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Abstract

We investigate the initial value problem for a semilinear heat equation
with exponential-growth nonlinearity in two space dimension. First, we
prove the local existence and unconditional uniqueness of solutions in the
Sobolev space H!(IR?). The uniqueness part is non trivial although it fol-
lows Brezis-Cazenave’s proof [3] in the case of monomial nonlinearity in di-
mension d > 3. Next, we show that in the defocusing case our solution is
bounded, and therefore exists for all time. In the focusing case, we prove
that any solution with negative energy blows up in finite time.

1 Introduction

Consider the initial value problem for a semilinear heat equation
ot = Au+ f(u) 1)
u(0) = ug

where u(t,x) : Rt xR? - R,d > 2and f € C}(R,R) is a given function
satisfying f(0) = 0. The Cauchy problem (1) has been extensively studied in the
scale of Lebesgue spaces L, especially for polynomial type nonlinearities i.e

f(u) = +ul" tu, 4>1. (2)
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In such a case, observe that the equation enjoys the interesting property of scaling
invariance

up(t,x) :== A>T u(A%, Ax), A >0 3)
i.e. if u solves (2) then also does u,. The Lebesgue space Li(RR?) with exponent
ge 1= d(72—1) is also the only one invariant under the same scaling (3). This prop-

erty defines a sort of trichotomy in the dynamic of solutions of (2), and basically
one can notice the following three different regimes for initial data in L7:

THE SUBCRITICAL CASE LE. g > g, > 1: Weissler in [28] proved the existence
of a unique solution u € C([0, T); L7(IR%)) N L (]0, T]; L*(R?)). Later on, Brezis-
Cazenave [3] proved the unconditional uniqueness of Weissler’s solutions.

THE CRITICAL CASE i.e. ¢ = g. and d > 3: There are two sub-cases:

e If 5. > 7+ 1, then we have local wellposedness of the Cauchy problem
where the existence is also due to Weissler [28] and the unconditional uni-
queness to Brezis-Cazenave [3].

o Ifq =g, = y+1orequivalentlyg = % and 7 — 1 = 425 (double critical or
energy critical case?): Weissler [29] proved the conditional wellposedness.
When the underlying space is the unit ball of R?, Ni-Sacks [20] showed that
the unconditional uniqueness fails. This result was extended to the whole
space by C. Tarsi [24] for suitable initial data. See also [16] for general initial
data.

THE SUPERCRITICAL CASE L.E. g < g.: there are indications that there exists
no (local) solution in any reasonable weak sense (cf. [3, 28, 29]). Moreover, it is
known that uniqueness is lost for the initial data 1y = 0 and 1 + % <7< %, see

Haraux-Weissler [7].

The way in constructing solutions consists in using a fixed point argument in
suitable spaces where the free solution lives and the nonlinear terms can be well
estimated using the heat regularizing properties. Note that the solution can be
written as

u(t) = e®ug 4+ M(u)(t),

where M is the integral operator defined by M (u)(t) := fot e(t=9)8 £ (1(s)) ds. This
operator behaves differently in the sub and critical cases. It is clearly continuous
in C([0, T); L7(IR%)) when the nonlinearity is subcritical, while it is discontinuous
in the critical case (see [20] for more details).

In the energy critical case, the nice idea of Ni and Sacks [20] to prove the non-
uniqueness is constructive and based on the fact that the Poisson equation does

1Uniqueness in the natural space where solutions exist, namely C(L1).
2Observe that in such a case, the potential energy term is finite.
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not regularize as much as the heat equation when the source term is only an inte-
grable function. In the energy critical case, the potential term |u|71u € L&(LY).
So, Ni and Sacks constructed a singular stationary solution in the punctured unit
ball. The singularity holds only at the center of the ball and is weak enough to
extend the singular solution (in the distributional sense) to the whole ball. Then,
they constructed a local solution which will immediately enjoy a smoothing
effect that the stationary singular solution will never have. This makes the two
solutions different and the unconditional non-uniqueness immediately follows.

