Poincaré’s problem in the class of almost
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Abstract

We consider the Poincaré’s classical problem of approximation for
second order linear differential equations in the class of almost periodic type
functions. We obtain an explicit form for solutions of these equations by
studying a Riccati equation associated with the logarithmic derivative of a
solution. The fixed point Banach argument allows us to find almost periodic
and asymptotically almost periodic solutions of the Riccati equation. A de-
composition property of the perturbations induces a decomposition on the
Riccati equation and its solutions. In particular, by using this decomposition
we obtain asymptotically almost periodic and also p-almost periodic solu-
tions to the Riccati equation.

1 Introduction

The theory of almost periodic functions has been developed in connection with
problems of differential equations, stability theory, dynamical systems and many
others. The applications include not only ordinary differential equations, but
also difference equations, partial differential equations or differential equations
in Banach spaces. Since there are plenty of results in literature, let us just quote
[8, 9, 10, 29, 30], for their applications in engineering [15, 21, 22, 28] and life
sciences [1, 11, 19].
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Poincaré [32] in 1885 established the existence of a solution y of the equation

n—1

v+ Y (a+ )y =0 (1)
i=0

such thaty/(t) /y(t) converges as t — oo, under the hypothesis: the roots A4, ..., A,
of equation A" + Z;lz_ol a;A' = 0 have distinct real parts and r; € Co, i.e., r;(t) —
Oast — 4oo,fori = 0,...,n — 1. Perron [25], at the beginning of the twenti-
eth century, improved this result assuring the existence of 7 linearly independent
solutions ¥y, ..., ¥u, such that y/(t)/y;(t) converges to A; as t — +oo, under the
same hypothesis. In case r; € L? for some p > 1, there are results for systems
of linear differential equations, which can be applied to this equation. These re-
sults are due to Levinson [2, 6, 12, Th. 1.3.1] for p = 1 and to Hartman-Wintner
[20, 12, Th.1.5.1] for p € (1,2]. In [16]-[18], by using a nonlinear transformation
and a general Riccati equation we have studied second and third order equations
(1). In the class of Cp and L? functions we have obtained precise formulae and
estimated their errors. In almost diagonal linear systems, perhaps the first results
in this sense were obtained in Pinto et al. [31, 30, 29].

In this paper, by using a certain Riccati equation, [16, 26, 2, chap. 6], we gen-
eralize Poincaré’s and Perron’s classical problem of approximation to the class of
almost periodic type functions, namely, we consider equation

y' + (a1 +r1(t)y' + (ag +ro(t))y =0, 2)

where g; are constants and r; are almost periodic complex-valued functions for
i = 0,1. Under sufficient conditions, we have obtained an almost explicit formula
for the solutions. In particular, if A4 are the roots of the polynomial P(A) =
A2+ amA+ay,y = AL —A_, withRey # 0, g and r; are sufficiently small in a
L*-sense and almost periodic then there exists a fundamental system of solutions
y+ : R — C satisfying

y+(t) = eAitexp (q:% /Ot[ro(s) + Asri(s) +71(s)z+(s)

Z2 S S —1 Z+ — Z4
+25.(s)] ds F ’Y[ (t) (0)]) ’
]/i(t) - ()‘i Zi(t))yi (t),

where z. satisfy a Riccati equation, is an almost periodic complex-valued func-
tion and

2a() = o( F [T (s) +an () ds)

for some 0 < & < |Rey| (see Theorem 1 and (21)). Let us point out that without
loss of generality, we always can assume that Rey > 0. These formulae remem-
ber us the Floquet’s Theorem for the periodic case, which is not longer true for
almost periodic type coefficients.

On the other hand, this result is also true for r;, i = 0,1 in either Cy or L7,
see [2, 6,12, 16]. In general, z4 are related with the logarithmic derivative of y+
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and represent the error function belonging to spaces under consideration Co, L¥
or almost periodic type functions, and are small with respect to the norm in the
space; L in our case. Our procedure allows us to address a new class of pertur-
bations, introducing a new class of functions in the context of almost periodicity:
the p-almost periodic functions. See Definition 2 and Remark 7. In other words,
there exist several classes of almost periodic type functions verifying these re-
sults. This is the case of those with a summand Cy or L? (asymptotically almost
periodic functions or p-almost periodic functions), namely, r; = u; +v;,i = 0,1
with y; € AP(R,C) and either v; € Cyor v; € L? fori = 0,1, see Theorems
2-4. An important consequence is that this decomposition of the coefficients r;,
i = 0,1induces the decomposition z+ = 6+ + 1P+, where 6 is the almost periodic
part and ¢+ is Cp or L?, respectively. These functions 6+ and 14 satisfy their own
equations, which can be treated and solved separately, implying the existence of
new solutions. See equations (22)-(23) and Theorem 4. In section 4, we will dis-
cuss the results through an illustrative example. Finally, let us emphasize that
the used method is scalar [16, 17, 18, 26], reducing the order of the equation and
avoiding the usual diagonalization process [6, 12, 13, 14].

2 Almost periodic functions and Riccati equations

In this section we shall present a certain class of almost periodic type functions,
review some facts to Green’s type operators and show some existence results for a
nonlinear equation, which we will apply to a Riccati equation related with (2). In
order to make a better exposition of these topics, we consider three subsections.

2.1 Almost periodic type functions

First, let us introduce the notion of almost periodic function used throughout this

paper. See [8, 23, 33].

Definition 1.  4) A continuous function f : R — C is almost periodic (in the
Bochner sense [3]) if for every sequence {a},} C R there exists a subse-
quence {a,} C {a;} such that lim,_, 1 f(t + &) exists uniformly on the
real line. The set of almost periodic functions from IR to C will be denoted

by AP(R,C).

b) A continuous function f : R x C — C satisfies f € AP(R x C,C) if for
every sequence {a),} C R there exists a subsequence {a,} C {a}} such
that lim,,, 1 f(f + &y, z) exists uniformly for t+ € R and for z on compact
subsets of C.

In order to perturb almost periodic functions we present the following result.
Lemma 1. Let f € AP(R,C)and p > 1. If f(t) — 0ast — oo then f = 0. If
f € LP[0, +o0) then f = 0.

