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Abstract

Let ϕ be a holomorphic self-map of the unit disk U := {z ∈ C : |z| < 1},
and the composition operator with symbol ϕ is defined by Cϕ f = f ◦ ϕ.
In this paper we present formula for the adjoint of composition operators
in some Hilbert spaces of analytic functions, in the case that ϕ is a finite
Blaschke product or a rational univalent holomorphic self-map of the unit
disk U.

1 Introduction

Let ϕ be a holomorphic self-map of the unit disk U := {z ∈ C : |z| < 1}. The
function ϕ induces the composition operator Cϕ, defined on the space of holomor-
phic functions on U by Cϕ f = f ◦ ϕ. The restriction of Cϕ to various Banach
spaces of holomorphic functions on U has been an active subject of research for
more than three decades and it will continue to be for decades to come (see [12],
[13] and [7]).
The study of composition operator adjoints was initiated more than twenty years
ago by Carl Cowen [6], who showed that if ϕ is linear-fractional then C∗

ϕ, the ad-

joint of Cϕ on H2, has the form MgCσM∗
h , where Mg and Mh are the operators

of multiplication by simple rational function g and h, bounded on U, and σ is
a linear-fractional self-map of U all these functions being easily obtainable from
the coefficients of ϕ.
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Cowen’s work showed, in particular, that one should expect the adjoint of
a composition operator to be substantially more complicated than just another
composition operator; in the linear-fractional case it is the adjoint of a multipli-
cation operator followed by a weighted composition operator MgCσ. Compli-
cations notwithstanding, Cowen’s formula has provided an essential tool in a
number of investigations involving linear-fractionally induced composition op-
erators, for example: subnormality and co-subnormality [6], essential normality
[2], and self-commutator properties [3].
More recently, Gallardo-Gutiérrez and Montes-Rodrı́guez in [8] found a nice and
simple explicit formula in the Dirichlet space D for C∗

ϕ, when ϕ is a linear frac-
tional symbol. They have shown that C∗

ϕ acting on the Dirichlet space is given by
the formula

C∗
ϕ f = f (0)Kϕ(0) − (Cϕ∗ f )(0) + Cϕ∗ f , f ∈ D. (1.1)

In [1], the first author, has considered automorphic composition operators Cϕ

acting on the Dirichlet space. By using the E. Gallardo and A. Montes adjoint for-
mula on the Dirichlet space, he has completely determined the spectrum,
essential spectrum and point spectrum for self-commutators of such operators.

Martin and Vukotic in [11] have expressed and proved some formulas for the
adjoint of Cϕ on the Bergman and Dirichlet spaces, when ϕ is any self-map of U.
They have shown that when ϕ is any self-map of U, C∗

ϕ acting on the Bergman
space is given by the formula

C∗
ϕ f (w) =

∞

∑
n=0

(
∫

U

f ϕndA).(n + 1)wn, f ∈ A2, (1.2)

and on Dirichlet space is given by the formula

C∗
ϕ f (w) = f (0)Kw(ϕ(0)) +

∫

T
f (z)

wzϕ′(z)

1 − wϕ(z)
dm(z), f ∈ D. (1.3)

In this paper by using these formulas we will express some another formulas on
the Dirichlet and Bergman spaces.

2 Preliminaries

The Dirichlet space, which we denote by D, is the set of all analytic functions f on
the unit disk U for which

∫

U

| f ′(z)|2dA(z) < ∞,

where dA denote the normalized area measure, equivalently an analytic function

f is in D if ∑
∞
n=1 n| f̂ (n)|2 < ∞, where f̂ (n) denotes the nth Taylor coefficients of

f . The inner product inducing the norm of D is given by

〈 f , g〉D := f (0)g(0) +
∫

U

f ′(z)g′(z)dA(z), f , g ∈ D.
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The inner product of two functions f (z) = ∑
∞
n=0 f̂ (n)zn and g(z) = ∑

∞
n=0 ĝ(n)zn

in D may also be computed by:

〈 f , g〉D = f̂ (0)ĝ(0) +
∞

∑
n=1

n f̂ (n)ĝ(n).

The reproducing kernel consistent with the above product is given by

Kw(z) = 1 + log
1

1 − wz
= 1 +

k

∑
n=1

wnzn

n
, w ∈ U.