Let us finally mention that the well posedness in Sobolev and Besov spaces
was investigated in [21, 17].

In two space dimension, observe that the energy® scaling index g, = %
becomes infinite. So any power nonlinearity 1 < 7 < oo is subcritical in the
sense that one can always choose a Lebesgue space L9 (other than L*) where one
can prove the well-posedness for the Cauchy problem (4). However, when tak-
ing an infinite polynomial e.g exponential nonlinearity, the only Lebesgue space
in which Weissler’s result is applicable is L*. To this extent, the Cauchy problem
(4) is always subcritical in L™ and one can wonder if there is any notion of critical-
ity in two space dimensions. The loss of the scaling property for inhomogeneous
nonlinearities also does not help in having any insight toward an answer.

The ultimate aim is to show that in 2D, a kind of trichotomy (similar to the
one described above in higher dimensions) can still be defined. It is based on the
topology of the initial data. More precisely, consider the Cauchy problem

o — Au = +u(e” —1) in R2
4)
u(0) = up.

However, our goal in this paper is to study whether or not there exists local / global
solution to the Cauchy problem (4) when the data is no longer in L*.

First, observe that for an exponential nonlinearity, the largest Lebesgue type
space in which the equation is meaningful in the distributional sense is of Orlicz
kind. In this respect, Ruf and Terraneo [23] showed a local existence result for
small initial data in Orlicz space. This result was extended to global existence by
Norisuke Ioku [14]. In what follows, we will focus our attention only to the case
d=2.

We will show that we have a “good” H' theory for the Cauchy problem (4) i.e.
finite time/global existence of solutions (depending on the sign of the nonlinear-
ity), and unconditional uniqueness.

Our results show that even though there is no a scaling property for this problem,
a sort of trichotomy analogous to the one described in higher dimension can still
be defined. It is based on the topology of the initial data. In a forthcoming paper,
we show the non-existence of solutions of the Cauchy problem (4) if the initial

Siege=7+1
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data is in the Sobolev space H*(IR?) with s < 1, and the loss of uniqueness if u
belongs to some Orlicz space.

This paper is organized as follows. In the next section, we state our main
results. In Section 3, we recall some basic definitions and auxiliary lemmas. The
fourth section deals with the H! regularity regime.

Finally, we mention that C will be used to denote an absolute constant which
may vary from line to line. We also use A < B to denote an estimate of the form
A < CB for some absolute constant C and A ~ Bif A < Band B < A.

2 Main results

First, we prove that without any restriction on the size of the initial data, the
Cauchy problem (4) is locally well-posed in the Sobolev space H!(R?). To do
so, we use a standard fixed point argument. The uniqueness part is non trivial
although it follows the steps of Brezis-Cazenave’s proof [3] in the case of mono-
mial nonlinearity in dimension 4 > 3. Thanks to a standard blow-up criterion
(see for example [3]), the parabolic regularization effect and the maximum princi-
ple, we prove that in the defocusing case, the maximal solution remains bounded
and therefore can be extended for all positive time. Recall that the energy is given

by

1 ‘ u
() = V(O Bagge — [ F@(t) dx, with Fu) = [ f(o)do.
Our main result can be stated as follows.

Theorem 2.1. Let ug € H'(IR?).

1) There exist T > 0 and a unique u solution to (4) in C([0,T]; H'), moreover
u e C((0,T]; L®).

2) If f(u) = —u(e"’ — 1), then the (above) solution is global.

3) If f(u) = u(e”2 — 1), then a data uy # 0 with J(ug) < 0 gives a unigue solution
blowing up in finite time.

Remark 2.2. The first assertion of the above Theorem remains true for f(u) = +ue,

and the second one also extends to the case f(u) = —ue"”. This means that we need to
remove the quadratic term from the nonlinearity only for the blow up result.