More generally, if f € AP(R,C) and f(t) — cast — 4oo then f = c. This
Lemma is straightforward and, for the sake of self-containment, we shall present
a proof here.
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Proof: First, assume that f(f) — 0 as t — +co. By assumptions, there exists an
increasing sequence {1y }xeny C IN and a function g such that f(t +nx) — g(t)
as k — +oo uniformly for t € R. Since, for every t € R, t + ny — +oo, we have
that f(t +nx) — 0 = g(t) as k — +o0. Hence, g(t) = 0 for all t € R and due to
uniform convergence, for all ¢ > 0 there exists N € IN such that |f(t +n)| < ¢
forallk > N and t € R, namely, foralle > 0, |f(¢)| < € for all t € R. Therefore,

f=0.

Now, assume that f € LP[0, +0), i.e., fooo |f|P < +o00. Then, we get that

+o0 +o00
lim F(t+n)|Pdt = lim F()]P dt = 0.

n—+o Jo n—+oo Jy

Thus, f(- 4+ n) converges to 0 in LP[0, +o0). Hence, there exists a subsequence
ng € IN such that f(- + ng) converges a.e. to 0 as k — +o0. On the other hand,
there exists a subsequence, that we will still denote by {#ny }¢, with ny — +o0 as
k — +oco and a function f*, such that f(- + nx) — f* uniformly in R as k — oo,
in view of f € AP(RR,C). Therefore, by the uniform convergence of { f(- + n) }«,
we conclude that f* = 0in [0, +c0). Finally, we find that f = 0, since f* = 01in
[0, +00) implies f(t) — 0 as t — +oo. ]

Let us introduce the following function spaces: BC(IR, C) is the set of all bounded
continuous functions from R to C. In addition, we define BCy(R,C) =
{f € BC(R,C) | f(t) = Oast — 4oo}, Co(R,C) = {f € BCy(R,C) |
f(t) = 0ast — —oo},and L = {f : R = C | J;"|f|P < co}. In other words,
from Lemma 1 we have that AP(RR,C) N BCy(R,C) = {0} and AP(R,C) NL) =
{0}. Thus, we set

Definition 2.  ¢) A bounded continuous function f : R — C is asymptotically
almost periodic if f = ¢ + g with ¢ € AP(R,C) and limy_, 4 g(t) = 0.
The set of asymptotically almost periodic functions from R to C will be
denoted by AAP(R,C). In addition, if lim;,_« g(t) = 0, we will say
f e AAPy(R,C). See [5, 10].

d) A bounded continuous function f : R — C is p-almost periodic with p > 1,
if f =¢+gwith¢ € AP(R,C) and g € L}. The set of all p-almost
periodic functions from R to C will be denoted by AP (R, C, p). In addition,
if g € LP(R), we will say f € APy(R,C, p). See [10, section 4.3; page 46].

e) A bounded continuous function f : R x C — C satisfied f € AAP(R x
C,C)if f =¢+gwith¢p € AP(R x C) and lim;—, o g(¢, x) = 0 uniformly
for x on compact subsets of C. In addition, if lim;, _« g(t, x) = 0 uniformly
for x on compact subsets of C, we will say f € AAPy(R x C,C).

f) A bounded continuous function f : R x C — C satisfied f € AP(R x
C,C,p)if f =¢+gwith¢ € AP(R x C,C) and g(-,x) € L} uniformly for
x on compact subsets of C. In addition, if g(-,x) € LP(RR) uniformly for x
on compact subsets of C, we will say f € APy(R x C,C, p).
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Remark 1. It follows that AP(R,C) C AAPy(R,C) C AAP(R,C) C BC(R,C)
and the direct sums AAP(R,C) = AP(R,C) ¢ BCy(R,C) and AAPH(R,C) =
AP(R,C) & Cp(R,C). Furthermore, AP(R,C), AAPy(R,C) and AAP(R,C)
are closed subspaces of the Banach space BC(RR,C) endowed with supremum
norm || - [[e. Also, AP(R,C,p) = AP(R,C) & [L) N BC(R,C)] and
APo(R,C,p) = AP(R,C) & [LP(R) N BC(R,C)]. Notice that f = ¢ + g with
¢ € AP(R,C) and g € L] then 8lito,+c0) € LP[to, +-00) for any ty € R.

2.2 Green’s type operators

Given v € C with Rey > 0 and a« > 0, we define the operators acting on a
function r : R — C as follows

GLIF|(t) = — /t T ps)ds  and  LU[A(H) = T /t T g (9) |y (5)] ds.

The Green’s operator G1 and £4 allow us to state our results and do satisfy the
following useful inequality.

Lemma 2 ([17]). If B < a then

G GElal] (1] < L[l lal] (1) < £ Pl £ a] ). 3)

The following inequality implies that the map (0, +o0) 3 a — G4 [r] € BC(R,C)
is a continuous function for r € BC(RR,C) fixed.

Lemma 3. Let r € BC(R, C) fixed. For all o, B > 0 it holds
arg _ aP < 1 1
|G = GLll < Iirlle | 2 = 51

Notice that the same inequality still holds true for the operators £% and £/i with
any function r € BC(R, C), since L4 [r] = £G4 [|r|].

Proof: Without loss of generality, assume that « < . Hence, it follows that

1 1
~ |~ 5

ds 5

G — GE()] < lrlle ’ [ e — e

forallt € R, in view of

/ ?"" eFelt=s) — B9
t

Foo 1 1
— Fa(t—s) _ ,2Fp(t—s) — - _Z
ds /t [e e } ds = F <[X ﬁ) .

Therefore, the conclusion follows. [ ]

Let us recall the following result concerning the Green’s operators which has
been useful in asymptotic integration, see [2, 6, 7, 12, 20].
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Lemma 4. Let v € C, &« = Rey > 0and let r € BC(R,C) be a bounded contin-
uous function. If r € BCy(RR,C) (resp. Cpo(RR,C)) then L4 [r] € BCy(RR,C) (resp.
Coo(R,C)). Ifr € L} (resp. LP(R)) for some p > 1 then L%[r] € BCo(R,C) N
L} (resp. Coo(R,C) N LP(R)). Similarly, if r € LP(—c0,0] for some p > 1 then
LY [r](t) = 0ast — —oo and L4 [r] € LP(—o0,0].

Notice that G/ [r] is a solution of the linear equation y’ = Fyy + r. In order to
study linear equations with r € AP (R, C) and nonlinear perturbations of them
we have the following invariance property of the Green’s operator.

