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Abstract

Let (R, m) be a commutative Noetherian local ring. Let I be an ideal of R
and let M be a finitely generated R-module of dimension d > 1. In this pa-
per we consider the [-cofiniteness property of the local cohomology module
HY~1(M). More precisely, we prove that the R-module H? (M) is I-cofinite
if and only if the R-module Homg (R /I, HY'(M)) is finitely generated. As
an immediate consequence of this result, we prove that if (R, m) is a regular
local ring of dimension d > 2 and I is an ideal of R with dim R/ # 1, then
HY"Y(R) = 0 if and only if the R-module Homg(R/I, H9"(R)) is finitely
generated.

1 Introduction

Throughout this paper, let R denote a commutative Noetherian ring (with iden-
tity) and I an ideal of R. For an R-module M, the i local cohomology module of
M with respect to I is defined as

Hj(M) = lim Extg (R/I", M).
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Our terminology follows the textbook by Brodmann and Sharp [7] about local
cohomology.

It is well-known that if R is a local (Noetherian) ring with maximal ideal m,

then the R-module M is Artinian if and only if Supp M C {m} and Ext},(R/m, M)
is finitely generated for all j > 0 (cf. [11, Proposition 1.1]).

Hartshorne [11] introduced the class of cofinite modules, answering in neg-
ative a question of Grothendieck (cf. [10, Exposé XIII, Conjecture 1.1]). In fact,
Grothendieck conjectured that for any ideal I of R and any finitely generated
R-module M, the module Homg (R/I, H;(M)) is finitely generated, where H:(M)
is the i-th local cohomology module of M with support in V(I), (this is the case
when [ = m, the maximal ideal in a local ring, since the modules Hi (M) are
Artinian). But soon Hartshorne was able to present a counterexample (see [11]
for details and proof) which shows that this conjecture is false even when R is
regular, and he defined an R-module M to be I-cofinite if the support of M is

contained in V(I) and Ext%(R /I, M) is finitely generated for all j and asked the
following questions:

(i) For which rings R and ideals I are the modules H}(M) I-cofinite for all i and all
finitely generated modules M?

(ii) Whether the category # (R, I)cor of I-cofinite modules forms an Abelian subcat-
egory of the category of all R-modules? That is, if f : M — N is an R-homomorphism
of I-cofinite modules, are ker f and coker f I-cofinite?

With respect to the question (i), Hartshorne in [11] and later Chiriacescu in
[8] showed that if R is a complete regular local ring and I is a prime ideal with
dim R/I = 1, then Hi(M) is I-cofinite for any finitely generated R-module M.

Also, Delfino and Marley [9] and Yoshida [22] have eliminated the complete
hypothesis entirely. Finally, the local condition on the ring has been removed in

3].

With respect to the question (ii), Hartshorne gave an example to show that
the question (ii) has not an affirmative answer in general. However, he proved
that if I is a prime ideal of dimension one in a complete regular local ring R,
then the answer to his question is yes. In [9], Delfino and Marley extended this
result to arbitrary complete local rings. Recently, Kawasaki [13], using an spectral
sequence argument, generalized the Delfino and Marley’s result for an arbitrary
ideal I of dimension one in a local ring R. Finally, Melkersson in [18] proved
that Hartshorne’s question is true for all ideals of dimension one of any arbitrary
Noetherian ring R.

More recently, in [5] it is shown that Hartshorne’s question is true for
¢RI )wf, the category of all I-cofinite R-modules M with dimM < 1, for
all ideals I in a commutative Noetherian ring R. The proof of this result is based
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on [5, Proposition 2.6], which states that in order to deduce the I-cofiniteness
for a module M with dimM < 1 and SuppM C V(I), it suffices that the
R-modules Homg(R/I, M) and Extk(R/I, M) be finitely generated. In partic-
ular, if dimR/I = 1 and SuppM C V(I) then M is I-cofinite if (and only if)
Homg(R/I, M) and Extk(R/I, M) are finitely generated. Also, in [4], Bahman-
pour et al as a generalization of [18, Theorem 2.3] have shown that if I is an
ideal of a Noetherian local ring (R, m) with dimR/I = 2 and M is an R-module
such that SuppM C V(I) then M is I-cofinite if (and only if) the R-modules
Homg(R/I, M), Extk(R/I, M), and Ext%(R/I, M) are finitely generated.