The previous Theorem shows that the H! regularity supports well the expo-
nential nonlinearity. That is why we have obtained a “good” H!-theory.
For small data, the solution to (4) given by the previous Theorem is global. In
fact, following the proof of Nakamura-Ozawa [19] for the Schrodinger equation
we have

Proposition 2.3. There exists e > 0 such that for any uy € H'(R?) satisfying
[0 || ;11 (m2) < € the solution to (4) given by the previous Theorem is global.
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3 Background material

In this section we will fix the notation, state the basic definitions and recall some
known and useful tools. First we recall the standard smoothing effect (see for
example [3]).

Lemma 3.1. There exists a positive constant C such that forall 1 < B < ¢ < oo, we
have

||<p||m, Vt >0,V € LP(IR?) (5)

e ||y <

‘mb—l
\)b—‘

t

1.2
where e := Ky ¢ = [e™ 4 x ¢.

Using Young and Holder inequalities and the precedent Lemma with the fol-
lowing integral formula

t
u(t) = eug + /0 elt=5)8 (34 — Au) (s) ds

we deduce the following estimates

Proposition 3.2.

Sl[lp] [t ) (r2) < C(“u(tOI')HHl(]RZ) + [|osu — Au”Ll([O,T},Hl(RZ)))' (6)
te|0,T

S?P] [u(t, ) o (r2) < C(Hu(tof')HL""(Rz) + |9 — Au||L1([o,T],L°°(R2)))- )
te|0,T

We recall the following nonlinear estimates which are consequence of the
mean value theorem and the convexity of the exponential function. See [10, 6].

Lemma 3.3. For any € > 0 there exists C; > 0 such that

£(th) — f(U)] < Gt - uz|2( (et 1), ®)

/(L) — /()] < Celtly uz|2( aeot )" ©)

In order to control the nonlinear part in L;(HL), we will use the following
Moser-Trudinger inequality [1, 18, 27].

Proposition 3.4. Let & € (0,47), a constant C, exists such that for all u € H'(IR?)
satisfying || Vul[2(r2y < 1, we have

/]RZ (em(x)\z _ 1)dx < Cullull3a e, (10)

Moreover, (10) is false if x > 47r.
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Let us mention that « = 47t becomes admissible if we require [|ul| (g2 < 1
rather than || V(| 2(ge) < 1. Precisely

drtlu(x)|* _
sup » /]R2 (e 1>dx < 00 (11)

HuHHl(]R2>_

and this is false for & > 471. See [22] for more details.

Now, we give some technical results which will be useful later. The following
lemma is classical (see for example [26]) but the proof seems to be new.

Lemma 3.5. Let u € H'(IR?). Then forany a > 0and 1 < g < o,
w1 e [1(R2).

Proof of Lemma 3.5. Without loss of generality, we may assume that « = g = 1
and u is radial. First, let us observe that thanks to the following well known
radial estimate

u(r)] < \/ [l

we obtain for any a > 0,

Jume (" =) < [ ek d < e < o
x|>a x|>a

Therefore, to conclude the proof it is sufficient to show that for suitable a > 0,
we have

/a e’ rdr < co. (12)
0

Fora > 0and 0 < r < a, write

u(r) —u(a)| =

su

\/’
r\1/2
< E I90l2(1<a) (—To8 ()

Choosing a > 0 small enough such that
||Vu||L2 (1x|<a) < 270,

and witting

PN < uln-u(m)?,
7T

we end up with (12). [ |
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Proposition 3.6. Forany T > 0, and u € C([0, T]; H'(IR?)), we have
e’ —1 e ¢([o, T); LY(R?)).
Proof of Proposition 3.6. Let t € [0, T] and (t,) be a sequence in (0, T) such that
t, — t. Denote by u, := u(t,) and u = u(t). We will prove that
e —1 e —1 in LY(R?).
Set v, := u, — u. Clearly, we have

2 2

el — e’ = ot ((evi —1)(e®" — 1) + (e*¥" —1) + (eU% — 1))
Hence
2 2 2 2 2
e — e[l S [l =12 (e —1)(€2%" — 1) + (X — 1) + (e% —1)| 2
+ (e — 1) (€2 — 1) + (€2 — 1) + (% — 1) 11, (13)

and by Moser-Trudinger inequality we have
lirrln ||ev'21 — 1|l =0, forany p>1. (14)
Now, it is sufficient to prove that
lirrln 2ol — 1|, =0, for any p > 1.