Lemma 5. Let v € C, Rey > 0. It holds G| : E — E, where either E = AP(R,C),
AAP(R,C) or AAPy(R,C). Similarly, ifr € AP(R,C, p) (resp. r € APy(R,C, p)
then G1[r] € AP(R,C,p) N AAP(R,C) (resp. Gl[r] € APo(R,C,p) N
AAP(R,C)).

Proof: First, note that for any T € R we have that

GLIrj(t+71) = — /:FOO eV (s + 1) ds = GL[r(- + 1)](¢).

On the other hand, let {a},}, C R be a sequence. Then, there exists a subsequence
{an} C {a;} such that lim,_, 4 r(t + &) exists uniformly on the real line. De-
note for every t € R, r*(t) = lim,—, +o r(t + &, ). Hence, we find that

|GLIFI(t + an) — GL[F) (1))

+o0
< i/ e (=9 (5) — #(s + o) | ds < %sup | —r(- +an)l,
t R

where &« = Re+. Therefore, lim,_, o GL[r](t + &) = GL[r*](t) uniformly for

teR.

Finally, it is enough to observe that if f = ¢ + g with ¢ € AP(R,C) then we
obtain that G1 [¢] € AP(R,C) and G [f] = G1[¢] + G1[g]. Conclusions follows
from the Definition 2 and Lemma 4. |

Remark 2. Notice that it is also possible to consider E = PAP(R,C), AA(R,C),
AAA(R, C) or PAA(R, C), namely, the sets of pseudo-almost periodic functions,
almost automorphic functions, asymptotically almost automorphic functions and

pseudo-almost automorphic functions respectively, see for instance [4, 5, 9, 10, 24,
27,30, 33].

2.3 Riccati equation

In order to study equation (2), we consider a new variable z = (y'/y) — A, where
A € C is aroot of P. We will find such a function z with property z € AP(R,C),
when r; € AP(R,C), i = 1,2 are sufficiently small. We will need the following
results, see [2, 12].
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Lemma 6. Suppose that the roots A of P are distinct. Then there are two solutions v+
of (2), such that

y+(t) = exp(/ot[/\i +2z4(5)] ds), teR 4)
where z., satisfy

Zy = —(ro(t) + Axri(t) Fyze —r1(t)ze — 2%, v=Ap —A_. (5)

Let us stress that if we know a solution to Ricatti equation (5) then we find a
solution to equation (2). This transformation reduces the order of the equation,
avoiding the usual diagonalization process. Since Riccati equations are nonlinear,
we present the results in a more general way. Consider the scalar differential
equation

Z tyz=ua(t)+ f(tz), (6)

where & = Rey > 0. In order to study the existence of solution to (6) we will
need the following fact.

Lemma 7. Assume that f € AP(R xC,C) (resp. AAP(R xC,C)). Ifz € AP(R,C)
(resp. AAP(R,C) or AAPy(R,C)) then f(-,z()) € AP(R,C) (resp. AAP(R,C)
or AAPy(R,C)).

This is also a straightforward fact and again for the sake of completeness we shall
present a proof here.

Proof: Denote u(t) = f(t,z(t)). Given a sequence {a,,} C R, let {a,} C {a,} a
subsequence such that {z(- 4+ ay)}, converges to z* uniformly on R and
f(t+ ay, x) converges uniformly for f in R and x on compact subsets of C. Denote
g(t, x) = limy— 400 f(t + &y, X), so that for every M > 0

lim sup |f(t+an,x)—g(t,x)| =0, uniformly for t € R.

n—sc0 x| <M
Then, by choosing M > 0 such that ||z||c < M, it is clear that

[t +an) — gt 2(t +an))| < P |f (¢ + an, x) = g(t %)

implies that u(- + a,) converges uniformly to g(-,z*) and we conclude that
ue AP(R,C).

Now, assume that f = p+h € AAP(R x C,C) (resp. AAPy(R x C,C))
with p € AP(R x C,C) and lim;_ h(t, x) = 0 (resp. as t — —o0) uniformly for
x on compact subsets of C. If z = ¢ + ¢ € AAP(R,C) (resp. AAPy(R, C)) with
¢ € AP(R,C) and g € BCy(R,C) (resp. Cpo(R,C)) then ¢(-,¢(-)) € AP(R,C)
and

F(E2(0) = (L p(6) + [9(t9(1) + (1) — w(t@(1)| +h(E p(t) +(1)).
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Hence, it is clear that lim % (t, ¢(t) + g(t)) = 0, in view of lim sup |h(t,x)| =0,
t—o00 t—o00 MSM

(resp. as t — —oo) with M = ||¢ + ¢|, and also, it follows lim;_,e [1/) (t,9(t) +

g(t) — 1p(t,4>(t))] = 0, since there exists an increasing sequence {ny }; and two

functions ¢* and ¢* such that ¢(- + n;) converges uniformly in R to ¢* and
P(- + ng, x) converges uniformly in R for x on compact subsets of C to ¢*(-, x),
so that

im [y (¢, p(t )+ (¢4 ) — Pl -+ e, 9t + )] =
Pt ™ (1) — P (t¢*(t) =0. m

Given a function f = f(t, x), we shall assume that for some constant M > 0
there exists a bounded function &p; : R — [0, +00) such that for all + € R and
|Zi’ < M, 1= 1,2

F(t,21) = f(t,22)] < Eua(B)]21 — 2], )

Lemma 8. Suppose thata € AP(R,C) (resp. a € AAP(R,C)ora € AAPy(R,C)),
f(-,0) =0and f € AP(R x C,C) (resp. AAP(R x C,C) or AAPy(R x C,C)). If
f satisfies (7), | L [Em] |l < €0 < 1and ||GL[a]|lee < (1 — &9)M for some M > 0,

then there is a solution z = z4 of (6) such that z € AP(R,C) (resp. z € AAP(R,C)
orz € AAPy(R,C)), is a solution of the integral equation

z=Glla+ f(-,2)]. ®)
Moreover, for some 0 < B < a, z+ satisfy the estimate
2. =0 (,ci [a]) . )

Proof: Consider the space AP(R,C) (resp. AAP(R,C) or AAPy(R,C)) which
is a Banach space with the norm ||z|| = sup{|z(f)| | + € R}. Then define the
operators T' = T as

Tz(t) = — /tioo et (t=s) [a(s) + f(s,2(s))] ds = GL[a+ f(-,2)](t).