Pursuing this point of view further we establish some results concerning the
cofiniteness of local cohomology modules. In fact, as the main result of this
paper, we present a criterion for I-cofiniteness of the local cohomology module
HY~1(M), where I is an arbitrary ideal of a Noetherian local ring (R, m) and
M is a finitely generated R-module of dimension d > 1. More precisely, it is
shown that the R-module HY~!(M) is I-cofinite if and only if the R-module
Hompg(R/1, H?_l (M)) is finitely generated.

For each R-module L, we denote by AsshgrL the set {p € AssgL: dimR/p =
dimL}. Also, for any ideal a of R, we denote {p € SpecR : p O a} by V(a).
Finally, for any ideal b of R, the radical of b, denoted by Rad(b), is defined to be the
set {x € R : x" € b for some n € IN}. We refer the reader to [7] for more details
about local cohomology. Also, for any unexplained notation and terminology we
refer the reader to [7] and [17].

2 Preliminaries

The purpose of this section is to provide a technical result which will be useful in
the next section.

Lemma 2.1. Let R be a Noetherian ring. Let I be an ideal of R such that dimR/I =1
and let M be a non-zero R-module of dimension n < 1, such that the R-modules
Hompg(R/I, M) and Extk(R/I, M) are finitely generated. Then for each i > 0, the
R-module Exty (R/ I, M) is finitely generated.

Proof. Follows from [4, Theorem 2.5]. [ |

Now we are prepared to state and prove the main result of this section, which
plays a key role in the proof of the main result of this paper.

Theorem 2.2. Let (R, m) be a Noetherian local ring and let I be an ideal of R. Let
M be a finitely generated R-module of dimension d > 1 with HI " 1(M) # 0. Let
J=n, esupp HI1 (M) P Then the following statements are equivalent:

(i) The R-module H‘Ii_l(M) is J-cofinite.

(ii) The R-module Homg (R/J, HY~1(M)) is finitely generated.
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Proof. (i)=-(ii) Is clear.
(ii)=-(1) In view of [15, Corollary 2.5], the set Supp H?_l(M) is finite. So we
have dimR/] < 1. In the case where dim R/] = 0 there is nothing to prove.

Because, in this situation H?_l(M) is Artinian and | = m. Now, suppose that
dimR/] = 1. If we have dimR/I = 1 then in view of [9, Theorem 1], the
R-module HY~!(M) is I-cofinite and so as I C ] it follows from [9, Corollary

1], that the R-module H’Ii_l(M) is J-cofinite. So, we may assume dim R/ > 2.
Then as dim R/ Rad(I) > 2 it follows that there is an element x; € (J\ Rad(I)).
By [21, Corollary 3.5], there is an exact sequence

_ _ f _
0 — Hg,, (H{ 2(M)) — H{ }, (M) =— H{ (M) =0, (22.1)
(Note that the R-module H’Ii_l(M) is J-torsion and hence from the hypothesis
x; € ], wehave Hy (H{~'(M)) ~ H{~'(M)). Now, if dim R/ (I + Rx;) = 1 then
in view of [9, Theorem 1], the R-module H}t}le(M) is I + Rxp-cofinite. Since,
Rad(I + Rx1) C Rad(J) = ] it follows from [9, Corollary 1] that the R-module
Exti (R/], H}tllixl (M)) is finitely generated for all j. So, it follows from the exact
sequence (2.2.1) that the R-modules

Homg(R/], Hiy, (H{ 2(M))) and Ext(R/], Hiy, (H{ *(M)))

are finitely generated. Since, dim H}le(H?_z(M)) < 1 it follows from Lemma

2.1, that the R-modules Ext%(R /], H11<x1 (H?_Z(M))) are finitely generated for all
j. Now, from the exact sequence (2.2.1) it follows that the R-module H?_l (M) is
J-cofinite. So, we may assume dimR/(I + Rxy) > 2. LetJ; =N

Then J; C .
Since, dim R/J; = 1 it follows that there is an element x; € (J;\ Rad(I + Rxy)).
Let I := I + Rx;. By [21, Corollary 3.5] there is an exact sequence

pesupp H 4, (M) P

0 — Hg,, (H{2(M)) — H{ %, (M) = H{ "' (M) — 0.

