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Abstract

In the setting of continuous maps between compact orientable manifolds
of the same dimension, there is a well known averaging formula for the coin-
cidence Lefschetz number in terms of the Lefschetz numbers of lifts to some
finite covering space. We state and prove an analogous averaging formula
for the coincidence Reidemeister trace. This generalizes a recent formula in
fixed point theory by Liu and Zhao.

We give two separate and independent proofs of our main result: one
using methods developed by Kim and the first author for averaging Nielsen
numbers, and one using an axiomatic approach for the local Reidemeister
trace.

We also give some examples and state some open questions for the nonori-
entable case.

1 The Reidemeister trace in coincidence theory

Let M; and M), be closed orientable manifolds of the same dimension.
Let p; : My — M and p, : My — M) be the universal covering projections
with the groups of covering transformations I'l; and Iy, respectively. Let f,g :
M; — M, be a pair of continuous maps. By fixing lifts f and ¢ of f and g, the
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maps f and g induce homomorphisms ¢ : Il; — I, and ¢ : II; — I, between
the groups of covering transformations as follows.

cp(zx)f = foc, P(w)g = Ju, Va eIl (1-1)

The set of Reidemeister classes R[¢, ¢] is defined as the quotient of I, by the
doubly-twisted conjugacy relation & ~ B if and only if there is some v € IT;
with & = ¥(7)"'Bp(7). The Reidemeister class containing B will be written as
[B] € R[$, 1], or when we wish to emphasize the homomorphisms, as []¢,y-

Then it is well known that the coincidence set Coin(f, g) splits into a disjoint
union of coincidence classes. That is,

Coin(f,g) = || p1(Coin(Bf,3)). (1-2)
[BIER[¢,Y]

Therefore any coincidence class S = p; (Coin(Bf, g)) can be indexed by the Rei-
demeister class [B]; S = S(4. Here we allow some coincidence classes to be empty.

The Reidemeister number R(f,g) = R(¢, ¢) is the number of Reidemeister
classes. The coincidence Lefschetz number L(f, g) defined using the (co)homo-
logy groups is the sum of local indices. That is,

L(f,g)= ), ind(f &Sy €Z
[BlER[¢ Y]

where ind denotes the coincidence index of a coincidence class.

Definition 1.1. The coincidence Reidemeister trace of (f,g) is defined as follows:

RT(f,f,8,8) = ), ind(f &S;)Bl (1-3)
[BIER[¢.¢]

= Y. ind(f,&p1(Coin(Bf,§)))[Bl € ZRIp, ).
[BERIg¥]

We remark that the coincidence Reidemeister trace contains information of the
coincidence Nielsen number and the coincidence Lefschetz number. Indeed, the
number of non-zero terms in this sum is the coincidence Nielsen number N(f, g),
and the sum of the coefficients is the coincidence Lefschetz number L(f, g).

Let I'1 and I'; be finite index normal subgroups of II; and II, so that
$(I'1) C Tp and (I'1) C Tp. Then ¢ : II; — Il restricts to a homomorphism
¢' : T'1 — Ty, and then induces a homomorphism ¢ : I1;/T; — I1,/T,. We
denote the canonical inclusion by i; : I'1 — II; and the canonical projection by
up : 1Ty — Iy /Ty. Similarly, we obtain homomorphisms ¢, ¥, iy and u,. We then
have the following commutative diagram

Ui

1 s Ty —1s T4 s T, /T; —— 1
ﬂw’ 4{4) q‘{zﬁ (1-4)
1 y T, —25 T1, s TI/Ty —— 1
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Denoting M; = I'1\M; and M; = I';\ M, we see that M; and M, are regular
coverings of M; and M, such that

plelﬁﬂ\?IlLMl,
pz:Mngngz

are covering projections.

Since ¢(T1) C T and (T;) C T, the pair of lifts (f, §) induces the pair of lifts
(f,3) of (f,g). Indeed, f : M; — M, is defined by T'1% € M +— Tof(%) € M.
This map is well defined because if ¥’ = ¥ for some y € 'y then ¢(7y) € I', and

f&) = f(r%) = (f1)(®) = ((1))(E) = p(1)(f(%))
where the third identity follows from the definition of ¢, (1-1). Similarly,
g restricts to § : My — M,. Furthermore, for any € T1; /T, and B € u, ! (B), the
following diagram is commutative

w, P W,
g

| |

vy, P (1-5)

l?l lﬁz
M % M,

Note that {ff | p € I} is the set of all lifts on the universal covering manifolds
of f,and {Bf | B € 1} is the set of all lifts on the regular covering manifolds of

f.
There is an averaging formula for the coincidence Lefschetz number.
The following formula is apparently due to McCord:

L) =y L LR

! Belly /Ty

The summation on the right side above is discussed in [10, page 360], and the
tull formula appears in [11, page 88]. The corresponding averaging formula for
coincidence Nielsen numbers does not hold in general, this is studied in [8].