Note thatifz € B = {g € AP(R,C) | ||g]l < M} then f(-,z(:)) € AP(R,C)
(resp. AAP(R,C) or AAP)(R,C) in case z € AAP(R,C) or z € AAPH(R, C)),
by using Lemma 7. In addition, by Lemma 5 we have that G| [a] € AP(R,C)
(resp. AAP(R,C) or AAP)(R,C) incase a € AAP(R,C) ora € AAP)(R,C)).
Therefore, T : B — AP(R,C) (resp. AAP(R,C) or AAPH(R,C) in case
B ¢ AAP(R,C) or B C AAPy(R,C)). Now, if z € B then |f(t,z)| < Epm(t)|z]
and thus
[ Tz(t)] < |GLIal(t)] + LL[Em2] () < M,

since |G1[a](t)| < (1 —eo)M and L% [a](t) < g forallt € R. Hence, T : B — B
is a contractive operator in view of

Tz1(t) — Tza(t)| < LL[EM](E)][21 — 22]|e0 < 0|21 — 22]]c0-
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So, there exists a unique z € B such that Tz = z. Thus, there is a solution z of (6)
such that z € AP(R,C) (resp. AAP(R,C) or AAPy(R,C)) and satisfies (8).

In order to prove (9), let us take the sequence {z, },>¢ given by zp = 0 and
zyt1 = Iz, for n > 0. Since T is a contractive operator then as n — oo, there
holds z;, — z. By Lemma 3 there are constants 0 < B < aand gy < K < 1

such that ||£'jt_/3[§]\/1]||oo < K. We choose N such that N > (1 — K)~!, so that
14 KN < N. Now, we will prove that forallt € Rand n € IN

lza(£)] < NLE [a](8). (10)

The induction in (10) is clear for n = 0, 1. Suppose that (10) is true for n = k. So,
for n = k + 1 we get that by using Lemma 2

Zera (] < LL[a)(0) + L5 [Emlzel1 (1) < £L[a] () + NLY |emlhifal] ()
< L40a)(t) + NLY Plem) (1) L5 [a] (1) < [1+ KN]LE [a] (1),

Therefore, (10) is true and the Lemma follows. [ |

Remark 3. Observe that similar results hold if a« € V, where V is an invariant
closed subspace of BC(IR,C) under the operator T. Thus, there is a solution z =
z+ of (6) and (8) such that z € BNV, where B = {¢ € BC(R,C) | ||glle < M}.
However, notice that L) N BC(RR,C) and L?(R) N BC(R,C) are not closed sub-
spaces of BC(R, C), so that, we cannot obtain directly a version of Lemma 8 in
the subspaces AP (RR,C, p) or APy(RR,C, p). Despite of this loss of completeness,
we shall find such solutions in AP(R,C, p) or APy(R,C, p) by exploiting a de-
composition property.

Under the same assumptions of the previous Lemma, assume thata = ¢ + g €
AAP(R,C) with ¢ € AP(R,C), g € BCy(R,C)and f = ¢+h € AAP(R x
C,C)withgp € AP(RxC,C)andh(-,x) € BCyp(R, C) uniformly for x in compact
subsets of C. Then, the predicted solution by the previous Lemma z = z+ to (6)
and (8) satisfy z € AAP(R,C). Moreover, it holds that z = 6 + ¢ with 0 €
AP(R,C) and ¢ € BCy(RR,C), where

0=Gllp+e(,0)] and  ¢p=GLg+h(,0)+f(0+¢)—f(.0)] (11)

In fact, we know thatz = 0 + ¢ € AAP(R,C) for some functions 6 € AP(R,C)
and P(t) — 0 as t — oo. Replacing in (8) we get that

0+ = GLp+¢(-0)]+GLg+f(-0+¢) —¢(-0)]

and from the assumptions on ¢, g, ¢ and h and Lemmata 4, 5 and 7 we find that
AP(R,C) 30 —GL[p+¢(-0)] = —¢+GLg+f(-,0+¢) —¢(-0)] € BC(R,C).

Thus, we conclude (11), in view of AAP(R,C) = AP(R,C) & BCy(R). More
precisely, we have that the decomposition in a sum of 2 and f induces the direct
sum of the solution z and the equation (8) in the direct sum (11). We have just
proven the following
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Corollary 1. Suppose that a € AAP(R,C) (resp. a € AAPy(R,C)), f(-,0) =0
and f € AAP(R x C,C) (resp. AAPy(R x C,C)). If f satisfies (7), || LY [Em]||e0 <
g0 < 1and ||GL[a]llec < (1 —e9)M for some M > 0, then there is a solution z =
zy of (6) such that z € AAP(R,C) (resp. z € AAPy(R,C)), is a solution of the
integral equation (8), satisfies the estimate (9) and z = 0 +  with € AP(R,C) and

Y € BCy(R,C) (resp. p € Coo(R,C))), where 6 and ¢ satisfy (11).

Now, we present a result which will be useful to study the problem (5) when a
belongs to this new class of almost periodic functions AP(R,C,p) (resp.
APo(R,C, p)) given in Definition 2 and f is a suitable function that allows us
to find solutions to (5) in this class of functions.

Lemma9. Assume that f € AP (R x C,C) and satisfies (7). Ifz € AP(R, C, p) (resp.
z € APy(R,C,p)) then f(-,z(-)) € AP(R,C,p) (resp. f(-,z(-)) € APo(R,C, p)).
Furthermore, if f = ¢ +h € AP(R x C,C,p) (resp. f € APy(R x C,C, p)) with
@ € AP(R x C,C) satisfying (7) as above and h(-, x) € L} (resp. LP(IR)) uniformly for
x in compact subsets of Cand z € AP(R,C, p) (resp. APo(R,C, p)), then f(-,z(-)) €
AP(R,C, p) (resp. APo(R,C,p)).