In recent years the study of composition operators on the the Dirichlet space has
received considerable attention (see [8], [11], [9], [5], [10], and references cited
therein).

The weighted Bergman space A2
α is the set of all analytic functions in the disk

that are square integrable with respect to the weighted area measure dAα(z) =
(α + 1)(1 − |z|2)αdA(z), −1 < α < ∞. Here dA(z) = π−1rdrdθ, the normalized
lebesgue area measure on U. The inner product in this space is given by

〈 f , g〉A2
α
=

∫

U

f (z)g(z)dAα(z).

The standard (unweighted) Bergman space is obtained as a special case: A2 = A2
0.

The reproducing kernel in A2
α for the point w in the disk is given by

Kw(z) =
1

(1 − wz)2+α
,

with a suitably chosen analytic branch of the power.

Let ϕ be a linear fractional map of U defined by

ϕ(z) =
az + b

cz + d
,

such that ad − bc 6= 0 and ϕ(U) ⊂ U. For such linear fractional map define the
associated linear fractional transformation ϕ∗ by

ϕ∗(z) =
az − c

−bz + d
.

For any rational function R, expressed as a quotient of relatively prime polynomi-
als, the degree of R is the larger of the degrees of its numerator and denominator.
It is an elementary exercise to show that if the degree of R is d then for each point
w ∈ C, the inverse image R−1(w) has, counting multiplicities, exactly d points. If
R−1(w) has d distinct points we will say w is a regular value of R.
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3 Adjoints with symbols ϕ(z) = z 1−zn

n(1−z)
and ϕ(z) = zn+a

1+azn

Let ϕ(z) = z 1−zn

n(1−z)
or ϕ(z) = zn+a

1+azn , |a| < 1. In this section we are going to find

some explicit formulae for the adjoint of Cϕ on the Dirichlet and Bergman spaces.

Theorem 3.1. Let ϕ(z) = z 1−zn

n(1−z)
, for z 6= 1 and ϕ(1) = 1. Then the adjoint formula

for Cϕ on the Dirichlet space is given by

C∗
ϕ f (w) =

n

∑
i=1

f (
1

zi
)− (n − 1) f (0)

where zi are the roots of the equation 1 − wϕ(z) = 0.

Proof. Let f ∈ D. Since

f (w) = 〈 f , kw〉D = 〈 f , 1 + log
1

1 − wϕ(z)
〉D ,

by formula (1.3), it follows that

C∗
ϕ f (w) = f (0) +

∫

T
f (z)z(1 + log

1

1 − wϕ(z)
)′dm(z)

= f (0) +
∫

T
f (z)z(1 + log

1

(z − z1) . . . (z − zn)
)′dm(z)

= f (0)−
∫

T
f (z)

z

z − z1

dz

2πiz
− . . . −

∫

T
f (z)

z

z − zn

dz

2πiz

=
n

∑
i=1

f (
1

zi
)− (n − 1) f (0).

Corollary 3.2. Suppose that ρ : Ĉ −→ Ĉ denotes inversion in the unit circle, ρ(z) = 1
z ,

ϕ(z) = z 1−zn

n(1−z)
, and w0 ∈ U is a regular value of ϕe = ρ ◦ ϕ ◦ ρ and V ⊂ U is any

connected neighborhood of w0 on which are defined n distinct branches {σj}
n
j=1 of ϕ−1

e .

Then for all non zero w ∈ V we have

C∗
ϕ f (w) =

n

∑
j=1

f (σj(w))− (n − 1) f (0).

and for w = 0,
C∗

ϕ f (0) = f (0).

Theorem 3.3. Let ϕ(z) = z+z2+...+zn

n . Then the adjoint of Cϕ on the Bergman space is
given by

C∗
ϕ f (w) =

∞

∑
m=0

(
1

nm

(F(z)(1 + z + . . . + zn−1)m)(nm+1)(0)

(nm + 1)!
).(m + 1)wm,

where F(z) is holomorphic on the unit disk U, such that for each z ∈ U, F′(z) = f (z).