Recall from (1-1) that the endomorphism ¢ was defined using the lift f
Taking projections by p) and p} we have

o) f = fa, Vaell.

If we use other lifts f and Bf of f, then we obtain the corresponding endo-
morphisms Tgp and 7z respectively.  (Here, 74 is the conjugation by
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B, & — BSB~L) Similarly, the lift Bf of Bf : M; — M, induces an endomor-
phism 13¢’ : T1 — I';. We remark also that the pair of homomorphisms (15¢’, ¢')
are the homomorphisms induced by (Bf, g) by fixing the lifts (8f,¢). Hence by

definition
RT(Bf,Bf/2:8) (1-6)
= ), ind(Bf,&pi(Coin(v(Bf),9)))[V] € ZR[1p¢', ¢'].
[(VIER[Tp9" 9]
For each B € ITp/T; and B € u; '(B), we have the following commutative
diagram
1 —— T 2 I —“ I4/T; —— 1
Tﬁ4”l¢' Tﬁ4’l¢ Tg@llﬁ (1-7)

1 v Ty —25 TI, -2 T,/T, —— 1

Moreover, the inclusion i; and the projection u; induce the following exact
sequence of groups

P uf
1 — coin(1p¢’, ¢') — coin(Ta¢p, ) — coin(73$, P),

where coin denotes the coincidence subgroup of a pair of homomorphisms. Here,

p p

i; and uj are (co)restrictions of iy and u1, respectively.
We remark also that iy : I'y — Il and up : ITp — I, /T, induce maps between
the Reidemeister sets

B R/, 9] = Rlpb, 9], [Weyprp = Vs

and
i R[vp, ] = RIth, B, [y = 1020y = By
such that ﬁg is surjective and (ﬁg TN = im(fé3 ). That is, the following
sequence of sets is exact:
/ / {g ﬁg T T
Rlt¢', v'] — Rltpd, ] — R, ] — 1. (1-8)

This exactness is used in [8, 5] to give a convenient relabeling of the coin-
cidence classes. Typically the coincidence classes of (f,g) are labeled by the
Reidemeister classes R[p, ] of (¢, ). We may instead relabel them in terms
of the Reidemeister classes R[¢, ] and R[1¢’, ¢']. This gives the following;:

Lemma 1.2 ([8, Lemma 2.2], [5, Lemma 3.1]). For each [B] € RI[p, {], choose some
1B] € Rl¢, ¥] with 1ix([B]) = [B]. Then we have the disjoint union:

Coin(f,g) = || | | p1(Coin(vBf, §))

BIERIGH] \ [7]egppim(E)
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It will be important for us to relate the elements RT(f, f,g,§) € ZR[¢, ]
and RT(f,Bf,8,8) € ZR[tp¢p, ] for some B € II; of free Abelian groups with
generators given by the Reidemeister classes. By (1-3), we have that

RT(f,Bf,8,8) = Y ind(f, 83 S(6] 99 [Olrppp-
) cgpp R [Tp0. 4]

RT(f,af)= ),  ind(f;Fp,,)[Blue

[Blrup €ER[Tad]

In this sum, we note that
S(6].p = P1 (Coin(3(B), ) = p1 (Coin((3p)f,8)) = Siep,,

and that multiplication on the right by B gives a one-to-one correspondence

pp - R, ] — R, ] such that

ep([6]ngp) = [0Blg,p-

Linearizing (and again using the notation pg) gives an isomorphism between free
Abelian groups:

pp : ZR[tp¢, ] — ZRI[$, ¢].

Thus we have

0p(RT(f,Bf.8,8)) = pp ( Y iﬂd(f,g;s[fs}rﬁq,,w)[5]rﬁ¢,¢>

() cgpp R [Tp0. 4]

— Y ind(f, & S(5p),,,) [0Blo.w
[0BlpyERIDY]

= Y ind(f,&Su,,) @y
[]gpER[.¢]

and so
RT(f,f,8,8) = ps(RT(f,Bf, 8, 8)). (1-9)

That is, RT(f, f,¢,¢) and RT(f,Bf,g, &) are the same, except all Reidmeister
representatives are multiplied on the right by .
By the same reason, we have

RT(Bf,Bf.3,8) = po(RT(Bf,vBf,8 §)), Vv €T

2 Main result

The following averaging formula for the coincidence Reidemeister trace is our
main result. Because the sum of the coefficients in the coincidence Reidemeister
trace equals the coincidence Lefschetz number, this is a direct generalization of
McCord’s averaging formula for L(f, g).
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Theorem 2.1. Let My, My be closed orientable manifolds of the same dimension. Given
finite reqular covers My, My and universal covers My, My and the commutative diagram

Ml —{>M2
8

Lo

Ml —{>M2
8

Lo

My %Mz

we have

RT(,f,88) = qpy L oo (RT(LAF.8.).