(Note that the R-module H?l_l(M) is Ji-torsion and hence from the hypothesis
x2 € J1, we have Hy, (H{"'(M)) ~ H{~'(M)). Now, if dimR/(I; + Rxp) = 1,
then in view of [9, Theorem 1], the R-module H?l:rlez(M) is (I; + Rxp)-cofinite.
So, as Rad(I + Rxp) C Rad(J;) = J; C ] it follows from [9, Corollary 1] that the
R-module ‘

Exty (R/], Hi .., (M)
is finitely generated for all j. Therefore, from the exact

0— Ky — H?lfoZ(M) hoe HI7Y (M) — 0, (22.2), (where, K; = kerfj o f»)

it follows that the R-modules Homg(R/J,K;) and Extk(R/],K;) are finitely
generated. Since, dimK; < 1 it follows from Lemma 2.1 that the R-module



Cofiniteness of local cohomology modules over Noetherian local rings 719

Exti(R/],Ky) is finitely generated for all j. Now, it follows from the exact
sequence (2.2.2), that HY~1(M) is J-cofinite.

So, we may assume dim R/(I; + Rxp) > 2. Let [ = ﬁpGSupp H?1_+1RX2(M) p.
Then [, € J; € J. Since, dimR/J, = 1 it follows that there is an element
x3 € (J2\Rad(I; + Rx;)). Let I, := I; + Rx,. By [21, Corollary 3.5], there is
an exact sequence

_ _ f i
0 — Hi, (HL 2(M)) — H %, (M) == H~' (M) — 0.

(Note that the R-module H?Z_l(M) is Jo-torsion and hence from the hypothesis
x3 € ], we have H?{x3 (Hi‘1 (M)) =~ H?z_l (M)). Now, applying the method used
above, from the exact sequence

0— Ky — Hi L (M) "7 H1(M) 0, (where, Ky = kerfi o f 0 f3)

it follows that if dim R/ (I + Rx3) = 1, then the R-module H?_l(M) is J-cofinite.
Proceeding in the same way, as R is Noetherian it follows that after finitely many
steps repeating this argument we can find an ideal [y and an element x;,1 € J,
with ] C [; C --- C I such that dim R/ (I + Rxx1) = 1, which implies the
R-module H~!(M) is J-cofinite. ]

The following result is a consequence of Theorem 2.2.

Corollary 2.3. Let (R, m) be a Noetherian local ring. Let I be an ideal of R and let M be a
finitely generated R-module of dimension d > 1. If the R-module Homg (R/ I, H{ "1 (M))
is finitely generated, then the R-module H?_l(M) is J-cofinite, where :

J = m)Je‘Supp H‘Ii_l(M) p-

Proof. As I C ] it follows that the R-module Homg(R/], HY~1(M)) is finitely
generated and so the assertion follows from Theorem 2.2. n

3 The Main Result

Let (R, m) be a Noetherian local ring. Let I an ideal of R and let M be a finitely
generated R-module of dimension 4 > 1. In [15, Corollary 2.5], it has shown that
the set Supp H{ !(M) is finite and so dim HY~1(M) < 1. So, by [18, Theorem
2.3] or [5, Proposition 2.6] we know that the R-module H?_l(M) is I-cofinite, if
and only if the R-modules Homg(R/I, H{"'(M)) and Extk(R/I, H{"}(M)) are
finitely generated. Our main purpose in this section is to show that in this state-
ment, the condition on the R-module Extk (R/I, HY~1(M)) can be omitted.

Lemma 3.1. Let a C b be ideals of a Noetherian ring R, and let M be an R-module such
that the R-modules Ext} (R /b, H.(M)) are finitely generated for all i and j (respectively

or i < nand all {). Then the R-module Exth, (R /b, M) is finitely generated for all i
> ] R U4
(respectively for all i < n).
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Proof. See [1, Lemma 2.1]. [ |

Now, we are ready to state and prove the main result of this paper.

Lemma 3.2. Let (R, m) be a Noetherian local ring. Let I be an ideal of R and let M be
a finitely generated R-module of dimension d > 1. Then the following statements are
equivalent:

(i) The R-module H?_l(M) is I-cofinite.

(ii) The R-module Hompg (R /1, H9~1(M)) is finitely generated.

Proof. (i)=-(ii) Is clear.

(ii)=-(i) First we consider the assertion in the following situations:

1- dim R/I < 1. In this situation the assertion follows from [9, Theorem 1].