Proof: Letz =¢p+g € AP(R,C,p) (resp. APy(R,C, p)) with¢p € AP(R,C) and
g € L} (resp. LP(R)) then for M = max{|z|, ||¢l|}, f(, ¢(-)) € AP(R,C),
&mg € L}, so that

f(t2(8) = f( (1) +8(8) = (£ o(8) + f (£, ¢(t)) = OCm(B)[g(B)]) + f(E ¢(t))

and the conclusions follows. Now, if f = ¢+h € AP(R x C,C,p) (resp.

f e APo(R xC,C,p)) then ¢(-,¢(-) + g(-)) € AP(R,C, p) (resp. APy(R,C, p))

as above and h(-, ¢(-) + g(+)) € L} (resp. LP(R)), in view of sup |h(-,x)| € L}
|x|<M

(resp. LP(R)) with M = ||z|co- ]

In order to state the next result, let us denote for a suitable given function 0,

folt,w) = f(t,0 +w) — F(t,6). (12)

Moreover, assume that _fg satisfies (7) with {)y = {m(t) instead of &p; for some
M > 0.

Lemma 10. Suppose that a = ¢ + g € AP(R,C,p) (resp. APo(R,C, p)) with ¢ €
AP(R,C) and g € L} (resp. LP(R)), f(-,0) =0and f = 9 +h € AP(R xC,C,p)
(resp. APo(R x C,C,p)) with ¢ € AP(R x C,C) and h(-,x) € L} (resp. LF(R))
uniformly for x in compact subsets of C, so that, there is a solution = 6+ € AP(R,C)
of the integral equation

0 =GLp+e(,0) (13)

I L% [Zm]lleo < €0 < land |GL[g+h(-,0)]|lc < (1 —e9)M, then there is a solution
w = w+ of the integral equation

w = GLlg+h(-8) + fo(-, w)] (14)
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where fé is given by (12) and 0 satisfies (13), satisfying for some 0 < B < « the estimate
wy =0 (ﬁi g+ h(,@)]) and  wy € L) (resp. LP(R)). (15)

Conversely, if 0 € AP(R,C) and w € L} (resp. LF(R)) satisfy (13) and (14) respec-
tively, then z4 = 0+ +wy € AP(R,C,p) (resp. APo(R,C,p)) is a solution to (6)
and 8) witha = ¢ +gand f = ¢ + h.

Proof: Similarly to the proof of Lemma 8, for w € BC(IR) define the operator Ty
as

Tow(t) = GLIg +h(-,0) + f(,0 + w) — (-, 0)](t).
By the assumptions it is clear that Ty : B — B is a contractive operator, where
B = {z € BC(R) | ||z|| < M}. So, there exists a unique w € B such that Tyw = w
satisfying the estimate in (15). Hence, it is clear that w € Lg (resp. LP(R)) by
Lemma 4.

Remark 4. Let us stress that the direct sum of 2 and f and the existence of the “al-
most periodic part” 04 induce the direct sum of the solution z and the equation
(8) in the direct sum (13) with (14), in these new classes of functions AP (R, C, p)
or APy(RR,C, p). Furthermore, notice that we are not using that ¢ and h(-,6) are
bounded continuous functions, but we need G1[g + h(-,6)] € BC(R,C). Notice
that an analogous version of Lemma 10 could be also obtained for
ae AAP(R,C) or AAP)(R,C) and f € AAP(R x C,C) or AAPy(R x C,C).
In other words, we can study equation (13) in AP (IR, C) and then equation (14)
in either BCy(IR, C) or Cyo(R).

3 Main Results
In this section we shall present the main results concerning the linear second
order differential equation (2). Recall that A+ are the roots of the polynomial

P(A) = A2 +a1A +ag, v = A+ — A_. Without loss of generality, we shall assume
that Rey > 0. Let us notice that the Green’s operator satisfies

/ GY[r](s)ds = +— / dsqt (GLIA(H) — GL[1](0)) . (16)

Theorem 1. Consider equation (2) with r; € AP(]R, C),i=0,1. Assume that

8 R
\/RefyHGl[’/O +Aen] | + 57 Il < 1 a7
Then there is a fundamental system of solutions y+ : R — C to (2) such that

elt) =t exp (F2 [ fls) + Aera(s) 4 90z (s) + 2 6))ds 7 2 2a0))
Y Jo v
(18)
and for the derivative

Ya(t) = (Ax +2+(8))y+ (1), (19)
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where z+ € AP (R, C) satisfy the differential equation (5), and integral equation

ze = —GLro 4+ Axry + rize + 24| with  zx = O(LY [ro + Axr1])  (20)
for some 0 < & < Re1y.
Proof: In view of Lemma 6, we apply Lemma 8 to equations (5). We take —a =

ro+Axr € AP(R,C) and f(t,z) = —[r1z + 2z?], so that f € AP(R x C,C) and
we choose ¢y = |r1]| + 2M, with M > 0 given by

Re vy e € 2 8
M=— (1 —[|£E7 ]|, + \/(1 — 157 m,)" - Rer G0 +7\Hl]Hw> :

Let us observe that by (17), M is well defined and positive. Thus, we have that

R . 2M
M < = (1= |1£571n]l,) - and choosing e = 1257 il +

we find that | GY[rg + Axr1]|lee < (1 — €0)M and || L5 7 [Em][leo < €0 < 1, s0 that,
the assumptions of Lemma 8 are satisfied. Hence, there are z = z. satisfying (20)
for some 0 < & < Rey. Notice that it holds that ||z||cc < M. Therefore, there
are two solutions to (2) of the form (4) with z = z4 satisfying (20). By using the

integral equation in (20), the identity (16) and dividing by e¢%zi(0) it follows (18).
Also, (19) follows from (4).

Now, we show that y; and y_ are linearly independent by computing its
Wronskian at t = 0. It is readily checked that W[y, y_](0) = —[Ay —A_ +
z4+(0) —z_(0)]. Hence, if W[y4,y_](0) = Othen |A4 —A_| = |z4+(0) —z_(0)| and
we get the following contradiction by using the choice of M, |z1(0) —z_(0)| <
2M < Rey < |Ay — A_|. Therefore, it follows that W]y, y—](0) # 0. This com-
pletes the proof. n

Remark 5. Since for any ¢ € C with Rey > 0 the Green’s operators G satisfy
G] : BC(R,C) — BC(RR,C), Theorem 1 can be established in the class of func-
tions BC(RR,C), and sufficient conditions easier to check than (17) are also true.
Indeed, for instance if r; € BC(R,C) fori = 0,1 and

V/8lI70 + Asrifloo + [Ir1loo < Re(Ay —A_) (21)

then (17) holds, since we find that

8]|G1 A
\/ H :E[rO+ :trl]Hoo + Hﬁie'y[?'l”‘oo S \/8||7’0+/\i1’1”00 i Hi"l”oo <1.