Bl /T,

Proof. Our proof follows the results and methods from [8]. For brevity in the fol-
lowing, we will omit subscripts on Reidemeister classes when they are
obvious from context. For example [0]5,4,y € R[7p¢, | will simply be written

[0] € R[T[g(P, 1P]
Recall that
RT(f,f,8,8)= ), ind(f &Sy lal
[a] R[]
= ), ind(f,g&p1(Coin(af,g))) a]
[a]€R[p,y]

by the definition of RT and 5,). Relabeling classes as in Lemma 1.2, for each
[B] € R[$,P] we fix a preimage [8] € R[¢, ¢], and the above becomes:

RT(f,f,88) = )L Y. ind(f,&Spe) [1Bloy
[BIER($,9] [y]w,weim(ff)
Rather than the inner sum over elements [y] of im(fé3 ), we can sum over elements

[7'] of R[tg¢’, '] with fg(['y’]) = [v]. Since a single [y] € im(fg) may come from

several elements in R[73¢’, '], we must insert the fraction below. We obtain:

i 1
RT(f,f,8,8) = ISP
8] e%@,q}] (W] ER;TW’/IP’] #(1'5) ~1([4]) [vE] ¢ lP)

By [8, Lemma 2.1], we also have
#(5) 71 ([7)) = [coin(Ts, §) : 10, 5(coin(T,p, )]
_ #eoin(Tz¢, P)
- #it,g(coin(T,g¢, 1))
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and thus we can rewrite the above as

RT(f,f.88)

= #uyg(coin(T, ¢, 9)) . '
- [BIER Z% ] ([v]eR[Zrﬁ(p/ 1 #COin(TB(,B,l/;) md(f’g’ghﬁ]”')’ﬁ]wp

_ ¥ ([ | y #11,5(coin (T, g, lp))md(f %S0 [7Blo, )

BEHZ/FZ 0 GR[T‘B(P/r /} #[,B] #COln(T (P Lp)

On each Reidemeister cla [B] of R[p, P], the group IT; /T acts transitively
by the rule B +— §(5)BH(5) L. The isotropy subgroup at j is

{d1§(5)8(8)™" = B} = coin(tsf, ).

Thus ) )
[Ty : I'1] = #[B] - #coin(z¢, ), V[B] € R[P, 9],
and so
RT(f,f,8,8)
1
= #u.g(coin(t,g¢, ¥))ind(f, ;S v |-
T, < Ty) BGHZZ/F2 (MeR%qW] 7p(c0in(Typ, 9))ind (f, 83 S(y)) [7Bly w)

Now we remark that the coincidence class p/ (Coin(y8f,§)) of (Bf,g) covers by
p1 the coincidence class 5,4 = p1(Coin(yBf,§)) of (f,g). By Lemma 4.2 of [8]

we see that this cover is #u1 (coin(t,g¢, ) )-fold. Since the projections p and p;
are orientation preserving local homeomorphisms and the index is a local invari-
ant, we have

ind(Bf, g p1 (Coin(vBf,§))) = #u,p(coin(z,pp, ¢)) - ind(f, & Spg),  (2-1)

and consequently, we obtain

RT(f.f.8.§) = [ml: I

Y ([ ] Y. ind(ﬁﬁg‘;smﬂ)[vﬁ]w)-

BEIL /Ty \ [Y]€ER (T3¢ ,¢]

We know that [vBg,py = pp([Y]s,), and by the definition of 4" we have

~

Vwgp = 15 ([ ]Tﬁqﬁ’,lp’)' Therefore, the above identity reduces to:
o 1  BE - 5

RT(f f:8:8) = 1,1y - ). Y. ind(BF,&Sp)es@ (1 ey )
LA ety /ry \ [7)eR ey
1 5  RE A

~ T o Pl ( L md(ﬁf,g;sm)[7’]¢,,¢,)

' BETly /T [Y'1€R [T’ ,¢']
1

= T L osofh (RT(BF,BF.8.8))

Belly /Ty
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Consider the case I, = I';. That is, the following diagram is commutative

N [Hl : Fl

) [VIER[¢" Y]
The sum of the coefficients of both sides gives
1 ~
L(f,g) = L(f,3)-

Since deg(p) = [I1 : I'|, we obtain a result

L(fop,gop)=deg(p)L(f.g)-

This is already known for example in [1, Corollary 14.6].
As another special case, we consider the case where f = ¢ = idy, f=g=
idy; and f = § = id ;. Then the formula in Theorem 2.1 reads as

RT(1dM,1dM,1dM,1dM):m Y ppois (RT(B, B idm,idy)) .
© o1 Bery/r

The sum of the coefficients of both sides gives

L(idp, idy) = [ 2 L(B,idy)
ﬁeH/r
or . )
id M) = L
Since x (M) [Hl T X(M), we obtain a new formula
x(M)= 3 L(B)
Bell/T

Of course, this identity can be obtained from the averaging formula for Lefschetz
number

>, L(Bf)

L(f) [H F /SeH/r

by taking M to be any compact connected polyhedron X and f to be the identity
map idy.
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Corollary 2.2. Let X be a compact connected polyhedron with a finite group G of deck
transformations. Then
X(X) =} L(g)-

geG

If we consider the case where M = M; = M, ¢ = idy and § = idyy, then
the coincidence theory becomes the fixed point theory. In particular, our main
result, Theorem 2.1, gives rise to the fixed point version on closed orientable
manifolds M. However, the fixed point theory is available on more general topo-
logical spaces, for example compact connected polyhedra. In fact, using argu-
ments from [7] we can prove the fixed point version of Theorem 2.1 on compact
connected polyhedra. This will provide another proof of the following main
result of [9].

