An ergodic theorem for the quasi-regular
representation of the free group
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Abstract

We prove the weak-* convergence of a certain sequence of averages of
unitary operators associated to the action of the free group on its Gromov
boundary. This result, which can be thought as an ergodic theorem a la von
Neumann with coefficients, provides a new proof of the irreducibility of the
quasi-regular representation of the free group.

1 Introduction

In this paper, we consider the action of the free group [F, on its boundary B, a
probability space associated to the Cayley graph of I, relative to its canonical
generating set. This action is known to be ergodic (see for example [FTP82] and
[FIP83]), but since the measure is not preserved, no theorem on the convergence
of means of the corresponding unitary operators had been proved. Note that a
close result is proved in [FIP83, Lemma 4, Item (i)].

We formulate such a convergence theorem in Theorem [I.2l We prove it following
the ideas of [BM11] and [Boy15|] replacing [Rob03, Theorem 4.1.1] by Theorem [L.1]
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1.1 Geometric setting and notation

We will denote F, = (ay, ..., a,) the free group on r generators, for r > 2. For an
element vy € IF,, there is a unique reduced word in {afl, ey aril} which represents
it. This word is denoted <1 - - - 7, for some integer k which is called the length of
v and is denoted by |y|. The set of all elements of length k is denoted S, and
is called the sphere of radius k. If u € F, and k > |u|, let us denote Pr, (k) :=
{y € F, | |v| =k, uis a prefix of }.

Let X be the geometric realization of the Cayley graph of IF, with respect to the
set of generators {alﬂ, e a;ﬂ , which is a 2r-regular tree. We endow it with the
(natural) distance, denoted by d, which gives length 1 to every edge ; for this
distance, the natural action of IF, on X is isometric and freely transitive on the
vertices. As a metric space, X is CAT(—1). In particular, it is uniquely geodesic,
the geodesics between vertices being finite sequences of successive edges. We
denote by [x, y| the unique geodesic joining x to y.

We fix, once and for all, a vertex xp in X. For x € X, the vertex of X which is the
closest to x in [xp, x|, is denoted by | x| ; because the action is free, we can identify
| x| with the element -y that brings x( on it, and this identification is an isometry.

The Cayley tree and its boundary

As for any other CAT(—1) space, we can construct a boundary of X and endow
it with a distance and a measure. For a general construction, see [Bou95]. The
construction we provide here is elementary.

Let us denote by B the set of all right-infinite reduced words on the alphabet
{ai!, .., aF}. This set s called the boundary of X.

We will consider the set X := X U B.
Foru = uqy---u; € F, \ {e}, we define the sets

Xy :={x € X|uisaprefixof x|}
B, := {¢ € B| uisaprefixof ¢}

C,:=X,UBy,

We can now define a natural topology on X by choosing as a basis of neigh-
borhoods

1. for x € X, the set of all neighborhoods of x in X

2. for ¢ € B, the set {C, | u is a prefix of {}

For this topology, X is a compact space in which the subset X is open and
dense. The induced topology on X is the one given by the distance. Every isom-
etry of X continuously extends to a homeomorphism of X.
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Distance and measure on the boundary

For ¢; and ¢; in B, we define the Gromov product of ¢; and ¢, with respect to xg
by

(€11€2)x, :=sup {k € IN | ¢; and ¢, have a common prefix of length k}

and
dyy(G1,G2) i= e (€1l2)xy

Then d defines an ultrametric distance on B which induces the same topology
; precisely, if § = ujuousz - - -, then the ball centered in ¢ of radius e kis just By, .y,

On B, there is at most one Borel regular probability measure which is invariant
under the isometries of X which fix xp; indeed, such a measure 1y, must satisfy

B 1
C2r(2r — 1)l

Hxo (BH)

and it is straightforward to check that the In(2r — 1)-dimensional Hausdorff
measure associated to the distance dy, (normalized to give measure 1 to B) verifies
this property, so we will denote this measure by py,.

If =uy---u,--- € B,and x,y € X, then the sequence (d(x,uy---u,)—
d(y,u1 -+ - uy)),c is stationary. We denote this limit B#(x,y). The function B¢ is
called the Busemann function at ¢.

Let us denote, for ¢ € B and 7 € F, the function

P(")/, g) = (2}’ — 1):36(3(0/73(0)

The measure py, is, in addition, quasi-invariant under the action of IF,.
Precisely, the Radon-Nikodym derivative is given for v € I' and for a.e. ¢ € B by

Ay 2y _
Txo@) = P(7,Q),

where Y.y, (A) = pix, (7 1A) for any Borel subset A C B.