Re 7y (Re )2 Re 7y

Remark 6. Define for y € C with Rey > 0

D(G]) = {r: R — C | GL[r](t) is well-defined for all t € R}
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and for o« > 0
D(LY) ={r:R — C | LY[r](t) is well-defined for all t € R}.

Notice that if 0 < B < a then D(Ci) C D(LY). Furthermore, BC(R,C) C
D(LX7) ¢ D(GY) and LP(R) C D(LY) forall & > 0. Let us notice that Theorem

lisalsotrueifr; € AP(R,C),i = 0,1isreplacedby r; € D(LYT™), rg+Asr €
D(LY) for some 0 < & < Rey and (17) is replaced by

8HG1[1’0 —|—)Lii’1]Hoo
Rey —w

25 )| < 1

More precisely, (18)-(20) are true with z+ € BC(R, C), instead of z+ € AP(R,C).
In other words, we just need integrability conditions to state our result. Further-
more, the map

B 8||GL[ro + Axr]||
w = L5 ]|, + \/ jERe,Y >

is increasing in « € [0, Rey) for fixed rg, r1.

Another kind of perturbations are r; € AAP(R,C) fori = 0,1. Let us recall
that AAP(RR,C) is a closed subspace of BC(RR, C). From the ideas used in previ-
ous Theorem and Corollary 1 it readily follows the next result. In particular, the
decomposition of the coefficients r;, i = 0, 1 induces the direct sum of the solution
z. We omit its proof.

Theorem 2. Consider equation (2) with r; € AAP(R,C) (resp. AAPy(R,C)),
i = 0,1. Assume that (17) holds. Then there is a fundamental system of solutions
y+ to (2) satisfying (18) and (19), where z+ € AAP(R,C) (resp. AAPy(R,C))
satisfy the differential equation (5), the integral equation and the estimate in (20) for
some 0 < a < Re<y. Moreover, if r; = u; +v;, i = 0,1 with y; € AP(R,C) and
v; € BCy(R,C) (resp. Coo(R,C)) then z+ = 0+ + ¢+, where 6+ € AP(R,C) and
P+ € BCy(R, C) (resp. Coo(R, C)) satisfy

0+ = —GL[po + Aspy + 16+ + 67 (22)
and
e = —GLvg + Axvy + 10+ + (p1 + vy +200) 0+ + 93] (23)

Conversely, if 0+ € AP(R,C) and p+ € BCy(R,C) (resp. Coo(R,C)) are solu-
tions of the previous equations respectively, then z+ = 0+ + 1+ € AAP(R,C) (resp.
AAPy(R,C)) is a solution to (5).

Notice that also, if r; € AAP(R,C) (resp. AAP((R,C)), i = 0,1 satisfy (21)
then the Theorem 2 applies. In section 4, we shall see the advantages of studying
separately equations (22) and (23).

A natural question is whether we could perturb r; € AP(R,C), i = 0,1,
with LP-functions in equation (2), see [16, 18]. In other words, equation (2) with
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r; € AP(R,C,p),i = 0,1. Let us stress that L) N BC(R,C) and LP(R) N BC(RR, C)
are not closed subspaces of BC(IR,C), so that, we cannot obtain readily a version
of Theorem 2 in the subspaces AP (R, C, p) or APy(R,C, p). Despite of this loss
of completeness, we shall find such solutions in AP(R, C, p) or AP((R,C, p) by
exploiting a decomposition property of the coefficients ry and 1. More precisely,
by using ideas presented in Theorem 1 (see also [16]) and Lemmata 4, 5, 9 and
10 we get the following result, which states again a decomposition property of
z+ solution to (5). In other words, we study equation (23), assuming the exis-
tence of a solution of (22). Notice that we can also consider r; € AAP(R,C) or
ri € AAP)(R,C), i = 0,1, namely, we can study equation (22) in AP (RR,C) and
then equation (23) in either BCy(IR, C) or Cgpo(RR). We also omit its proof.

Theorem 3. Consider equation (2) with r; = wi+v; € AAP(R,C) (resp.
AAPH(R,C), AP(R,C,p) or APo(R,C,p)), with u; € AP(R,C) and
v € BCy(R,C) i = 0,1 (resp. Coo(R), L} or LP(R)). Assume that there are solu-
tions 0+ € AP (R, C) for equations (22), so that

8
6L+ A sl + €57+ 24 <1

Then there is a fundamental system of solutions y+ to (2) satisfying (18) and (19), where
zy =0+ + 91 € AAP(R,C) (resp. AAPy(R,C), AP(R,C,p) N AAP(R,C) or
APo(R,C,p) NAAPH(R,C)), with 6+ € AP(R,C) and i+ € BCy(R,C) (resp. or
Coo(R), Lh N BCy(R,C) or LF(R) N Coo(RR, C)) satisfy (23) and for some 0 < B <
Rey

pi = O(LE [vo + Asvy +1164)). (24)

Remark 7. To the best of our knowledge, this is a first result concerning the study
of functions of the type p-almost periodic, namely, f = ¢ + ¢ € BC(R) with
¢ € AP(R,C) and either ¢ € L} or g € L(R). See [10, section 4.3; page 46].
Notice that actually we do not need that vy and v; are bounded, but it is enough
thatvg +A1vq € D(Gl), V1 € D(,Ciev) and Gl [1/0 + /\il/l],ﬁie?[vl] S BC(]R,C).

In order to assure the existence of 6+, by studying equation (22), sufficient
conditions can be found. More precisely, we have the following result ensuring
the existence of both 6+ and ..