Theorem 2.3 ([9, Theorem 4.1]). Let X be a compact connected polyhedron. Given the
commutative diagram

x L. x

|

X — X

we have
1

RT(f’f) = [H:F]

Y puoi® (RT(af,af)).

aell/T

3 An axiomatic proof

The averaging formula for the coincidence Reidemeister trace can also be
obtained as an application of a uniqueness theorem from [4]. This uniqueness
result was a direct generalization of earlier work in [3, 12, 13] concerning the lo-
cal fixed point and coincidence index. To demonstrate the basic idea, we begin
with an axiomatic proof of an averaging formula for the local fixed point index.

Recall that the local fixed point index ind(f; U) is an integer invariant which
is defined for any open set U such that Fix(f) N U is compact.

Let M be a compact differentiable manifold with universal covering
p: M — M and a finite covering p : M — M with the natural map p' : M — M
with p = p’ o p.

When U C M is an open set, and f : U — M is a continuous map, say (f; U)
is admissible when Fix(f) N U is compact, and let C(M) be the set of all admissible
pairson M. If H : M x [0,1] — M is a homotopy, we say that H is admissible in U
if the set

{(x ) [ H(x, 1) = x}
is compact in M x [0, 1].
The following is a result of Furi, Pera, and Spadini [3].
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Theorem 3.1. Let M be a compact differentiable manifold, and let 1 : C(M) — R be any
function satisfying the following 3 axioms:

e (Homotopy) If there is a homotopy from (f;U) to (f'; U) which is admissible in U,
then ((f;U) = 1(f';U).

o (Additivity) If Uy, Uy are disjoint open subsets of U with Fix(f) N U C U U Uy,
then

(f; ) +u(f; U2) = o(f;U).
e (Normalization) If ¢ is a constant map, then 1(c; M) = 1
Then 1 is the local fixed point index.

We will use the uniqueness theorem above to obtain the following averaging
formula for the local fixed point index.

Theorem 3.2. Let ind(f; U) be the local fixed point index of an admissible pair, and
write U = p~1(U). For any specific lift f : M — M of f, we have

1

ind(f;U) = T

Y ind(Bf;U). (3-1)

Bell/T

Proof. Before proving formula (3-1) we should note that when Fix(f) N U is com-
pact in M, since ¢ is a covering map we will have Fix(Bf) N U compact in M for
any lift f of f, and thus the pair (f; U) is admissible and so the index on the right
side of (3-1) is defined.

For any admissible pair (f; U), let

(f;U) = Z d(Bf; ),
ell/T

where f is any lift of f. It suffices to show that ! satisfies the three axioms of
Theorem 3.1.

First we remark that ¢ is well defined (independent of the choice of lift f). It
suffices to show that if f and f are two different choices of lifts, then

Y ind(Bf;0) = Y ind(Bf;U).

BeIT/T Bell/T

There is some & € I1/T with &f = £, and so we have:

), ind(Bf;U) = [le iy Y, ind(Paf;l) = [Hl: y

Bell/T BeIl/T

Z ind(Bf; )

BeIl/T

as desired. Now we show that ! satisfies the three axioms of Theorem 3.1.
For the homotopy axiom, let H be an admissible homotopy from (f;U) to
(f’;U). Then for any lift Bf of f, the homotopy H will lift to a unique homotopy
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H from Bf to some lift Bf’ of f/, and it can be checked that this H is admissible in
U. Thus we have

1

‘(f"u):[nzr] 1

Z ind(Bf;U) = T

Bell/T

Y, ind(Bf;U) = «(f;U)

Bell/T

and so ¢ satisfies the homotopy axiom.
For the additivity axiom, let (f;U) € C(M) with Fix(f) N U C U; U Up. Then
for any lift f of f we have:

Fix(f) NU C ﬁ_l(FiX(f) N U) C ﬁ_l(ul LJ UZ) =U; ul,.
Thus the additivity axiom for ind(Bf; U) gives:
1

W F:U) = ind(Bf; U
)= gy 3 d(BF0)
1 ind(Bf; U ind(Bf; U
i, 00
1 . 5.7 1 in RE-T]
~ e, B 00 + gy T im0

=1(f;Uq) +u(f;Un),

and thus  satisfies the additivity axiom.

