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Abstract

Let ¢ be a holomorphic self-map of the unit disk U := {z € C : |z| < 1},
and the composition operator with symbol ¢ is defined by C,f = f o ¢.
In this paper we present formula for the adjoint of composition operators
in some Hilbert spaces of analytic functions, in the case that ¢ is a finite
Blaschke product or a rational univalent holomorphic self-map of the unit
disk U.

1 Introduction

Let ¢ be a holomorphic self-map of the unit disk U := {z € C : |z| < 1}. The
function ¢ induces the composition operator C,, defined on the space of holomor-
phic functions on U by C,f = f o ¢. The restriction of C, to various Banach
spaces of holomorphic functions on U has been an active subject of research for
more than three decades and it will continue to be for decades to come (see [12],
[13] and [7]).

The study of composition operator adjoints was initiated more than twenty years
ago by Carl Cowen [6], who showed that if ¢ is linear-fractional then Cg, the ad-
joint of C, on H?, has the form M,CyM;, where My and M, are the operators
of multiplication by simple rational function ¢ and 4, bounded on U, and ¢ is
a linear-fractional self-map of U all these functions being easily obtainable from
the coefficients of ¢.
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Cowen’s work showed, in particular, that one should expect the adjoint of
a composition operator to be substantially more complicated than just another
composition operator; in the linear-fractional case it is the adjoint of a multipli-
cation operator followed by a weighted composition operator M¢C,. Compli-
cations notwithstanding, Cowen’s formula has provided an essential tool in a
number of investigations involving linear-fractionally induced composition op-
erators, for example: subnormality and co-subnormality [6], essential normality
[2], and self-commutator properties [3].
More recently, Gallardo-Gutiérrez and Montes-Rodriguez in [8] found a nice and
simple explicit formula in the Dirichlet space D for Cj;,, when ¢ is a linear frac-
tional symbol. They have shown that Cj, acting on the Dirichlet space is given by

the formula
Cof = f(0)Ky0) — (Cp+f)(0) + Cp+f, f€TD. (1.1)

In [1], the first author, has cons1dered automorphic composition operators C,
acting on the Dirichlet space. By using the E. Gallardo and A. Montes adjoint for-
mula on the Dirichlet space, he has completely determined the spectrum,
essential spectrum and point spectrum for self-commutators of such operators.

Martin and Vukotic in [11] have expressed and proved some formulas for the
adjoint of Cy on the Bergman and Dirichlet spaces, when ¢ is any self-map of U.
They have shown that when ¢ is any self-map of U, C, acting on the Bergman
space is given by the formula

Cif (w) / fPUAA).(n+1)w", fe A, (1.2)
and on Dirichlet space is given by the formula
* wz
Cofw) = FO)Kalg0)) + [ £(2)-221 )mMﬂ,fED- (13)
—we(z)

In this paper by using these formulas we will express some another formulas on
the Dirichlet and Bergman spaces.
2 Preliminaries

The Dirichlet space, which we denote by D, is the set of all analytic functions f on
the unit disk U for which

[, IF@PAAR) < oo

where dA denote the normalized area measure, equivalently an analytic function

fisinDif Yy ;> 4 n|f(n) 2 < oo, where f(n) denotes the nth Taylor coefficients of
f. The inner product inducing the norm of D is given by

(f.8)p = F0)8(0) + | f(2)§ @A), f.g€D.
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The inner product of two functions f(z) = ¥, f(n)z" and g(z) = ¥, §(n)z"
in D may also be computed by:

-~

(f,.8)p = F(0)g(0) + ) nf(m)g(n).

The reproducing kernel consistent with the above product is given by

N

1 k
Kw(Z):l—HOgl_wZ:l‘i‘Z ,weU.
n—=

In recent years the study of composition operators on the the Dirichlet space has
received considerable attention (see [8], [11], [9], [5], [10], and references cited
therein).