Theorem 4. Consider equation (2) withr; = u; +v; € AAP(R,C) (resp. AAPy(R,C),
AP(R,C,p) or APy(R,C,p)), with y; € AP(R,C) and v; € BCy(R,C) i = 0,1

(resp. Coo(R,C), L} or LF(R)). Denoting A := %HGMP‘O + Asp]|l, B =

L5 ]| C = %HGZ:[UO + An]|| and D = ||£57[v1]|| ., assume that
A2+ B2 #£0,

VA+B<1 (25)
and

B+2D + (1—B)2—A-|—2\/C-|—2D<1—B-|— (1—B)2—A)<1. (26)
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Then there is a fundamental system of solutions y+ to (2) satisfying (18) and (19), where
z+ = 0+ + ¢+ € AAP(R,C) (resp. AAPy(R,C), AP(R,C,p) NAAP(R,C)
or APo(R,C,p) N AAP((R,C)), with 6+ € AP(R,C) satisfy (22) and for some
0<a<Rey

0 = O(L4 [po +Axpn]) (27)

and Y+ € BCy(R,C) (resp. Coo(R), L N BCy(RR,C) or LP(R) N Coo(RR, C)) satisfy
(23) and (24) for some 0 < B < Re"y.

Proof: Notice that, similarly to the proof of Theorem 1, by (25) there are 0+ €
AP(R,C) satisfying (22) and (27) for some 0 < a < Re?. Moreover, we also
have that

ol < 27 (1—B+ <1—B>2—A),

see proof of Theorem 1. Now, we shall verify that the conditions of Theorem 3
are satisfied in order to assure the existence of ¥+. So, note that

8 v 8
_° A 0]l < — D0+l
Re IGLI0 + Asvn +v16a]lloo < C+ Do |

§C+2D<1—B+ (1—B)2—A)
and
€8 [ 4+ 204] . < B+ D+ =2 [0 |e
= 0 = Re 1y
§B+D+%<1—B+ (1—B)2—A).

Hence, it is clear that

8
—HGi vy + Asvy +vi6s] ||+ || L5 7 [ +264]]|

Q
W

% B+2D+4/(1—B A—i—Z\/C—l—ZD 1—B+4/(1—B)2 —A)
and the conclusion follows. n

Notice that if g = p; = 0, namely, A = B = 0 then 6+ = 0 and (26) is not
really useful. Actually, in this case it is enough that v/C + D < 1. Furthermore,
inequality (26) is not the most general condition. For instance, we could estimate
better || £5¢7[r; + 26-]||c, by improving the estimate for 6., by using its integral
equation (22) and Lemma 2.

On the other hand, observe that in Theorem 2 we have obtained the decom-
position z+ = 6+ + ¢+ and a estimate for z4. In Theorem 3, we have found ¥
and its estimate. In Theorem 4, we have obtained 6+ and ¢+ and estimates for
both 6+ and i+ simultaneously. In subsections 4.3 and 4.4 we shall discuss an
example for Theorems 2 and 4.
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Remark 8. An important consequence in case v; € Lg or LP(R) for i = 0,1 is
that we can express 1+ as a sum of LP/k functions for k = 1,..., [p], where
[p] is the integer part of p (see [16], Theorem 3). Indeed, denote fi = up + 6+
and ¥ = vy + Asrvy + 110+ and note that i € AP(R,C) and ¥ € LP. Then
o = € L1 (with either L7 = L] or L1 = L1(R)) for allg > p, since ¢ is bounded
and v = O(LL[D]). If p € (1,2] then it is clear that
v, P? € L so that = —GL [0 + fip] — GL 1 + ¢?] := ¢y + wo, with ¢y € LP
and w, € L!. Moreover, if p € (m,m + 1] with m € IN and m > 2 then we write
{+ in the following form

m—1
=1

where 7" = —GJ [vo + Asvy + 110+ + (u1 +201)¢]] and for I > 1
+ + T =
Y = —GL|nyi, + (m +204)9 + ) yi¢ |, (29)
=i

with ¢ € Lg/k, (resp LP/*(R) k =1,...,m — 1 and wi, € Lg/m (resp. LP/™(R)).
By following the previous lines, it is clear that vy, ? € LP/? and we have that
P = 1 +wp, with p; € LF and w, € Lr/2, Upon inserting in (23), we find that

p = —GL [0+ 1] — GL[frwa + v1 (91 + w2) + (Y1 + w2)?].

Hence, we choose ¢; = —GL [0+ A1) and wy = —GL[flwy + vy (1 + wy) +
(1 + w)?]. Note that we can write

wy = —GL[pwy +vigy + 7] — GL[vwa + 241wy + w3) = 2 + w3,

with ¢ € LP/? and w3 € LP/3. Replacing wy = ), + ws in the equation for
wy, then we choose ¢, according to (29) and w3. The conclusion (28) and (29)
follows in a recursive way. Finally, we conclude the following decomposition for
the logarithmic derivative of a solution to (2)

/

y m—1
ZE = Ay + 01+ Yy +wi
Y+ =1

4 Comments and examples

In this section we will discuss about the conditions of the results and we will
present an example in order to illustrate each one of our results.

The method is general and shows its effectiveness, by the next examples and
applications. For instance, we assume a dichotomy condition of the unperturbed
linear part, so that we are able to manage the convolutions or Green’s opera-
tors. Usually in asymptotic integration these tools play an important role, see for
instance [2, 6,7, 12]. Let us point out that our results rely on the fixed point argu-
ment by a contraction mapping, so that, we need conditions (17) and
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(25)-(26) in order to have contraction mappings that assure the existence of the
unique bounded (or almost periodic, or asymptotically almost periodic) solution
to the corresponding Riccati equation (5), (22) or (23), depending on the case.
Thus, we are lead to ask that rg and r; are small in a suitable way. In other words,
we expect that the solutions to (2) are close, in some sense, to the solutions to
the unperturbed linear part, i.e., 79 = r1 = 0, because otherwise we will not find
such solutions. For instance, if ry and r; are constants and big with respect to 7,
the solutions to (2) could have a very different behavior. This is shown by the
following simple example. Consider the equation

y' 1)y — (1 —=r(t)y=0, (30)

where we have AL = 1, A_ = —1 and v = 2. Assume thatry = 0. If rg = 0
then the solutions are y (t) = e*' and this is the unperturbed case. Now, notice

that if ro(t) = 2 then the solutions are y4 (f) = V3! while if rg(t) = —2 then the
solutions are vy (t) = e*!, where i is the unit imaginary number.

