from
Proposition 3.2. So for example N(F40) = N(F(14003354120)) — N(F280) —
1123177 since 280 € F(F). On the other hand (140,3354120) = 140 ¢ F(F), so we
need something else. Here we can use the equation N(F") = Y,cur(r) NPy (F)

in both directions (Theorem 3.7). So note, since 140 = 22 .5 - 7, that 140!.F (F) =
{1,7,70} = 701F(F). So N(F') = Ygcraor(r) NPy(F) = Lgeror(r) NPy(F) =
N(F79) = 112372 (the last equality again from the table). Finally our last tool

iterating Proposition 5.1 gives that N(F™) = N(F™* )N (F{" 20 )N (E{">™)

N(F4(m’1331)) for any m. In particular N(F%%) = N(F})N(E°)N(F®)N(F}!) =

76774 .1-11% = 7391122, For N(F;®) we needed to go back to table (1) in Example
1.1 and observe that 180 = (180,2520) ¢ F(F3) (F3 is simply F in that example),
so N(F}#) = 1 by Corollary 4.8.

For the N®,,(F), when N(F™) # 0, we can use the equation N®,,(F) =
N(F™) from Theorem 2.3. So in particular we have that N®1409(F) = 1123177,
N®140(F) = 112372 and N®9g0(F) = 7301122,

When N(F™) = 0, then we need to use the formula N®,(F) =
YgemF(r) NPy (F) from Theorem 3.7, but we can also combine this with the equa-
tion N®y,(F) = N®,, .y (F), from Corollary 3.9.

We look at 72,072. Now (72072,3354120) = 5544 which is divisible by 63 so
N(F7?72) = N(F>%) = 0. Also 5544 = 233?711 and we compute 5544!F (F) =
{1,7,9,21,42,11,77,99,231,462} = {1,7,21,42,11,77,231,462} U {9,99} =
462! F (F) U{9,99}. So N®7p072 (F) = NDssa4(F) = Yyeae017(r) NPy(F) +NPo(F)
+NPyo(F) =N(F*2) + NPy(F) + NPy (F) By Theorem 3.7.

So N®707 (F) = 11225%6318 11122(76 — 1) = 1122(5%0318 - 76 — 1),

We can also do this in a slightly different way and I include both ways as in
some circumstances one way may be more efficient than the other. The differ-
ent way involves writing 5544!F (F) as {1,7,9,21,42} U11{1,7,9,21,42}. Now
writing elements of 5544!F (F) as 11*m in the obvious way, we have from (8) and
Theorem 3.7 that N®sg44(F)

= Lme{1,7,9.21,42) 112NPy (07 F) + Eme{1,7,9,21,42}(1122 — 112)NPy (37 F)
=112 Y, c (17921400 NPu(®7_1 F)

=1122(14+3% —1+7° — 1+ 318 — 36 4 (536 — 1)318) from tables (4) and (5)
— 1122(536318 + 76 _ 1)

We leave it to the reader to deduce similarly that N®gposs (F) = 11242(5%6318
76 —1).
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