2- dim HY~1(M) = 0. In this situation the assertion follows from [19, Proposition

4.1].

Now, we may assume dim R/I > 2 and dim H?_l(M) > 0. Also, due to faithful

flatness of R (the m-adic completion of R), we may assume R is complete. Then by

Corollary 2.3 there exists an ideal | := ﬂp csupp é-1 (v P such that dimR/J =1
pp Hy (M)

and HY"!(M) is J-cofinite and I C J. Now using induction on k = dim N <
dim R/I we show that for any finitely generated module N with Supp N C V(I)
the R-modules Extj (N, H?_l(M)) are finitely generated for all j. To do this, first
let k = 1. First we show that for each p € V(I) with dim R/ p = 1 the R-modules
Ext}(R/ p, HY~1(M)) are finitely generated. But if p € Supp H{ (M) then as
J C p the assertion follows from Theorem 2.2 and [9, Corollary 1]. Now suppose
that p ¢ Supp H ! (M). Then there exists

X € [p \(qumAssR Hffl(M) q)]
Then we have TRX(H?_l(M)) = l"m(H?_l(M)). Since the R-module
Homg (R/ p, T (HI"H(M)))

is finitely generated it follows from [19, Proposition 4.1] that I'ry (H?_l(M)) is
p-cofinite. By [21, Corollary 3.5] there is an exact sequence

0 — Hp (HI (M) — HY, g (M) — HR(Hf (M)) — 0.

By [20, Proposition 5.1], the R-module HY '+ Rx(M) is Artinian (I + Rx)-cofinite. So

from [9, Corollary 1] and [19, Proposition 4.1], we can deduce that Hy . (H ?_1 (M))
is Artinian p-cofinite. Moreover, by [7, Exercise 2.1.9] we have

Hi, (H{ (M) = H]

H—Rx(H?_l(M)) and H?{x(H?_l(M)) >~ HY

Vre(H (M),

and by [7, Corollary 3.3.3], we have H¥ , (H'(M)) = Hk (HI"'(M)) =
0, for all k > 2. Hence, from the Lemma 3.1 it follows that the R-module
Ext,(R/ p, H9"1(M)) is finitely generated for all j > 0. On the other hand,
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as the R-module Homg(R/ m, H?_l(M)) is finitely generated, it follows from
[6, Theorem 2.12], that the R-modules

Extl, (R/ m, HI"1(M))

are finitely generated for all j. Now, from [17, Theorem 6.4], it follows that for
any finitely generated R-module N of dimension n < 1 and Supp N C V(I) the

R-modules Exty (N, HY~1(M)) are finitely generated for all j. Now let 1 < k <
dim R/ the the case k — 1 is settled. Firstletp € V(I) and dimR/p = k. Let

x € (m\ p). By inductive hypothesis the R-modules Ext]I‘{(R/(p +Rx), H?_l (M))
are finitely generated for all j > 0.

Now from the exact sequence
0—R/p>R/p— R/(p+Rx) =0,

we get the following exact sequence

Exti (R/ (p +Rx), HI 1 (M)) — Extk(R/ p, HI (M)
5 Exth(R/ p, HI7Y(M)), (3.2.1)

Let L := Exth(R/ p, H?_l(M)). From the exact sequence (3.2.1) we conclude that
the R-module 0 :; x is finitely generated. But as the R-module Hompg(R/ m,

H?_l(M)) is finitely generated, it follows from [4, Theorem 2.12], that the

R-module L is minimax. Because in this situation the R-module H?~!(M) is
I-cominimax. So there is a finitely generated submodule K of L such that L/K
is Artinian. We claim that L is finitely generated. Suppose the contrary be true.
Then L/K is not finitely generated. From the fact that the R-module 0 :; x is
finitely generated, it follows that the R-module O :; /x x is finitely generated. So
L/K is Rx-cofinite. Since, by hypothesis R is complete from [20, Theorem 1.6], it
follows that dim R/(Rx + Ann L/K) = 0 and so dim R/ Ann L/K = 1. Moreover

as K is finitely generated and Supp K C Supp L C Supp H?_l (M) it follows that
dimR/ AnnK = dimK = 1. Therefore, since (AnnK)(AnnL/K) C AnnL it
follows that dim R/ AnnL = 1. Next there is an element z € [Ann L\ p]. Now
from the exact sequence

0—R/p=>R/p—R/(p+Rz) =0,
we get the following exact sequence
Exti (R/(p +Rz), Hf "' (M)) — Extz(R/ p, H{"'(M)) = Extz(R/ p, H{"'(M)).
But this exact sequence induces the following exact sequence
Extk(R/(p +Rz), Hf ' (M)) — Extz(R/ p, Hi "1(M)) — 0.