Concerning possible generalizations, on one hand, it would be interesting to
know if similar results (Theorems 1-4) or formula (18) are still valid for higher
order equations (1), namely, for n > 3. In other words, if it is possible to gener-
alize Poincaré’s and Perron’s classical problem of approximation (1) to the class
of almost periodic type functions independently of 7, the order of the equation.
On the other hand, let us notice that we are not using in a strong way that (5)
is scalar to prove Lemma 8, so that we could state an equivalent version of this
result in higher dimensions, namely, for z € IR". This fact lead us to expect results
for system of differential equations. In particular, by using the transformation in
[31], we could look for solutions to an almost diagonal linear system

y =AM+ ROy, y=y(t) ER", tER,

where A(t) = diag(A1(t),..., Ax(t)) and R(t) is a n X n matrix, by studying a
generalized Riccati equation.

Now, for simplicity, for the rest of this section we shall assume that r; = 0. The
case r1 # 0 can be readily addressed by following Theorems 1-4 and the analysis
showed here. Let us stress that estimates or developments for z+ will be present
in the formulae for both y4 and v/, .

4.1 Application of Theorem 1

Notice that (17) is equivalent to 4||G% [ro] |« < 1, in view of r; = 0. Hence, there
is a fundamental system of solutions y+ to (2) satisfying (18). However, direct
computations, (16), integration by parts and dividing by suitable constants lead
us to find the following expression

ye(t) = ot exp <:F% /Of ro(s) ds — i /ot ro(s)G4[ro](s) ds £ %Gi [ro](t) + ui(t)> ,

Ya(t) = (s +2+(8))y+ (1),
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where

us(t) = gzi(t) + %Gi [roz+ F223 + 23] (t) — }L Ot [r0(5)G3.[z3](s) — 22.(s)] ds.

Indeed, by integration by parts and using (5)

74

5 T Gi [roz+ F 223E + zi]

z4 = —Gi[ro+ 23] = —Gilro] F

and by properties of the Green’s operator

/Ot 75 (s)ds = $% /Ot [ro(s)zi (s) —|—z3i(s)} ds F % /Ot z4(8)Z, (s) ds

=3 [ o6 GE ) + ro(s) GRIAL(S) — 24.(5)] s

4.2 Application of Theorem 2

Notice that if rop = g +1vp € AAP(R,C) with pp € AP(R,C), 1p € BCy(R,C)
and it holds 4||G%[po + 10]||e < 1 then there exist z+ = 0+ + 4+ € AAP(R,C)
with 0+ € AP(R,C), ¢+ € BCy(R,C)

0+ = —Gi[uo+61] and ¢i=—Gilw+20+¢ps + 3. (31)

Furthermore, by the previous computations it also follows that to (30) with
ro = Mo + Vo there is a fundamental system of solutions y+ satisfying

vet) = exp (7 [ o(s)ds = [ po(s)GE l(s)ds £ 3G )1

2 [wos)ds — 1 [ [po(e)GLIvl(s) + ls)G o + 0] s)] s

£ 3G l(1) + (1) + oL(0)),

Yo (t) = (Ax + 0+ () + = (t))y=(t),

(32)
where
3 1 1 rt
(1) = S03(1) + 5 CRlno0: 7202 +01)() — 1 [ [mo(9)G2I2](5) — 61(5)] s
(33)
and
oL (t) = 5G2 [pops +v0(0x + 9s) F 2200 +y3) + 30 +30.93 + 4] (1)

— 3 Tro9)GA 209 + yR1E) + 10 () GEIAT () +

0% ()G& [vo + 209+ + P3| (s)

— 25(5)[20+ ()9 (s) + 9 (s)]] ds + %(26&11& +93)(b).
(34)
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4.3 Example for Theorems 1 and 2

Suppose that 1y = po + vp with uo(t) = m [2 + cost + cos(\/it)] and vy(f) =
2
1+¢27
po € AP(R,C), 1o € Coo(R,C) N LY (R), [[ollec = 4171, [[v0llee = 772 and [|7]|ec =

1
41 + 2. Hence, if 0 < 171 < 3 and 17, = 0, so that g = pg then 8||7p]je =

where 171,172 > 0. It is clear that yp and 1y are non-negative functions,

32171 < 4 = 42 and by using (21), Theorem 1 applies. On the other hand, it is
straightforward to verify that

GA[ro](t) = L1 + ’é [£2 cos t +sin ] + %[izcos(ﬁt) +V2sin(V2t)], 1 =0,
since for any A € R and integration by parts

cos(At
_cos(A1)

Foo
/ eT2(75) cos(As) ds = 5
t

Foo
+ %/ eT2(=5) sin(As) ds
t
_ F2cos(At) — Asin(At)

4+ A2
Thus, we find that |G [1’0]||oo <y (1 + £ + L_) with #, = 0. Hence, if
also 71 (1 + £ + %) 4_1 then Theorem 1 applies. Let us stress that this last

V5 V6

condition is weaker than the previous one found by (21), since 1 + 5 + v <

2. In other words, conditions in (21) are stronger than (17) in the Theorem 1.

V5, V6

. 1
Furthermore, since || GZ[1o]|leo < 71 (1 +—+ —) and ||GZ[vo]||le < §||1/0HOO =

% forn, >0, if

HGi[ﬂo—i-Vo]Hoo <m <1+§+%> +% <}L

then Theorem 2 applies.

4.4 Example for Theorem 4

Notice that if r1 = 0 then B = D = 0 and inequalities (25) and (26) get re-written

4 HGi[uo]Hw <1 and  \/1-4]|Guo]], +2y/4IGEl0lllee < 1. (35)

Thus, the assumptions of Theorem 4 are satisfied. Therefore, there exist 04+ and
{4+ satisfying equations (31), and a fundamental system of solutions y+ satisfying
(32). Notice that there exist 71 and 77, so that, inequalities (35) are satisfied, but

4|/ GLino+wol|| =4GRl +4 || GElwl | > 1.
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In other words, Theorem 4 gives us solutions not directly deduced from the pre-
vious analysis using Theorem 2, cf. subsection 4.3.

Finally, notice that vy € L!(IR), so that, we find that ¥, € Cgo(R,C) N L!(R)
and up to divide for a suitable constant, from (32) the following asymptotic for-
mula as t — +o0 is true

velt) = (1 o) exp (¥ [ ols)ds = 1 [ mo(6)GE o] s) s

Gl +1())

yi(t) = (Ax +01(t) +0(1)y=(t),

where 1% is given by (33), in view of vi € L'(R) defined in (34). The same

behavior as t — —oo is also true with a possibly different o(1).

It is worth to mention that similar analysis for equation (30) could be per-
formed in case r; # 0 following Theorem 4.
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