The quasi-regular representation

Denote the unitary representation, called the quasi-regular representation of FF,
on the boundary of X by

defined as )
(7(1)8) (§) = P(7,8)2g(v~"¢)
for v € F, and for ¢ € L?(B). We define the Harish-Chandra function

[1]

(v) = (m(0)1m18) = | P(7,8)3dps, (2), (1.1)
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where 1p denotes the characteristic function on the boundary.
For f € C(X), we define the operators

Mi(f) g B) o o T fom) B8 e 2B )
" yeSy -
We also define the operator

M(f) = m(fi) Prg (1.3)

where m(f|,) is the multiplication operator by f. on L*(B), and Py, is the
orthogonal projection on the subspace of constant functions. So, for ¢ € L?(B),

M(f)g = (g 18) f|;-

1.2 Results

We have the following equidistribution theorem.

Theorem 1.1. We have, in C(X x X)*, the weak-* convergence

where Dy denotes the Dirac measure on a point x.
We use the above theorem to prove the following convergence of operators.

Theorem 1.2. We have, for all f in C(X), the weak operator convergence

My(f) —= M(f).

n——+oo

In other words, we have, for all f in C(X) and for all ¢, h in L?>(B), the convergence

() )
RS Mg h)

B B S

YES,

We deduce the irreducibility of 71, and give an alternative proof of this well
known result (see [FTP82, Theorem 5]).

Corollary 1.3. The representation 7t is irreducible.

Proof. Applying Theorem to f = 15 shows that the orthogonal projection
onto the space of constant functions is in the von Neumann algebra generated
with 7t. Then applying Theorem [1.2]to ¢ = 1 shows that the vector 1 is cyclic.
Let F < L?(B) be a closed nonzero invariant subspace. Suppose that Vi € F,
(h,1g) = 0. Then if h € F, by assumption, for all v € F,, 0 = (7(y)h, 1p) =
(h, t(y~1)13), so by cyclicity of 1g, h = 0. So there is a vector & € F such that
Pyg(h) = 1g(h,1g) # 0. But Py, is in the von Neumann generated by 77, so
(h,1g)1g = P14(h) € F. So F contains the cyclic vector (i, 1g)1p,s0 F = L?(B). =
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1.3 Remarks

The study of such averages of unitary operators has first been carried out in
[BM11], where an ergodic theorem is proved, in the context of the action of the
fundamental group of a compact negatively curved manifold on its universal
cover, using an equidistribution result due to Margulis. This work has been
generalized in [Boy15] to the context of certain discrete groups of isometries of
CAT(-1) spaces, where the equidistribution result is replaced by one of Roblin
[Rob03, Theorem 4.1.1]. The Cayley graph of the free group with respect to the
standard symmetric set of generators is, itself, a CAT(-1) space, but the quotient
(a wedge of circles of length 1) dramatically lacks the property of having a non-
arithmetic spectrum, which forces us to prove an analog of Roblin’s equidistribu-
tion theorem in this setting : this is Theorem [L.1]

It would have been possible to define the length of the edges of X labelled
by af to be a (« being a real positive number) instead of 1. Let us denote by X,
the obtained metric space. The quotient has a non-arithmetic spectrum if and
only if & & Q. According to [Gar14], the Hausdorff measures on the boundaries
of X,, and X,, would have been unequivalent, as well as the associated unitary
representations, as soon as a1 # oczﬂ. It would be interesting to prove, in this
context, analogs of Theorems[I.Tland [1.2] for « € Q7 \ {1}.

2 Proofs

2.1 Proof of the equidistribution theorem

For the proof of Theorem [L.1] let us denote

Y, f(rxo, 7™ x0) —>/ _fd P‘xo®ﬂxo)}

:{f:C(YXX | Sl
YESH
The subspace E is clearly closed in C(X x X) ; it remains only to show that it
contains a dense subspace of it.
Let us define a modified version of certain characteristic functions : for u € FF,
we define

max{1l —dx(x,C,),0} if xeX
Xu(x) = 0 if xeB\B,
1 if xe€ By,

It is easy to check that he function x, is a continuous function which coincides
with xc, on FF,xp and B.
The proof of the following lemma is straightforward.