The weighted Bergman space A2 is the set of all analytic functions in the disk
that are square integrable with respect to the weighted area measure dA,(z) =
(@ +1)(1 — |z]?)*dA(z), =1 < a < co. Here dA(z) = 7t~ 'rdrdf, the normalized
lebesgue area measure on U. The inner product in this space is given by

(.84 = [ f@8EA).

The standard (unweighted) Bergman space is obtained as a special case: A% = A3.
The reproducing kernel in A2 for the point w in the disk is given by

1

Ko@) = Ty

with a suitably chosen analytic branch of the power.

Let ¢ be a linear fractional map of U defined by

az +b
cz+d’

¢(z) =

such that ad — bc # 0 and ¢(U) C U. For such linear fractional map define the
associated linear fractional transformation ¢* by

az — ¢
—bz+d

¢*(z) =

For any rational function R, expressed as a quotient of relatively prime polynomi-
als, the degree of R is the larger of the degrees of its numerator and denominator.
It is an elementary exercise to show that if the degree of R is d then for each point
w € C, the inverse image R~!(w) has, counting multiplicities, exactly d points. If
R~!(w) has d distinct points we will say w is a regular value of R.
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1+az"

3 Adjoints with symbols ¢(z) = znl(l_f;l) and ¢(z) = £ "4a

Let ¢(z) = nl(l 7 or p(z) = fi%, la] < 1. In this section we are going to find
some explicit formulae for the adjoint of C, on the Dirichlet and Bergman spaces.

Theorem 3.1. Let ¢(z) = znl(l_—fz),for z # 1and ¢(1) = 1. Then the adjoint formula
for Cy, on the Dirichlet space is given by

where z; are the roots of the equation 1 — we(z) = 0.

Proof. Let f € D. Since

f@) = (f ke)p = (£, 1+ log—z)p,

by formula (1.3), it follows that

Cif(w) = F(0)+ / F)2(1 4 fog e lqo(Z))’dm(z)

_ +/f (1 Iog =5 L )

B f(O)_/f(Z)z—EmZmz ' /f Z—Eznzmz
_ Z — (n=1)f(0). .

Corollary 3.2. Suppose that p : C — C denotes inversion in the unit circle, p(z) = 1

Z/
p(z) =z 1(1 2 and wo € U is a reqular value of . = popopand V C U is any
connected neighborhood of wo on which are defined n distinct branches {o;}" =1 of ¢, !

Then for all non zero w € V we have

Cof (w) =} f(oj(w)) — (n = 1)£(0).

and for w = 0,
Cof(0) = f(0).

Theorem 3.3. Let ¢(z) = ZJFZZJ“% Then the adjoint of C, on the Bergman space is
given by

00 n—1\m\(nm+1)
o) = Z(%(P(z)u +z+(.n.7;1++z1)!) DO ) 1y

m=0

where F(z) is holomorphic on the unit disk U, such that for each z € U, F'(z) = f(z).
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Proof. Let ¢(z) = ”ZZJF%, and f be a polynomial function. Then by using
formula (1.2), it follows that

Coftw) = X[ f9"dA).on+ 1"

00 n—1 >
= Y (R ) e

=T nz" 27tiz2
ad z Z4 .. 4 Hm
_ Zo(imRes(F( J(1+ T " 0)).(m + 1)
- n—1ym\(nm+1)
B RN LA L L

The statement for arbitrary f in A% follows from the density of the polynomials.
m

Martin and Vukotic in [11] have given the formula for the adjoint of C, on
the Hardy space, when ¢(z) = z" . By using the similar proof as the proof of
Theorems 3.1 and 3.3, we conclude explicit formulas for the monomial symbols
on the Dirichlet and Bergman spaces.

Corollary 3.4. Let ¢(z) = z" and C,, be the composition operator on the Dirichlet space
induced by ¢. Then

n—1
Cof (w) = kZ(:)f(Vk,w) — (n=1)(0),

where 1y, = riel("5%), k= 0,1,...n — 1 are the nth roots of the equation ¢(z) = w.