For the normalization axiom, let c : M — M be a constant map. Then any lift
¢: M — M is a constant map on M, and so ¢ is a constant map for any B. Thus
using the normalization axiom on ind (3¢, M) gives:

1 I 1
e; M) = — Y ind(BGM) = — Y 1=1
[IT:T] Beri/T [I1:T] Beri/T
Thus ! satisfies the normalization axiom.
Since ¢ satisfies the three axioms, it must be the fixed point index. n

If we take U = M above we obtain a new proof of the classical Lefschetz
averaging formula, since ind(f; M) = L(f).

An averaging formula like the one in Theorem 3.2 can be obtained for the local
coincidence index, by substituting the uniqueness theorem for the coincidence
index from [12] in place of Theorem 3.1. The uniqueness theorems in [13] can be
used to obtain similar averaging formulas for the local Reidmeister trace and local
coincidence Reidemeister trace. We will prove only the most general of these, the
local coincidence Reidemeister trace.

Theorem 3.1 was generalized to the coincidence Reidemeister trace in [13] as
follows: Let M; and M> be oriented closed manifolds of the same dimension, let
M; and M, be their universal covers, and let C (M7, My) be the set of admissible
tuples (f, f,g,§;U) where f,g¢ : M; — M are continuous, f,§ : M; — M,
are lifts of f and g, and U is an open set with Coin(f, g) NU compact. If H,G :
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M x [0,1] — M, are homotopies, we say the pair (H, G) is admissible in U when
the set
{(x,t) € My x [0,1] | H(x,t) = G(x, 1)}

is compact.
The local coincidence Reidemeister trace is defined as in Definition 1-3, but
restricting only to the subset U:

RT(f,f,&,&U) = Y, ind(flu glu:Sglu)Bl,
[BIER[¢,¢]

where f|; and g|y; denote the restrictions of f and g to U, and
Siglu = p1(Coin(Bflz, §ly)), U =py'(U).

It is clear from the definition that RT(f, f,g,$; M1) = RT(f, f,¢,§).

The manifolds in [3, 12, 13] are always assumed to be differentiable. This
assumption is made in order to use transversality arguments, but is not necessary.
Jezierski proves a “topological transversality lemma” in [6] which provides the
same results for topological manifolds. The work in [4] generalizes all results
from [3, 12, 13] without the differentiability assumption, so we will not require
differentiability in this paper. We will also use the normalization axiom used
in [4], which is weaker than the one from [13] based on the Lefschetz number.
In our normalization property we assume that M; and M; have fixed chosen
orientations.

When S is any set, let € : ZS — Z be the augmentation map (sum of coeftfi-
cients).

Theorem 3.3 ([13], Theorem 3; [4], Theorem 44). Let ¢ be a function with domain
C(My, My) such that o(f, f,g,&U) € ZR[p, ], where ¢ and ¢ are the induced
homomorphisms of f and g respectively. Assume that o satisfies the following axioms:

e (Homotopy) If there is a pair of homotopies from f to f' and g to g' which is
admissible in U, then o(f, f,g,&;U) = o(f', f',8',§;U), where f’ and §' are
the unique lifts of f' and ¢’ obtained by lifting the homotopies to f and §.

e (Additivity) If Uy, Uy are disjoint open subsets of U with Coin(f,g) NU C U U

U, then 3 3 3
o(f.f.8&U)=0(f,f,.& &) +0(f, f,8& Ua)

e (Normalization) Let ¢ : My — My be a constant map with constant value c € My,
and g : U — M be an orientation preserving embedding with g(x) = c. (That is,
g carries the positive orientation on U to the positive orientation on g(U).) Then:

e(o(c,é,8,8U)) =1

e (Lift invariance) For any a, B € Iy, we have

e(o(f. f.8.&U)) =elo(f,af,g B3 U))
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e (Coincidence of lifts) If [a] appears in o (f, f, g, §; U) with nonzero coefficient, then
af and § have a coincidence on py* (U).

Then o is the local coincidence Reidemeister trace.

Our averaging formula for the local coincidence Reidemeister trace is proved
similarly to Theorem 3.2.

Theorem 3.4. Forany U C My, let U = p; ' (U) C My and let f, § be specific chosen
lifts of f,g. Then we have

. 1 o
RT(f fa&W) = pr L ool (RTBFALE &),
- Bell, /Ty
where B € T, is any element whose image in 11, /T is B.

Proof. We will follow the proof of Theorem 3.2. Throughout the proof, for
U C My, let U = p;*(U) C M. For any tuple (f,f,g,&U) € C(My, My), let
f,§ : Mj — M, be given by the diagram (1-5), and let

Y. ppoib (RT(BF,BF,5&0)). (3-2)

Belly /T,

oUFf,8. 85U = i

We will show that ¢ satisfies the 5 axioms of Theorem 3.3.