We prove the last inequality for p = 1. The general case follows by changing v,
by pv,. Denoting by ¢, = ||v,|| g1, we have

1/2 —-1/2
B B N e
_ eg}/Z‘u‘Z 1 +e€;1/2|vn|2 1 + (eg}/2|u|2 . 1) (eggl/Z‘Un‘Z . 1) .

. : /
Taking advantage of Lebesgue theorem, we obtain ||e‘€'11 lul? _ 1||;1 — 0. For the
second term, we use Moser-Trudinger inequality to get

[ (e 21 dx ||\;:,||§2 S
n

Finally, using Holder inequality and arguing in the same manner, we deduce that
the last term tends to zero in L!. This together with (13), (14) ends the proof of
Proposition 3.6. |

4 H'-theory: proof of Theorem 2.1

This section is devoted to the proof of Theorem 2.1. We divide the proof into
several steps. First, we show the existence of a local solution to (4), regardless
of the sign of the nonlinearity. In the second step, we prove the uniqueness
in C([0, T); H'). This result, is not straightforward, although it follows Brezis-
Cazenave’s steps. Then we show that in the defocusing case we can extend the
solution globally in time. Finally, we establish a finite time blow-up result in the
focusing case.
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4.1 Local existence

We summarize the result in the following Theorem.

Theorem 4.1. Let ug € H'(R?). Then, there exist T > 0 and a solution u to (4) in the
class
C([0,T); H'(R?)).

Proof of Theorem 4.1. The idea here is similar to the one used in [12, 11, 10]. In-
deed, we decompose the initial data to a regular part and a small one. We prove
the existence of a local solution v to (4) associated to the regular initial data. Then
to recover a solution of our original problem we solve a perturbed equation sat-
isfied by w := u — v with small data.

We start by giving the local existence in (H! N L®)(R?).

Proposition 4.2. Let ug € (H' N L*)(IR?). Then, there exists T > 0 (depending upon
uo) and a solution u to (4) such that

u —e'uy € C([0, T); (H' N L®)(IR?)).
Remark 4.3.
i) Recall that

e®uy € C([0,T); H)NC((0,T); L®) N L®(0,T) x R?).

ii) For T > O sufficiently small (depending on ||ug|| .~ and not on ||ug|| 1), one has
||uHL°°([O,T],H10L°°) < 2[[uo|| g1

We omit the proof of Proposition 4.2. Now we solve the perturbed prob-
lem. We decompose the initial data as follows ug = (I — Sy)up + Syug where
SN = Lj<n-1 L, (4) being an inhomogeneous frequency localization, and

N is a large integer to be fixed later. Recall that ||(I — Sn)uo|| X, 0 and
Snug € (H' NL*)(IR?).

By Proposition 4.2, there exist a time Ty > 0 and a solution vy to the prob-
lem (4) with data Snup. Now, we consider the perturbed problem satisfied by
w := u — vy and with data (I — Sy)u. Namely, let

dw — Aw = —f(vn) + f(vN + w)
{ w(0) — (I~ Sxjug. (15)

Using a standard fixed point argument, we shall prove that (15) has a local solu-
tion in the space Xt := C([0, T]; H!(IR?)) for a suitable time T > 0 to be chosen.
We denote by |[[ullr = [Jul (0,111 (r2)) and we recall that (Xr,|[.[|r) is a
Banach space.