Lemma 2.1. Let u € F, and k > |ul|, then x,, — Y Xy has compact support
YEPry (k)
included in X.
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Proposition 2.2. The set x := {xu |u € F,\ {e}} separates points of B, and the
product of two such functions of x is either in x, the sum of a function in x and of a
function with compact support contained in X, or zero.

Proof. Tt is clear that x separates points. It follows from Lemma 2.1l that x,x» =
Xo if u is a proper prefix of v, that x> — x, has compact support in X, and that
XuXv = 0if none of u and v is a proper prefix of the other. m

Proposition 2.3. The subspace E contains all functions of the form x, & Xo.
Proof. Letn > |u| + |v|. We make the useful observation that

1
|Sn]

-1 B
Y. (xu ® xo) (rx0, 7~ 'x0) = 5
YES, | ”|

where S} is the set of reduced words of length n with u as a prefix and v~ ! as a
suffix. We easily see that this set is in bijection with the set of all reduced words
of length n — (|u| + |v|) that do not begin by the inverse of the last letter of u, and
that do not end by the inverse of the first letter of v . So we have to compute, for
s,t € {afl, ..,a;1} and m € N, the cardinal of the set S,,(s, t) of reduced words
of length m that do not start by s and do not finish by ¢.

Now we have

Sm = Sm(s,t) U{x | |x| = mand starts by s} U {x | |x| = m and ends by ¢}.

Note that the intersection of the two last sets is the set of words both starting
by s and ending by ¢, which is in bijection with S, »(s~1,t71).
We have then the recurrence relation :
1Sm(s,t)] = 2r(2r—1)" 1 —2(2r —1)" 1 +|S,,_»(s71,t71)]
= 2(r—1)(2r —1)" 1+ 2(r = 1)(2r — 1) 3 + |S;,_4(5, )]

7 — r—1)>2 )
_ -1 1)(2(52_1)31) ) 1845,

(r=1)((2r—1)>+1)

2
We set C := 1)

,n =4k +jwith 0 <j < 3 and we obtain

Skl = C(27_1)4k+j+|52'{k—1)+j|
= Clar =1+ C2r 1)V i3

-

= CY (-1 +|s!
i=1
(2r—1)% -1
= C(2r— 1)4+]m +1Si(s, 1)

= (2r—1)'"

Now we can compute

(2r —1)* —1
2—7),+|Sj(51t)|
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, -1
il | Sakri-(ulio) (Hu Vg, )\
|Sak ] | Skl
(27 — 1)%—(lul+loh) —q -
B (21’—1)1+] » + ‘Sj(u‘u‘,vw'l)’
B 2r(2r — 1)%+j-1
1 1
= +o(1
2r(2r — 1)lul=12¢(2r — 1)lvl-1 1)
= Hxo (Bu)pxg (Bo) +0(1)
when k — oo, and this proves the claim. m

Corollary 2.4. The subspace E is dense in C(X x X).

Proof. Let us consider E’, the subspace generated by the constant functions, the
functions which can be written as f ® g where f, ¢ are continuous functions on X
and such that one of them has compact support included in X, and the functions
of the form X, ® x». By Proposition 2.2 it is a subalgebra of C(X x X) containing
the constants and separating points, so by the Stone-Weierstra8 theorem, E’ is
dense in C(X x X). Now, by Proposition 2.3, we have that E' C E, so E is dense
as well. n

2.2 Proof of the ergodic theorem

The proof of Theorem [I.2] consists in two steps:
Step 1: Prove that the sequence M,, is bounded in £(C(X), B(L?(B))).
Step 2: Prove that the sequence converges on a dense subset.

2.2.1 Boundedness
In the following 1% denotes the constant function 1 on X. Define

FhIZZ[AAn(ly)]lg.

We denote by E(n) the common value of E on elements of length n.

Proposition 2.5. The function ¢ — Y., (P(v, 5))% is constant equal to |S,| x E(n).
YESH

Proof. This function is constant on orbits of the action of the group of automor-
phisms of X fixing xo. Since it is transitive on B, the function is constant.
By integrating, we find
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N—=
|

L ()t = [ (P(1,8) s @)

YESn B YESH

= L [ (P (@)

YESK B
= ) E(n)
YESK
= [SnlE(n), =
Lemma 2.6. The function F, is constant and equal to 1g.