First we show that ¢ is well defined, that is, independent of the element
B € TI, which projects to B € I1,/T,. It suffices to show that if B and B’ each
project to B, then

pp o & (RT(BF, Bf, & &) = pp o fy (RT(BF, B'f, 8 &10)).
Let ¢ € T'; be some element with ¢ = . Then we must show

pp o B (RT(Bf,Bf, 3,5 0)) = pypois’ (RT(BF, (1B)f. & & 1)),

This follows from the following observation: For g € I, and y € I';, we have the
following commutative diagram

PWﬁOlzﬁ_PﬁO#zSOP"r

"rﬁ
Rltsd, ¢ —— Rltpp ] —25 R[p,y]

- o

#
Rt (t59), ¢'] — Rlte¢!,¢'] —2> Rltee, ¢]
i’rﬁ

6] —=— [5] -~

—5 [6(vB)] = [(67)B]
Vo € I'p, l: TP/S
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Then we have

045 03P (RT(BF, (vB)F,5, &) = pp o b 0 po (RT(BF, (v8)f, 8, & 1))
= ppo b (RT(BF, B, &),

as required, where the last equality is by (1-9), which holds for the local coinci-
dence Reidemeister trace (this is [13, Theorem 6]).

Now we verify that our five axioms hold for ¢. The homotopy axiom is satis-
fied exactly as in Theorem 3.2. Any pair of admissible homotopies (H, G) from f
to f’ and g to ¢’ will uniquely determine a pair of admissible homotopies (8H, G)
from Bf to Bf’ and g to ¢/, and also a pair of admissible homotopies from f to f’
and ¢ to §’. Then by the homotopy property for the Reidemeister trace we will
have:

1

olf,f,g&U) = mﬁer%/rzpﬁ 012 T(Bf,Bf, 3,8 U))
1 ' ol ~/
= m/&er%/rzpﬁmz RT(Bf,Bf.8,8:0))

=o(f,f.¢.§:u)

For the additivity axiom again we follow exactly the argument from Theorem
3.2. We omit the details.

For the normalization axiom, let c be a constant map and g be an orientation
preserving embedding of some small set U with ¢(x) = c for some x € U. Then
there is some & € I, /T with §(%) = ac.

We will assume that U is sufficiently small so that U is a union of finitely many
components homeomorphic to U by p;. Let Uy be the connected component of U
which contains ¥. Then we have a disjoint union

and

BElL /T
1 - _
=T Y. e(RT(Be,pe, g, & U))
[Hl T ] BEIL /T2

=T L L € (RT(Bepog &3(T0)))

1] Belly /T, 7€l /Ty

The set Coin(B¢, §) Ny (Up) is nempty when ¢(yx) = Be. Since g(x) =
this is equivalent to $(7)g(x) = Ba~1g(x), which is to say that ((y) = Ba 1.

In the case where Com(ﬁ_f g) N (Up) is nonempty, it contains a single coinci-
dence point 7%, and § is an orientation preserving embedding of (Uy), because
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covering transformations of covering spaces of orientable manifolds are orienta-
tion preserving. Thus by the normalization property for RT we have:

if p(4) = Ba~!
e (RT(Be, e, 3,3 7(Uo))) = {1 fl/)(’r). B

0 otherwise.

Then the above summation gives:

e(o(c, ¢, gU)) = [T, T Y. #{yeIL/T1|¢(y) =pa'}
' BETTy /T
1
- [Hl -T ] ﬁGHZZ/FZ #"P ﬁ })
1
Iy 2 Ty 5er§/rz#¢ (1o}).

The set inside the sum has 0 elements when § € im), and otherwise has size
#ker . Thus we have:

1 _ _
elo(c,c, ¢, ;U)) = ————#Himy - #tkeryp = 1
by the First Isomorphism Theorem.
For the lift invariance axiom, we have

o lD)) = L o i (RT(BT. BaF. 2 & 0
e(o(f,af g 1&U)) =€ ([IL T BGHZZJ/Q% iy (RT(Bf, paf, 8 78; U)))

T, (TP

_ ﬁ Y. e (RT(Bf.Bf 3.5 0)

BEll, /T,

=e(o(f. f,& & U)).

Finally we must demonstrate the coincidence of lifts axiom. Say that [«] ap-
pears in o (f, f, g, §; U) with nonzero coefficient, and we must show that a f and &
have a coincidence in p;'(U). By (3-2), if [#] has nonzero coefficient in
o(f, f,g,§ U), then there is some B and some < such that pﬁ(fg([’y])) = [a], and
[7] has nonzero coefficient in RT(Bf, Bf,%,$; U).

Then by the coincidence of lifts property applied to RT(B f,Bf,g & U), the
maps vAf and ¢ have a coincidence on U. But since plg(zz ([v]) =
& = B, and thus a f and § have a coincidence on U as desired.

We have shown that ¢ satisfies the 5 axioms of Theorem 3.3, and thus it must
equal the coincidence Reidemeister trace. n

[a], we have
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4 Examples

Example 4.1. Let M; be a 3-dimensional orientable flat manifold IT;\IR® where
I'1; is the 3-dimensional orientable Bieberbach group &, [14, Theorem 3.5.5]:

I = (t,ttz,a | [t t]] =1, a® =1, aton™' =15, atzal = 151).