Set w; := e'®(I — Sy)up and consider the map

Y:ur— /Ote(t_S)A(f(u +vn +w;) — f(vn))(s) ds.
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Let Br(r) be the ball in X7 of radius r > 0 and centered at the origin. We prove
that for some T,r > 0, the map V¥ is a contraction from Br(r) into itself.
Applying the energy estimate (6) to uy, up € Br(r) and using the smoothing effect
(5), we infer

[¥(u1) =F(u)llr S f(ua +vn+wr) — fluz +vn+wi) | go11,02(r2))
3
+ T2|V(f(ur + vn +wp) = f(u2 + v+ 01)) || 1o (0,71, (R2)) -

Set w := uy — up and v; := u; + vy + w;. Using Lemma 3.3, we obtain

1) = f@) @y S L lwE =)@
i=12

Since |v;|> < 2(w; + u;)* 4 203, and using the simple observation
e _1=(e"-1)(e" 1)+ ("= 1)+ (" — 1)
we have,

2 2 , 2
lw(e® =1l < [lw(e®N = 1) + [fw(e ) — 1)1

+ ||ZU(€4V%\’ o 1)(e4(1+€)(“i+wl)2 _ 1)||L2'
By Holder inequality and Sobolev embedding, we have
lw(es —1)[|2 < [Jw]| 2etIVNlie <etl¥nlis ]|,
and

lw (e + 20 — 1) |12 < |jw] 6|2 — 1|13 S [Jw]] g [|e*HF)* — 1| 5.

Denoting ”n := ||(I — Sn)uol| g1, we have |V (u; + wy) || 2<r +en 2% 0. Hence,
fora > 0, p > 1 and thanks to Moser-Trudinger inequality we derive that for
large N and small r > 0,

1
. 2 D
letPtiten” — 1|7, (16)

exwit@)® _ 1), <
< (r4en)??,

and ,
w(e0+ e — 1) |12 < (] (r + en) .
Consequently,
lw(ey — 1) (etI+ete)® 1)), < eHIVNllis ]| (r 4 e5)?/.
Therefore,

||f(7)1) - f(vZ)HLl([O,T],LZ) < [e4HVNH%°°+

(1 + eIl ) (r 4 en) 22Tl o 0,11 1012
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It remains to control ||V (f(v1) — f(v2))| L~ (jo,77,01(r2))- We have
IV(f(o1) = f(02)) |11 (r2)
= [Voi(f'(v1) = f'(02)) + (Vo1 — Vo) f(02) | 11 o)

< Vor(f'(o1) = flea) ey + Vs (v2) [l gz
< E+F

Arguing as before, we have

2
B S [oall el (14 (r + en) )] s

and )
F < (lonllg +2r +2€N)e4HvNHL°° [w]| 1.

Therefore
IV(f(01) = f)) o, irey) < Cornllwlr,

which implies that

1
[F (1) =¥ (u2)llr < Corn(1+T)T2|[w]|1, (17)

Now we estimate ||'¥(u1)||7. Taking account of the energy estimate (6) and the
smoothing effect (5), we get

¥ (u1)llr < Cllf(v1) = f(on) 1o, L20m2)) +
T3 ||V (f(01) = fON)) | = ([0,1, 11 (R2))/

where we set v; := u; + vy + w;. Taking v, = vy, in the precedent computations,
we have

1
[¥(u1)llr < Copn(1+T)T2|ug + w7
1
< CO,r,N(V‘l'||M0||H1(]R2))(1+T2)T

NI—=

In conclusion, for some fixed large N and small r, there exists T > 0 small enough
such that ¥ is a contraction of some ball of X7. We obtain the desired solution by
taking u + w; where u is the fixed point of ¥. The proof is achieved. [ ]

4.2 Uniqueness in C([0, T[; H'(R?))

This subsection is devoted to the proof of the uniqueness part of Theorem 2.1.
More precisely, we prove an unconditional uniqueness result.