Adjoint of some composition operators 63

Proof. Let ϕ(z) = z+z2+...+zn

n , and f be a polynomial function. Then by using
formula (1.2), it follows that

C∗
ϕ f (w) =

∞

∑
m=0

(
∫

D
f ϕmdA).(m + 1)wm

=
∞

∑
m=0

(
∫

T
F(z)(

zn−1 + . . . + 1

nzn
)m dz

2πiz2
).(m + 1)wm

=
∞

∑
m=0

(
1

nm
Res(

F(z)(1 + z + . . . + zn−1)m

zmn+2
, 0)).(m + 1)wm

=
∞

∑
m=0

(
1

nm

(F(z)(1 + z + . . . + zn−1)m)(nm+1)(0)

(nm + 1)!
).(m + 1)wm

The statement for arbitrary f in A2 follows from the density of the polynomials.

Martin and Vukotic in [11] have given the formula for the adjoint of Cϕ on
the Hardy space, when ϕ(z) = zn . By using the similar proof as the proof of
Theorems 3.1 and 3.3, we conclude explicit formulas for the monomial symbols
on the Dirichlet and Bergman spaces.

Corollary 3.4. Let ϕ(z) = zn and Cϕ be the composition operator on the Dirichlet space
induced by ϕ. Then

C∗
ϕ f (w) =

n−1

∑
k=0

f (rk,w)− (n − 1) f (0),

where rk,w = r
1
n ei( θ+2kπ

n ), k = 0, 1, . . . n − 1 are the nth roots of the equation ϕ(z) = w.

Corollary 3.5. Let ϕ(z) = zm and Cϕ be the composition operator on the Bergman space
induced by ϕ. Then

C∗
ϕ f (w) =

∞

∑
n=0

(n + 1)wn f mn(0)

(mn + 1)!
,

Theorem 3.6. Let ϕ(z) = zn+a
1+azn . Then the following formula for the adjoint of Cϕ on

the Dirichlet space holds:
If w 6= 0,

C∗
ϕ f (w) =

n−1

∑
k=0

( f (0)kψ(0) + Cψ∗ f )(rk,w)− n(Cψ∗ f (0) + f (0)) + f (0),

and for w = 0

C∗
ϕ f (0) = 0,

where ψ(z) = z+a
1+az , ψ∗(z) = z−a

1−az and rk,w = r
1
n ei( θ+2kπ

n ), k = 0, 1, . . . n − 1 are the
nth roots of the equation zn = w.
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Proof. Let φ(z) = zn and ψ(z) = z+a
1+az . Since φ is an analytic self-map of U

and ϕ = ψ ◦ φ, we have Cϕ = Cφ ◦ Cψ. Also, the boundedness of Cφ implies
the boundedness of Cϕ. By a simple computation and using formula (1.1) and
Corollary (3.4), for nonzero w ∈ U it follows that

C∗
ϕ f (w) =

n−1

∑
k=0

( f (0)kψ(0) + Cψ∗ f )(rk,w)− n(Cψ∗ f (0) + f (0)) + f (0),

where rk,w = r
1
n ei( θ+2kπ

n ), k = 0, 1, . . . n− 1 are the nth roots of the equation zn = w,
and for w = 0, C∗

ϕ f (0) = f (0).

4 Adjoint with rational self-map symbols

Bourdon and Shapiro in [4] express and prove formula for the adjoint of Cϕ on
the Hardy space, when ϕ is rational self-map of the unit disk U. In this section
for such symbol, we are going to find some formula for the adjoint of Cϕ on the
Dirichlet and Bergman spaces.

Theorem 4.1. Let ϕ be any rational self-map of the unit disk U, say of degree n. Define
the associated rational function

ϕ∗(z) = ϕ(
1

z
) , z ∈ U.

Assume further 1
1−wϕ(z)

= 1
(z−αi)

mi p(z)
, with p(αi) 6= 0 and put Ami

(z) = c1(z) +

c2(z
2) + . . . + cmi

(zmi), where c1, c2, . . . cm are the Taylor coefficients of 1
p(z)

in z = αi.

Then the adjoint formula of Cϕ on the Dirichlet space D is given by

C∗
ϕ f (w) = f (0)Kϕ(0)(w) + ∑

k

Res(
w f (z)ϕ′∗(z)

(1 − wϕ(∞)z2)
, zk)

+
d

∑
j=1

∑
k

Res(
w f (z)ϕ′∗(z)A′

mj
( z

1−ziz
)

z2
, zk),

where the sum is taken over the zeros zk of the denominator of the ϕ′∗(z) and 1
z2 A′

mj
( z

1−ziz
),

and the zeros of the rational function 1 − wϕ(∞)z2, which belong to U.