We can embed this group into Aff(R3) by taking {e1, e, e3} as the standard basis
for R3 and

1
b= (en D) (i=1,2,3), &= ((5) , (
0

Then the translation lattice is
rl = Hl N RB = <t1/t2/ t3> = <e1/e2/ e3> = Z3

and the holonomy group is I'l; /T = Z;
Let M, = RP%. Assume that there is a commutative diagram

R L, s
8
lpi lp’z
P-T\R® -
8

|7 |7

M, = TH\R® —— M, = RP?
g

inducing the following commutative diagram

i u
1 — I Ly I —

Tﬁ4"l¢' Tﬁ‘PlllJ Tﬁ‘ﬁl#’_’

Us

1 T={1) 251, 2 /27, —— 1

Hl/F1§ZZ — 1

~

where ¢ is an isomorphism and ¢ is a trivial homomorphism.

Let 8 be the antipodal map of S3. Then I, = (B). Since I, is abelian, we have
¢ = ¢ and T3¢ = ¢.

Remark that since ¢’ and ¢ are trivial homomorphisms, it follows that ¢ is a
trivial homomorphism. Since ¢’ is a trivial homomorphism and ¢ is an isomor-
phism, it follows that ¢(a) = B.

A simple computation shows that

1 — coin(¢’, ¢') = T'1 — coin(¢, ) = T'1 — coin(Pp, P) = {1}
= R ¢'T={[11} = Rlp, ] = {[1] = [Bl} = R, ¢] = {[1] = [A]} — 1.
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There is only one coincidence class of (f, g):

Spy = p1(Coin(f, ) -
Hence 5
RT(f, f,& &) = ind(f, & Sp))[1].
On the other hand, because 3¢ = ¢, we have
RT(Bf,Bf. 8 §) = RT(f,f,8,§) = ind(f,&;Sp)[1] € ZR[¢', y'].
Thus

ﬁ Y. ppoi® (RT(BF,BF.8.9))

BElly /Ty
= (oo B(RT(F.£,2,8)) + oo (RT(BF.6F.2.9)))
S

= 53 (1o (ind (7, 8) (1)) + 5o & (ind(7, 25011
= 1nd(f,g,5m)[ J-

This example demonstrates how the averaging formula for the coincidence
Reidemeister trace holds. Notice also in this example that the averaging for-
mula for the Nielsen coincidence number also holds. This is expected from from
[8, Theorem 4.6] since coin(¢, ) C I'y.

Example 4.2. Let M; = RP3. Let M, be a 3-dimensional orientable flat manifold
H2\1R3 where I1; is the 3-dimensional orientable Bieberbach group &;:

Ih = (t, b ts,a | [t t] =1, a® =1, aton™' =15, atzal = £51).

LetI, = <t1, tr, t3> = 75.
Assume that there is a commutative diagram

S3 R3

lpi lp’z
S3 — TP=T,\R®
lﬁl lﬁz

M; = RP3 % My = TT,\RR3

o l\hx

inducing the following commutative diagram

1 —— T ={1) " ez, —— 1

Tv@"ll/)' Tv4’l1/) T’?‘l_’lll_)

1 —— Iy 2 oy, —25 T/ TyxZ), —— 1
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Let B be the antipodal map of S3. Then IT; = (B). Notice that every homo-
morphism ¢ : IT; — IT, must be a trivial homomorphism. Otherwise, ¢(B) is of
the form

Z(B) = ' tr2 0.
Then 1 = &(B%) = ¢(B)? = (H]'£240x)? = 177!, which is impossible. Thus ¢
and ¢ are trivial, and the remaining homomorphisms are also trivial.
A simple computation shows that

1 — coin(¢’, ¢') = T — coin(¢, ) = I} — coin(P, P) = 11 /Ty
— R[¢, ] =T = Rlp, ¢] =11, = R[p, P] =I1,/T, — 1.

The coincidence classes of (f, g) are
S, = p1(Coin(vf,§)), Vv €ll,.

Hence

RT(f,f,8,§) = ) ind(f,8;S,)y € ZIL.
y€ll,

On the other hand,
oy L evel (RT(997,8.9)

1] Y€l /T?
(mozz (RT(f,f,2,2)) +pu o (RT(&f,af,2,2))

<ploz7_< ind(f,$:S,)7 >+paof§‘<21nd&f )
WGFz yels

= Y 5ind(F, &} (Coin(1£,§)) 7 + ¥ 5ind(af. g p} (Coin(7af, §)
y€ls vyel

- zr ind(f, g p1(Coin(vf,§)) 7+ Zr ind(f, & p1(Coin(vaf, )) va
vy€ls el

’—J

I\JI)—\ NI*—\

Consequently, we have

Y. pyo 1" (RT(vf, 7vf)) -

Y€l /T

RT(f f:8:8) = (1]

5 Open questions in the nonorientable case

Nielsen coincidence theory for nonorientable manifolds of the same dimension is
generally defined in terms of the “semi-index” of Dobrenko and Jezierski [2]. We
denote the semi-index of a coincidence class S by |ind|(f,£;S). The semi-index
can be used to define a coincidence Reidemeister trace as in (1-3).