Theorem 4.4. The solution given in Theorem 4.1 is unique in the class

C([0,T); H'(R?)).
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Proof of Theorem 4.4. Let u, v € C([0, T]; H') be two solutions to (4) with same
data ug and set w := u — v. Define the potential

f)—f©) .
a(t x) = /uw 2, .1fw#0
f(u), ifw=0,

so that, t
w(t) =/ el=92q(s)w(s) ds.
0

The following Lemma can be seen as an extension of Brezis-Cazenave’s result [3]
to the two dimensional case. The crucial point is to show the continuity of the
potential term (continuity at £ = 0). As pointed out in [3], this result seems to
remain open if the potential is only L™ in time.

Lemma 4.5. Let a € C([0,T]; LP(R?)) and u € L®((0,T); L1(R?)) with 2 < g <
o,1<p< oo,%-l—% < 1 and such that
t
u(t) = / elt=)8a(s\u(s)ds, Vte|0,T].
0
Then u = 0on [0, T].

1 1 1
Proof. It is clear that au € L®([0, T), L' (R?)) where o= P +E (1 <r < o),s0

that by maximal regularity u € LP((0,T), W?"(R?)) for all § < oo and satisfies
for almost every t € (0, T) the next equation in L"(R?) ,

otu — Au = au. (18)

Letty € [0,T], ¢ € CP(R?) and a, := min{n, max{a, —n}}. Denote by v, the
solution to the dual problem

{ —01vy, — Avy, = ayv, in(0,t)) x R?,
on(to) = 9.

Multiplying (18) by v, and then integrating on (0,ty) x IR?, we have

t t
/0/ (0suvy, — Auvy,) dx dt = / 0/ auv,, dx dt
0 RR2 0 R2

to
bo) dx = / ? dx dt
[outoyp dx = [Tay(uo) dx
t
= /0/ udtv, + (Au + au)v, dx dt
0 JR2

- /Oto /IRZ(a — a,)uv, dx dt. (19)

In order to prove that u = 0 on [0, T] it is sufficient to observe that

Hence

a, = ain C([0, T]; L (R?)) (20)
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and
sup ||Ufl||Loo([0,tO),U’(R2)) <Cy ||¢||U'(]R2)’ (21)

n>0

1 1 ~
where o= 1-— - Now, we prove (21). We take 0, (t) := v, (tg — ), and by, (t) =:
ay(tg — t), we have
{ atan - Agn — bngn,
0n(0) = 9.

First, we multiply the precedent equation by |vy,
we obtain

1d ~ / 4(1"/—1) ~ 1r'/2|2 4

i Bt dr S [V R < [ el el dx

~
< /]Rz 1b][5a]” dx.

In the last inequality we used |b,,| < |b| because |a,| < |a|, where b = a(tp —.) on
[0, to].
Using the fact that [b;| < j and Sobolev embedding, we get

/]Rz]bH%iny dx < /IRzyb—b].Hgny dx+/]Rz|b]-|ygn,r dx

< 0= bl 22 +i [ 1ol dx,

/ ~ .
" =23, then we integrate over R?,

L2r

< Cllb = biller V18" 212, 1, 1) + G+ OllEa (B}

Since b; P pinc ([0, T]; LP(IR?)), we choose j > 0 large enough such that

4(r' —1)

CHb—b]'HLP < 7

Therefore 14
SallEn @7 < G+ Ollon ()],

Using Gronwall Lemma, il follows that
[Ba(OII7, < lpll7el+ e

which conclude the proof of (21).
The proof of the Lemma 4.5 is achieved. [ ]

Now, in order to apply Lemma 4.5, we need to check that a € C([0,T]; L?).
We proceed by contradiction. Assume that there exists ¢ > 0, t € [0,T] and a
sequence of real numbers (f,) in [0, T] such that

ty >t and |a(ty) —a(t)||;2 > VnelN. (22)

Denote u,, := u(t,),v, := v(t,) and w, := w(t,). Recall that u,v € C([0, T]; H').
So up to extraction of a subsequence, we have

a(ty,) — a(t) almost everywhere.
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Moreover, by a convexity argument
la(ty)] < ¥ —1+eXn —1.
Since u € C([0, T]; HY), using Proposition 3.6, we infer
i1 e 1 and e —1—5e* —1 in L?(R?).
Thus, there exists ¢ € L2 such that
a(tn)] < 9.
Using Lebesgue theorem, we deduce that
a(ty) —a(t) in L2
This contradicts (22), and we conclude that a € C([0, T]; L?).