Proof. Because Z depends only on the length, we have that

Ni—

(P(1,9))
F = v w—
(&) ||7§ =(r)
1
— )2
o 5,
= 1,
and the proof is done. u

It is easy to see that M, (f) induces continuous linear transformations of L!
and L, which we also denote by M,(f).

Proposition 2.7. The operator My, (1x), as an element of L(L*, L), has norm 1; as an
element of B(L?(B)), it is self-adjoint.

Proof. Leth € L*(B). Since M,(1x) is positive, we have that

M) Bl < [ [Ma(L)] 18| [1Bllcs
= [Fulle 7]l
= 7lleo
so that || My (1) |l £(ze 1) < 1.
The self-adjointness follows from the fact that 77(y)* = 7t(y~!) and that the
set of summation is symmetric. n

Let us briefly recall one useful corollary of Riesz-Thorin’s theorem :
Let (Z, u) be a probability space.

Proposition 2.8. Let T be a continuous operator of L'(Z) to itself such that the restric-
tion Ty to L?(Z) (resp. Teo to L®(Z)) induces a continuous operator of L>(Z) to itself
(resp. L®(Z) to itself).

Suppose also that Ty is self-adjoint, and assume that || Teo || £(1(7),1(2)) < 1.

Then || T2 g(12(z),12(2)) < 1.

Proof. Consider the adjoint operator T* of (L!)* = L™ to itself. We have that
1T e,y = Tl £(21(2),00(2))-
Now because T is self-adjoint, it is easy to see that T* = T,,. This implies
12> [T g0y = Tl (01 (2),00(2))-

Hence the Riesz-Thorin’s theorem gives us the claim. m
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Proposition 2.9. The sequence (My),,cp is bounded in L(C(X), B(L*(B))).

Proof. If f is real-valued, we have, for every positive ¢ € L?(B), the pointwise
inequality

[ flleo[Mn(1x)lg < [Mn(f)]g < [Iflleo[Mn(1x)]8
from which we deduce, for every g € L?(B)

IIMn (N8l < IS llooll M (Tx)18 12
< flleo [IMn(U50) | 522) l18]l12

which allows us to conclude that
[Mn ()l B2y < IMa(15) |2 L f 1] co-
ThlS pI'OVGS that HMn ||,C(C(X),B(L2)) S HMH (1X) ||B(L2)'

Now, it follows from Proposition 2.7] and Proposition [2.§] that the sequence
(My(1x))nen is bounded by 1 in B(L?), so we are done. u

2.2.2 Estimates for the Harish-Chandra function

The values of the Harish-Chandra are known (see for example [FIP82, Theorem
2, Item (iii)]). We provide here the simple computations we need.
We will calculate the value of

(1)1, 1,) = [ P(7,8) 2 (0)

u

Lemma 2.10. Let vy =s1---s, € F. Let 1 € {1,..., |y|},and u = sy - - -s;_1t1t141 - - -
t1+, with t; # s;yand k > 0, be a reduced word. Then

1
<7T(r)/)13’ 1Bu> = "Y‘
2r(2r — 1)z tk
and ) )
1/' JR—
(m(v)1p,1,) = ———+
2r(2r—1)7

Proof. The function & — B#(xo, 7Xo) is constant on B, equal to 2(I — 1) — ||
So (7t(y)1s,1p,) is the integral of a constant function:

[P0 (@) = (B2 2r -
u 1

2 (2r — 1)F +k

The value of (77(y)1p,1p,) is computed in the same way. ]

YForl =1,sq1---s;_q is e by convention.
1 -1 y
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Lemma 2.11. (The Harish-Chandra function)
Let oy = s1 - - - sy in Sy, written as a reduced word. We have that

[7]

Hal) -1 ¥,

1/'_

E(y) = (1 +

r

Proof. We decompose B into the following partition:

o

B= || B, U|[] || B.|UB,

U151 [=2 u=sj---s;_1t

tig{si,(s1-1) "'}

and Lemma provides us the value of the integral on the subsets forming
this partition. A simple calculation yields the announced formula. m

The proof of the following lemma is then obvious :

Lemma 2.12. If v, w € [, are such that w is not a prefix of -y, then there is a constant
Cy not depending on <y such that

~—

((v)1s,1B,) _ Cu

0 Wl

[

2.2.3 Analysis of matrix coefficients

The goal of this section is to compute the limit of the matrix coefficients (M, (xy)1B,,
1Bw > :