Corollary 3.5. Let ¢(z) = 2™ and C,, be the composition operator on the Bergman space
induced by ¢. Then

Cof (w) = i)(n + 1)w”7(£:n£01))!,

Theorem 3.6. Let ¢(z) = 121;;1' Then the following formula for the adjoint of C, on

the Dirichlet space holds:
Ifw #0,

n—1

Cof () = ) (f(0)ky o) + Cyf)(riw) —n(Cy+£(0) + £(0)) + £(0),

and for w = 0
C,f(0) =0,

1 0+2km

where Y(z) = =22, v*(2) = £= and 11 = riet ") k= 0,1,...n — 1 are the

nth roots of the equation z" = w.
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Proof. Let ¢(z) = 2" and ¢(z) = {&. Since ¢ is an analytic self-map of U
and ¢ = o ¢, we have C, = Cp o Cy. Also, the boundedness of Cy implies
the boundedness of C,. By a simple computation and using formula (1.1) and

Corollary (3.4), for nonzero w € U it follows that

n—1
Cyf(w) = Y (f(0)ky(oy + Cy+f) (1) — n(Cy£(0) + £(0)) + £(0),
k=0
where 7y ,, = r%e'(%), k=0,1,...n—1 are the nth roots of the equation z" = w,
and for w = 0, C3,f(0) = £(0). ]

4 Adjoint with rational self-map symbols

Bourdon and Shapiro in [4] express and prove formula for the adjoint of Cy, on
the Hardy space, when ¢ is rational self-map of the unit disk U. In this section
for such symbol, we are going to find some formula for the adjoint of C, on the
Dirichlet and Bergman spaces.

Theorem 4.1. Let ¢ be any rational self-map of the unit disk U, say of degree n. Define
the associated rational function

7(:) = 9(3) z€ U

1_@1(/)(2) = (Z_,Xi)lmip(z), with p(a;) # 0 and put Ay, (z) = c1(z) +

co(22)+ ...+ cm;(2M), where c1,cy, . . . ¢y are the Taylor coefficients of ﬁ inz=ua;.

Assume further

Then the adjoint formula of C, on the Dirichlet space D is given by

where the sum is taken over the zeros zj of the denominator of the ¢’* (z) and Z%A;nj (=),

and the zeros of the rational function 1 — we(c0)z2, which belong to U.

Proof. By using formula (1.3) it follows that
Cof (1) = FIO)K ) () + {F(2), o

Let {z1,22...z4} be the roots of the equation 1 — w¢(z) that order of a multiplicity
zi, is m;. By a simple computation we conclude that if ¢(z) is a rational self-map
of the unit disk of degree n, then

e S L
1-wp(z) 1—We(co) =1 "z-z
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Let f first be a polynomial. So we have

+ i ZRes(wf(Z)go " (2) A, (25

=1 k

where A, (z) = ¢1(z) + c2(z%) +...Cm, (2™M). The statement for arbitrary f in A?
follows from the density of the polynomials. m

Corollary 4.2. Let ¢ be any rational self-map of the unite disk U, such that ¢(o0) = o0.
Then we have

wf(z)e" (2) A, (P
;&“f<m<; ()

d
Cof(w) =)
=

=1

where Ay, is as Theorem 4.1 and the sum is taken over the zeros zy. of the denominator of
the ¢'* (z) and % A}, (=== ), which belong to U.

iN1-z;z

Example 4.3. Let ¢(z) = z£=%, f € Dand 0 # w € U be a reqular value of ¢. Then

the roots z1 and z, of equatio;lfz_(;l_)z(,z) = w are distinct. So we have
1 1
9(z)—w ~ g(E)z—2)
where g(z1) # 0. Hence z; is the center of an open disk to which ﬁ has a holomorphic

restriction and so, we have

1 1
= = 'Bl —|—d2—|—d3(2—21)...