End of the proof of Theorem 4.4.
It is sufficient to check assumptions of Lemma 4.5. Obviously w € L*([0,T],
L1(IR?)) for every 2 < g < co. ]

4.3 Global existence

Consider the solution u to (1) in the defocusing case f(u) = —u(e”2 —1). With
Proposition 3.6, (by applying to ,/pu and using the inequality et — 1 >
(e —1)P), it follows that u(e*" — 1) € C([0, T], L?) for every 1 < p < oco. This
implies that u — e'*uy € C([0, T], L) so that u € C([0, T), L*®®). This means that
u is a classical solution for positive time. The global existence is then a trivial
consequence of the maximum principle and the next standard blow-up criterion
(see for example [3]).

Lemma 4.6. Let ug € H'(R?) and u € C([0, T*); H'(R?)) solution to (4). Assume
that T* < oo, then

limsup [[u(t)| o (r2) = +oo.
t—T*

4.4 Blow-up solutions

Recall the energy
1 2
J(t) := J(u(t)) = §||Vu(t)||Lz - /]RZF(M(t)) dx,

with F(u) = 1 (e“z —-1- u2>. We show that all solutions with non-positive en-
ergy have a finite lifespan time. More precisely

Proposition 4.7. Let uy € H'(R?)\{0} such that J(ug) < 0and u € C([0, T*[;
H'(IR?)) be the maximal solution to (4) with data ug. Then T* < co.
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The proof is standard and follows for example [15] (see also [13] in the context
of the Klein-Gordon equation). It consists in following the evolution in time of
the function

v(t)i= 5 [ )z ds.

Proof of Proposition 4.7. First, observe that since we have removed the quadratic
term from the nonlinearity, then f(u) enjoys the following property for a certain
positive number ¢

(u Fu) — 2F(u)) > eF(u). (23)
Next, multiplying (4) by u, integrating in space we obtain

J'(t) = = loeu(t) 72,

and by an integration in time

t

16 =10 = [ [ @) x) dxds (24)

0 J/R2

Finally, a straight calculation shows that

() = _||w||§2+/w uf (u) dx
2+¢ 2
> S5 2R ) ax— [ Vul)

t

> (2—|—8)(// o1’ dxds—](O)), (25)
0 JR2

where we used property (23) in the second estimate and identity (24) in the last
one. Now, the proof goes by contradiction assuming that T* = co. We have

Claim 1: There exists t; > 0 such that fotl ||£9,gu(s)||%2 ds > 0.
Indeed, otherwise u(t) = uy almost everywhere and thus u solves the elliptic

stationary equation Au = —f(u). Then ||Vul|2, (R2) = Jre uf (u)dx, and therefore

0<e [ Fluo)dx < [ (wof(uo) ~2F(u0)) dx = 2J(0) <0

giving ug = 0 which is an absurdity.
Claim 2: For any 0 < a < 1, there exists t, > 0 such that

W) =y (0)? = ay(t?, >t
The claim immediately follows from the first one observing that

lim y(t) = lim y/(t) = +o0.

t—o00 t—o0

Claim 3: One can choose & = a(¢) such that

y(Oy' () = 1+a)y (1> t >t (26)
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Indeed, we have

2+ s t f
y(H)y" (1) 5 / /]RZ u? dxds / /]RZ 01 dxds)

v

> 2;8 // uatudxds
2—|—s
> 2250 -y 07

> (“28)"‘@ 1)

where we used (25) in the first estimate, Cauchy-Schwarz inequality in the second
(2+8) > 1 then

and Claim 2 in the last one. Now choose « such that

vy () > PO )2

The fact that this ordinary differential inequality blows up in finite time contra-
dicts our assumption that the solution was global. n
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