Proof. By using formula (1.3) it follows that

C∗
ϕ f (w) = f (0)Kϕ(0)(w) + 〈 f (z), wz

ϕ′(z)

1 − wϕ(z)
〉H2 .

Let {z1, z2 . . . zd} be the roots of the equation 1−wϕ(z) that order of a multiplicity
zi, is mi. By a simple computation we conclude that if ϕ(z) is a rational self-map
of the unit disk of degree n, then

1

1 − wϕ(z)
=

1

1 − wϕ(∞)
+

d

∑
j=1

Ami
(

1

z − zi
).
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Let f first be a polynomial. So we have

C∗
ϕ f (w) = f (0)Kϕ(0)(w) + 〈 f (z), wzϕ′(z)(

1

1 − wϕ(∞)

+
d

∑
j=1

Amj
(

1

z − zj
))〉

= f (0)Kϕ(0)(w) +
∫

T
w f (z)

zϕ′(z)

1 − wϕ(∞)

dz

2πiz

+
d

∑
j=1

∫

T
w f (z)zϕ′(z)Amj

(
1

z − zj
)

dz

2πiz

= f (0)Kϕ(0)(w) + ∑
k

Res(
w f (z)ϕ′∗(z)

(1 − wϕ(∞)z2)
, zk)

+
d

∑
j=1

∑
k

Res(
w f (z)ϕ′∗(z)A′

mj
( z

1−ziz
)

z2
, zk),

where A′
mi
(z) = c1(z) + c2(z

2) + . . . cmi
(zmi). The statement for arbitrary f in A2

follows from the density of the polynomials.

Corollary 4.2. Let ϕ be any rational self-map of the unite disk U, such that ϕ(∞) = ∞.
Then we have

C∗
ϕ f (w) =

d

∑
j=1

∑
k

Res(
w f (z)ϕ′∗(z)A′

mj
( z

1−ziz
)

z2
, zk),

where Amj
is as Theorem 4.1 and the sum is taken over the zeros zk of the denominator of

the ϕ′∗(z) and 1
z2 A′

mj
( z

1−ziz
), which belong to U.

Example 4.3. Let ϕ(z) = z z−a
1−az , f ∈ D and 0 6= w ∈ U be a regular value of ϕ. Then

the roots z1 and z2 of equation ϕ(z) = w are distinct. So we have

1

ϕ(z)− w
=

1

g(z)(z − z1)
,

where g(z1) 6= 0. Hence zi is the center of an open disk to which 1
g(z)

has a holomorphic

restriction and so, we have

1

ϕ(z)− w
=

1

g(z)(z − z1)
=

β1

z − z1
+ d2 + d3(z − z1) . . .

Put

g1(z) =
1

ϕ(z)− w
−

β1

z − z1
,

and by the same work put

g2(z) =
1

ϕ(z)− w
−

β1

z − z1
−

β2

z − z2
.
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Then g2 is holomorphic on complex plane. So we have

1

ϕ(z)− w
=

β1

z − z1
+

β2

z − z2
.

By using formula (1.3), it follows that

C∗
ϕ f (w) = f (0)Kϕ(0)(w) +

∫

T
f (z)w

zϕ′(z)

1 − wϕ(z)

dz

2πiz

= f (0) +
∫

T
f (z)w

1

1 − az
(

β1

z − z1
+

β2

z − z2
)

dz

2πiz

+
∫

T
f (z)w

1

z − a
(

β1

z − z1
+

β2

z − z2
)

dz

2πi
.

We first assume that f is a polynomial. Then

C∗
ϕ f (w) = f (0) + w

2

∑
i=1

( f (zi)
βi

zi(1 − azi)
− f (0)

βi

zi
+ f (a)

βi

a − zi
+ f (zi)

βi

zi − a
)

where β j(w) = 1
ϕ′(σj(w))

= σ′
j(w). Since w ∈ U is a regular value of ϕ and ϕ has degree

2, there is a connected neighborhood V of w, on which are defined 2 distinct branches
{σj}

2
j=1 of ϕ−1. So for non zero w ∈ U, we have

C∗
ϕ f (w) = f (0) + w

2

∑
i=1

( f (σi(w))
σ′

i (w)

σi(w)(1 − aσi(w))

− f (0)
σ′

i (w)

σi(w)
+

σ′
i (w)

σi(w)− a
( f (σi(w))− f (a))),

and for w = 0, C∗
ϕ f (0) = f (0). The statement for arbitrary f in D follows from the

density of the polynomials.