p(z)—w g(z)(z—-z1) z—=1

Put
1 B1

p(z)—w z—2z'

g1(z) =

and by the same work put
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Then gy is holomorphic on complex plane. So we have

1:[31+[32

p(z)—w z—2z7 z—2zp

By using formula (1.3), it follows that

Chftw) = FOKO @)+ [ e 0B

—az 2—21 z —2zp 27z

+/f 1(51 v L2

z1  z—2p 27

We first assume that f is a polynomial. Then

Ci f(w) +w2 ) iy — O +r) P+ e )

a—z; Z;

where Bj(w) = m = (T]/(ZU) Since w € U is a reqular value of ¢ and ¢ has degree

2, there is a connected neighborhood V' of w, on which are defined 2 distinct branches
{aj}]zzl of 1. So for non zero w € U, we have

ol (w)

2
Cof(w) =f(0) + w g(f(m(m)@(w)(f— a;(w))

i o} (w) () — fla
— PO T sty e )~ f@)

and for w = 0,Cgf(0) = f(0). The statement for arbitrary f in D follows from the
density of the polynomzals

Theorem 4.4. Let ¢ be a finite Blaschke product, say of degree n. Then the formula for
the adjoint of Cy on the Bergman space is given by

C;‘;f(w) _ ;Res( F(Z)gpz Z))lek)/

where F(z) is holomorphic on the unit disk U, such that for each z € U, F'(z) = f(z),
and the sum is taken over the zeros zy. of the denominator of the ¢?(z) and the zeros of the

rational function z%(¢(z) — w)?.

Proof. 1t suffices again to prove the statement only when f is a polynomial. Each
finite Blaschke product ¢ is analytic on a larger disk and |¢(z)| = 1 on T. So,
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from the Residue theorem, we get

Gfw) = [ —LE s

and the statement follows from the Residue theorem since the only poles in U of
the integrand are the zeros of the denominator and the zeroes of the denominator
of ¢?>(z). The statement for arbitrary f in A% follows from the density of the
polynomials. m

a

Example 4.5. Let ¢(z) = szzl 12—_—?;}2" withaj € U, and f € A% Then we have

) _ F(z)¢*(z) dz
Cof(w) = /Tz2(q)(z) —w)2 27’

where F(z) is holomorphic on the unit disk U, such that for each z € U, F'(z) = f(z).
Now suppose wy € U is a reqular value of ¢ and V C U is any connected neighbor-
hood of wy on which are defined 2 distinct branches {(7]-}]2:1 of L. Then by a similar

computation as example (4.3), for all nonzerow € V,

2 /.2 w
Coftw) = w( L = e+
i=1 7
H@)3(@) _ox(w)Flea(w)) —(w)F(er (w)
7 (@) (@) o2(w) ~ 1 (w) '

and forw = 0,Cgf(0) = f(0).

Theorem 4.6. Let R be any rational univalent holomorphic self-map of the closed disk.
Define the associated rational function R* as Theorem 4.1. Then the following formula
for the adjoint of Cr on the Bergman space A? holds:

F(z
Chf ) = L Res( 5~ oy

where the sum is taken over those zeros zy of rational function z>(1 — R*(z)w)? which
belong to U, and F(z) is holomorphic on the unit disk U, such that for each z € U,

F'(z) = f(2).



68 A. Abdollahi - S. Mehrangiz — T. Roientan

Proof. Let f first be a polynomial, and F be holomorphic on U such that for each
z € U, F'(z) = f(z). Since every univalent holomorphic self-map of U induces a
bounded composition operator on A%, we have

Cifw) = |, O_Lid,q(z)

_ F(z)
= LR R )

where the sum is taken over the zeros z; of the rational function z%(1 — R*(z)w)?.
The statement for arbitrary f in .A? follows from the density of the polynomials.
]
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