Since by inductive hypothesis the module Exty (R/(p +Rz), H?_l (M)) is finitely
generated it follows that the R-module Exty(R/ p, HY~1(M)) is finitely gener-
ated, which is a contradiction. Since i is arbitrary it follows that Ext]R(R/ D,
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H?_l(M)) is finitely generated for all j > 0. Now from [17, Theorem 6.4],
it follows that for any finitely generated module N of dimension n < k and

Supp N C V(I) the R-modules Ext]Ié(N, H‘;l_1 (M)) are finitely generated for all j.
This completes the inductive step. n

Now as an application of Theorem 3.2, we prove the following result, which
is an immediate consequence of [12, Theorem 2.3].

Theorem 3.3. Let (R, m) be a Noetherian regular local ring of dimension d > 2 and let
I be an ideal of R with dim R/1 > 2. Then the following statements are equivalent:

(i) H{'(R) = 0.
(ii) The R-module Homg (R /1, H?_l (R)) is finitely generated.

Proof. (i)=-(ii) Is clear.

(ii)=(i) Due to faithful flatness of R (the m-adic completion of R), we may assume
R is complete. Now, suppose that the R-module Homg(R/I, H?_l (R)) is finitely
generated, but HY "!(R) # 0. Then we have 0 < dim HY~!(R) < 1. First suppose
that dim H?_l(R) = 0. Then by [19, Proposition 4.1], the R-module H?_l(R) is
Artinian [-cofinite. Since by hypothesis R is complete, form [20, Theorem 1.6], it
follows that Rad(I + Ann H?_l(R)) = m. Now as dimR/I > 2 it follows that
Ann H ’11_1 (R) # 0. Also by the Lichtenbaum-Hartshorne Vanishing Theorem we
have H4(R) = 0. Let0 # x € Ann H?_l(R). Then from the exact sequence

0—R3R—R/Rx —0,

we get the following isomorphism 0 # HY }(R) = HY'(R/xR). So by the
Lichtenbaum-Hartshorne Vanishing Theorem, there exists p € Asshg R/xR such
that Rad(I 4+ p) = m. But Ris a UED and so p = Rz is a principal ideal. This
implies that dim R/I < 1, which is a contradiction.

Now suppose that dim HY"1(R) = 1. Since by Theorem 3.2, the R-module
HY~1(R) is I-cofinite, it follows from [14, Theorem 2.9], that H(H? 1(R)) # 0.
In view of [15, Corollary 2.5], the set Supp H?_l (R) is finite. So there is an element

x € msuch that x ¢ UgemAssg Hi-\(R) 9 Then there is an exact sequence

0 — Hy,(H{ '(R)) — H{,g,(R) — Hpy, (H{(R)) — 0.

Let | := Mpesupp HI- (1) P- Then HY1(R) is J-torsion and Rad(J + Rx) = m. So

it is easy to see that Hy (HY '(R)) = HL(HY"}(R)) # 0, which implies that

HY +re(R) # 0. So by Lichtenbaum-Hartshorne Vanishing Theorem we have

Rad(I + Rx) = m. Therefore dim R/I = 1, which is a contradiction. u

Remark 3.4. In [2, Theorem 3.8], it has been shown that if (R, m) is a Noethe-
rian local ring of dimension d > 3, and x1, ..., x4 is a system of parameters for R

and I = (x1) N (xy, ..., x4) then the R-module Homg(R/1, H?_l (R)) is not finitely
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generated. In particular, H?_l (R) does not satisfy in the equivalent conditions of
Theorem 3.2. Also in [11], it has been shown that if

I:=(x,y)R C R:=k[x,y,z,w]/(xz —yw),

then 3°(m, H3(R)) = oo for m := (x,y,z,w)R. In particular, (R, mRy,) is a
Noetherian local ring of dimension 3 such that the R-module

Homg,, (Rm/ m Rw, Hiz_(Rum))

is not finitely generated. In particular, H%Rm (Rm) does not satisfy in the equiva-
lent conditions of Theorem 2.2. m
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