Theorem 4.4. Let ϕ be a finite Blaschke product, say of degree n. Then the formula for
the adjoint of Cϕ on the Bergman space is given by

C∗
ϕ f (w) = ∑

k

Res(
F(z)ϕ2(z)

z2(ϕ(z) − w)2
, zk),

where F(z) is holomorphic on the unit disk U, such that for each z ∈ U, F′(z) = f (z),
and the sum is taken over the zeros zk of the denominator of the ϕ2(z) and the zeros of the
rational function z2(ϕ(z) − w)2.

Proof. It suffices again to prove the statement only when f is a polynomial. Each
finite Blaschke product ϕ is analytic on a larger disk and |ϕ(z)| = 1 on T. So,
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from the Residue theorem, we get

C∗
ϕ f (w) =

∫

D

f (z)

(1 − ϕ(z)w)2
dA(z)

=
∫

D

F′(z)

(1 − ϕ(z)w)2
dA(z)

=
∫

T

F(z)

(1 − ϕ(z)w)2

dz

2πiz2

=
∫

T

F(z)ϕ2(z)

z2(ϕ(z) − w)2

dz

2πi
,

and the statement follows from the Residue theorem since the only poles in U of
the integrand are the zeros of the denominator and the zeroes of the denominator
of ϕ2(z). The statement for arbitrary f in A2 follows from the density of the
polynomials.

Example 4.5. Let ϕ(z) = ∏
2
j=1

z−aj

1−ajz
, with aj ∈ U, and f ∈ A2. Then we have

C∗
ϕ f (w) =

∫

T

F(z)ϕ2(z)

z2(ϕ(z) − w)2

dz

2πi
,

where F(z) is holomorphic on the unit disk U, such that for each z ∈ U, F′(z) = f (z).
Now suppose w0 ∈ U is a regular value of ϕ and V ⊂ U is any connected neighbor-

hood of w0 on which are defined 2 distinct branches {σj}
2
j=1 of ϕ−1. Then by a similar

computation as example (4.3), for all nonzero w ∈ V,

C∗
ϕ f (w) = w2(

2

∑
i=1

(
σ
′2
j (w)

σ2
j (w)

f (σj(w)))+

2
σ′

1(w)σ′
2(w)

σ1(w)σ2(w)
∗

σ2(w)F(σ2(w))− σ1(w)F(σ1(w))

σ2(w)− σ1(w)
),

and for w = 0, C∗
ϕ f (0) = f (0).

Theorem 4.6. Let R be any rational univalent holomorphic self-map of the closed disk.
Define the associated rational function R∗ as Theorem 4.1. Then the following formula
for the adjoint of CR on the Bergman space A2 holds:

C∗
R f (w) = ∑

k

Res(
F(z)

z2(1 − R∗(z)w)2
, zk),

where the sum is taken over those zeros zk of rational function z2(1 − R∗(z)w)2 which
belong to U, and F(z) is holomorphic on the unit disk U, such that for each z ∈ U,
F′(z) = f (z).
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Proof. Let f first be a polynomial, and F be holomorphic on U such that for each
z ∈ U, F′(z) = f (z). Since every univalent holomorphic self-map of U induces a
bounded composition operator on A2, we have

C∗
R f (w) =

∫

D

f (z)

(1 − R(z)w)2
dA(z)

=
∫

D

F′(z)

(1 − R(z)w)2
dA(z)

=
∫

T

F(z)

(1 − R(1
z )w)2

dz

2πiz2

=
∫

T

F(z)

z2(1 − R∗(z)w)2

dz

2πi

= ∑ Res(
F(z)

z2(1 − R∗(z)w)2
, zk),

where the sum is taken over the zeros zk of the rational function z2(1 − R∗(z)w)2 .
The statement for arbitrary f in A2 follows from the density of the polynomials.
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