Lemma 2.13. Let u,w €& [, such that none of them is a prefix of the other
(i.e. ByNBy = @). Then

lim <Mn (XM)IB/ le> =0

n—o00

Proof. Using Lemma 2.12] we get

1 7T\ Y 1B, 1Bw
<Mn(Xu)1Blle> = |S | Z Xu(’ny)< ( :)‘(')’) >
" yeSy

— 1 Z <7T(,)/)1BI 1Bw>
|Sn €CaNSy E(7)
(Lemma212) < ! Y. Co
Sul, e Tl
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Lemma 2.14. Let u,v € IF,. Then

lim sup(M, (xu)1B,, 1B) < pxo(Bu)tix,(Bo)

n—00

Proof.

(Mu(xu)1,, 1B) = (M (Xu)*18,18,)
Y xulr o) < (v)1s,18,)

|S =3 E(7)
Y
<7T('7)1B11By>
xu(y txg) el
< o L ) e
7€Cy
1 (7(y)1s,18,)
Xu(y™ ' x0)—2 s
5] L =)
Y€Cy
1
S Z xu (Y 20) X0 (7%0)
YES,
_ (rt(y)1s,18,)
+ XulY "Xo =
S & 10T
Y€Co
( |s Y xu(r xo)xo(vxo) + S Y. xu(y xo)ﬁ
YESn n 'Y;g v
Y<£Cy

e %ﬂxu v o) xo (7%0) + 0(1)

Hence, by taking the lim sup and using Theorem we obtain the desired
inequality. m

Proposition 2.15. Forall u,v,w € F,, we have

lim (M, (xu)18,,1B,,) = Hxo(Bu N Bw)pxy (By)

n—o00

Proof. We first show the inequality

lim Sup<Mn (Xu)le, 1BZU> S ny(Bu m Bw)}/lxo (B'z)).

n—oo

If none of u and w is a prefix of the other, we have nothing to do according to
Lemma Let us assume that u is a prefix of w (the other case can be treated
analogously). According to Lemma[2.1]

lim Sup<M7’l (X”)le’ 1Bw> S 2 lim Sup<Mﬂ (X'Y)le’ 1Bw>’

n—oo ’}’Gpi’u(|W|) n—oo

and according to Lemma[2.13) for ally € Pr,(|w|) \ {w}, limsup,,_, . (M (Xx+)1B,,
1g,) = 0.
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Vv

Pxo (Bw)pzy (Bo) > limsup(My(xw)18,, 18)

n—o00

lim Sup <M1’1 (XZU)]'BU/ 1Bw>

n—o0o

> limsup(M; (xw)18,,1B,)+

n—o0o
Y lim sup(M; (x)1s,,18,,)
vEPry([w|)\{w} n—reo

lim Sup <Mn (Xu)le/ 1Bw>

n—00

\Y

\Y,

We now compute the expected limit. Let us define
Supw i={ (', 0, w') € Fy | u = '], [o] = [¢'], |w] = [’}

so that
<Mn (1Y)1B’ 1B> = 2 <Mn (Xu)le’ 1Bw>'

(”lzvlzwl) GSu,v,w

To simplify the calculation, let us denote

= liminf, e (Mu(Xu)1s,,18,,)

limsup,, ,(Mn(Xu)18,, 18,)

: ]/lxo(Bu N Bw)‘uxo (BU)

= ) lim sup (M (x,/)18,,,18,,)
(M’,U’,w’)GSu,v,w\{M,U,w} n—oo

E = Z ,uxo(Bu’ N Bw’)yxo (Bv’)

(u' 0w €Sy ow\{u,v,w}

ONnw>
I

It is obvious that A < B ; we have that B < C and D < E because of the
inequality we just proved. We also have that C + E = 1 (it is the sum of the mea-
sures of members of a partition), and finally, we have that 1 = lim inf(M,,(1%)1s,
1g) < A+ D, because liminf, ;e (a, + by) < liminf, e a, + limsup,, . by for
every bounded real sequences (a,,), and (by, ).

In conclusion, we havethat 1 < A+ D < C+E<1,A<B<CandD < E,
from which we deduce A = B = C. [ ]

Proof of Theorem[1.2l Because of the boundedness of the sequence (M, ), proved
in Proposition 2.9, it is enough to prove the convergence for all (f,h1,h2) in a
dense subset of C(X) x L? x L?, which is what Proposition 215 asserts. u
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