RT|(f.f.8.8)= ) |ind|(f.&S5)[B] € ZRIp,y].
BIERIp)
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When the manifolds M; and M, are orientable, it is well known that
lind|(f,¢;S) = |ind(f,¢S)|, the absolute value of the classical coincidence
index, which implies that

IRT|(f. f,8.8) = IRT(f. £, )|,

where the absolute values on the right denote taking absolute values of each
integer coefficient, after grouping together all terms.

It is natural to ask whether an averaging formula will hold for this semi-index
Reidemeister trace.

Question. Does the following formula hold?

RTI(FF8.8) = oy L esod (RTIGFB7,3,9)

! Belly /Ty

In the orientable case semi-index will average appropriately—recall (2-1) which
states that

ind(Bf, g; p1(Coin(vBf, §))) = #u,p(coin(t,p¢, ) - ind(f, & S} g))-

This implies that for finite regular covers between orientable manifolds we have

lind|(Bf, g p (Coin(vBf,§))) = #yp(coin(t 59, %)) - lind| (£, & S,)),

which will imply the averaging formula above for |RT| in the orientable case.
It is not clear if the formula holds when the manifolds are nonorientable. In
the following example, the averaging formula does hold.

Example 5.1. Consider

s L, g

L
rRP? L RP?
with f = idgp2 and f = idg. Then the diagram induces the identity endomor-
phism ¢ of the group IT = {1,a} of transformations of p. Observe that

o Rl ¢] = {[1], [a]},
*p (Coin(f,f)) = RP?and p (Coin(ocf,f)) -,
o lind](f, fip (Coin(f, /))) = 1

(by changing one f to be a small rotation), and
jind|(f, f: p (Coin(af, f))) = 0.
Then we have
RT|(f. f. £, ) = ind|(f, f; p(Coin(f, f)))[1] + [ind|(f, f; p(Coin(af, f)))[a]
= 1[1] +0la] = 1(1] € ZR[¢, ¢,
N(f.f) =1
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On the other hand we can compute |RT|(f, f, f, f) and |RT|(«f, af, f, ). Because
the manifold involved is an orientable manifold S?, |RT| is the absolute value of
the classical RT. For the computation, we remark that I' = {1} and so ¢’ is trivial,
hence IT = IT and 43 = ¢. Indeed, we have

1] =2[1] € ZR[¢",¢'],
1] =0[1] € ZR[w¢', ¢'],

hence

> {01 0 BURTI(F £, 7. 1) + oo BURTI(wf,af, F, )} = 5 {210+ 0113

Consequently, we have

RTI(F,f,£,7) = 5 {or o BURTIF, £.F. ) + p o BURTIwf 0f, £, F)}

Note that in this example the semi-index Nielsen number does not average:

1 1 < = -
N(f ) = 1# 2(14+0) = J(N(F, f) + N(af, ).
This was expected already by [8, Theorem 4.5] as coin(¢, ¢) = IT ¢ T..

The real issue in deriving an averaging formula for the semi-index Reidemeis-
ter trace seems to be the semi-index itself. The following question seems likely to
be easier, but we still do not have an answer:

Question. When M; and M, are possibly nonorientable, does the following for-

mula hold? .

!ind|(f,8;5)=m Y. lind|[(Bf. &) (5-1)

Belly /Ty

The axiomatic approach is not likely to succeed in answering these questions,
since there is no axiomatic formulation of the semi-index. In particular the semi-
index is defined only for a coincidence class, not an arbitrary (compact) coinci-
dence set. Therefore the semi-index will not have an additivity property like the
one used in [3, 12, 13, 4].

A nonorientable version of Theorem 3.3 is proved in [4] using an index with
values in Z @ Z; which is closely related to the semi-index. Roughly, the Z-
part of the index is analogous to the classical index of nondegenerate coincidence
points, while the Z,-part carries information about any degenerate coincidences.
The Z © Z;-index of a coincidence class is zero if and only if the semi-index is
zero, so a Nielsen number using the Z © Z,-index will agree with the traditional
semi-index Nielsen number. Unlike the semi-index, the Z & Z, index can be
defined for any coincidence set, and has the appropriate additivity property.

The fact that the values are not integers introduces new complications for a
formulation of an averaging formula like (5-1) for the Z ® Z;-index. In particular
the factor of 1/[I1; : I'1] needs to be reinterpreted if the sum gives a non-integer
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value, and also some adjustment must be made for the fact that when the cover-
ing spaces are all orientable, the index of all lifts will have values in Z, while the
index of the maps themselves may still have nontrivial Z, part.

Still, the axioms for the Z @ Z;-index may provide a simple way to prove an
averaging formula, if it can be properly formulated. Therefore we ask:

Question. Is there an averaging formula for the Z @ Z;-index analogous to (5-1)?

Acknowledgement. The authors would like to thank the referee for making care-
ful corrections of a few expressions and valuable comments in their original ver-
sion.
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