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Abstract

The purpose of this paper is to prove a general fixed point theorem by
altering distances for two owc pairs of mappings and to reduce the study of
tixed points for pairs of mappings satisfying a contractive condition of inte-
gral type to the study of fixed points in a metric space by altering distances
satisfying a new type of implicit relation generalizing a main result obtained
by Pathak and Shahzad in a recent paper [17].

1 Introduction

Let (X, d) be a metric space and S, T two self-mappings of X. In [7], Jungck de-
fined S and T to be compatible if

lim d(STx,, TSx,) =0

n—oo

whenever {x,} is a sequence in X such that

lim Sx,, = lim Tx, =t
n—oo n—o00

for some t € X.

In 1994, Pant [15] introduced the notion of pairwise R-weakly commuting
mappings. It is proved in [16] that the notion of pairwise R-weakly commuting
is equivalent to commutativity at coincidence points.
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Jungck [8] defined S and T to be weakly compatible if Sx = Tx implies STx =
TSx. Thus, S and T are weakly compatible if and only if S and T are pairwise
R-weakly commuting mappings.

Quite recently, Al-Thagafi and Naseer Shahzad [4] introduced the concept of
occasionally weakly compatible mappings.

Definition 1.1. Let X be a nonempty set and f, g self-mappings on X.

A point x € X is called a coincidence point of f and g if fx = gx.

A point w € X is called a point of coincidence of f and g if there exists a coincidence
point x € X of f and g such that w = fx = gx.

Definition 1.2. Two self-maps f and g of a nonempty set X are are called occasion-
ally weakly compatible maps (shortly owc) [4] if there exists a point x in X which is a
coincidence point for f and g at which f and g commute.

Remark 1.1 Two weakly compatible mappings having coincidence points are oc-
casionally weakly compatible. The converse is not true, as the example of [4].

Weakly compatible does not imply occasionally weak compatibility as every
f : X — X and id, the identity map of X, are weakly compatible, while f and id
are occasionally weakly compatible if and only if f has a fixed point in X.

Lemma 1.1. (Jungck and Rhoades [9]). Let X be a nonempty set and let f and g two
occasionally weakly compatible self-mappings of X. If f and g have a unique point of
coincidence w = fx = gx, then w is the unique common fixed point of f and g.

In 2000, Sastri and Krishna Murthy [24] introduced the following notion:

A point z € X is said to be tangent to the pair {A, B} of self-mappings of a
metric space (X, d) if there exists a sequence {x,} in X such that lim,_ Ax, =
lim,, 00 Bx;, = z.

The pair pair { A, B} of self-mappings of (X, d) is called tangential if there exists
z € X which is tangent to the pair {A, B}.
Two years later, Aamri and Moutawakil [1] rediscovered this notion and called

it as property (E.A).

Definition 1.3. ([1]) Let A and B be two self mappings of a metric space (X, d). We say
that A and B satisfy property (E.A) if there exists a sequence {xy } in X such that

lim Ax, = lim Bx, =z
n—oo n—o00

for some z € X.
Recently, Liu et al. [13] defined a common property (E.A) as follows:

Definition 1.4. ([13]) Let A, B, S and T be four self mappings of a metric space (X, d).
We say that the pair {A, S} and {B, T} satisfy a common property (E.A) if there exists
two sequences {x,, } and {y, } in X such that

lim Ax, = lim Sx, = lim By, = lim Ty, =z
n—00 n—o0 n—00 n—00

for some z € X.
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Quite recently, Pathak and Shahzad [17] introduced the concept of a weak
tangent point for a pair of mappings and pairwise tangential property for two
pairs of mappings.

Definition 1.5. ([13]) Let A, B, S and T be four self mappings of a metric space (X, d).
A point z € X is said to be weak tangent to the pair {S, T} if there exist two sequences
{xn} and {y, } in X such that

lim Sx, = lim Ty, = z.
n—oo n—oo

We say also that z is a weak tangent point to the pair {S, T'}.
We say that the pair { A, B} is tangential w.r.t. the pair {S, T} if

lim Ax, = lim By, =z,
n—oo n—oo

whenever there exist two sequences {x, } and {y,} in X such that

lim Sx, = lim Ty, =z
n—oo n—o0

for some z € X.

Remark 1.2

1) Every pair of mappings (S, T') which satisfies property (E.A) (or has a tangent
point) also has a weak tangent point to (S, T), but the converse is not true. Hence,
the notion of weak tangent point to the pair (S, T) is weaker than the notion of
property (E.A) of the pair (S, T) (and the notion of tangent point to (S, T)).

2)If A = Band S = T, we say that the mapping A is tangential w.r.t. the mapping
S.

3)If S = Aand T = B, we say that (A, B) is tangential with itself.

4) Obviously, every pair of mappings (S, T) satisfies property (E.A) also has a
point z € X which is tangent to (S, T). (To see this, just take x, = y,, but the
converse need not be true. (See, Example 2.2 in [17]).

5) It may be noticed that if the pair (A, B) is tangential w.r.t. the pair (S, T), then
the pair (S, T) need not be tangential w.r.t. the pair (A, B). (See, Example 2.3 in

[17]).

2 Preliminaries

In [5], Branciari established the following result.

Theorem 2.1. ([5]) Let (X, d) be a complete metric space, ¢ € (0,1) and f : X — X be
a mapping such that forall x,y € X,

d(fx,fy) d(x,y)
/ Y h(t)dtgc/ et (2.1)
0 0

where h : [0,00) — [0, 00) is a Lebesgue measurable mapping which is summable (i.e.,
with finite integral) on each compact subset of [0,00), such that, for every € > 0 we
have foe h(t)dt > 0. Then f has a unique fixed point z € X, such that for each x € X,

limy e f*(x) = z.
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Some fixed point theorems in metric and symmetric spaces for compatible and
weakly compatible mappings satisfying a contractive condition of integral type
are proved in [2], [11], [12], [14], [20] and other papers.

In [17], Gregus type fixed point results for tangential mappings satisfying con-
tractive conditions of integral type are obtained. A main result by [17] is the fol-
lowing.

Theorem 2.2. Let A,B,S and T be mappings from a metric space (X,d) into itself
satisfying

[1—1—04 /0 d(sx'Ty)¢(t)dt} /0 d(Ax'By)cp(t)dt <
d(Ax,Sx) d(By,Ty) d(Ax,Ty) d(Sx,By)
oc[/o <p(t)dt-/0 " o) dt+/0 ’ c,b(t)dt-/o ’ gb(t)dt}
+a/0d(sx'Ty)4>(t) dt + (1 —a) max{/od(Ax'Sx)4>(t)dt, /Od(By'Ty)4>(t)dt,

d(Ax,Sx) 2 d(Ax,Ty) 3
( | <p(t)dt) ( / <p(t)dt) ,
d(Sx,By) % d(Ax,Ty)

([T owa) " ([T o)}, @2

forall x,y € X for which the right-hand side of (2.2) is positive, where 0 < a <1, a >0
and ¢ is as in Theorem 2.1.

If there exists a weak tangent point z € S(X) N T(X) to (S, T) and (A, B) is tan-
gential w.r.t. (S, T), and the pairs (A,S) and (B, T) are weakly compatible, then A, B, S
and T have a unique common fixed point in X.

N—

Definition 2.1. An altering distance is a mapping i : [0, 00) — [0, 00) which satisfies:
(Y1) : ¢ is increasing and continuous.

() : 9(t) = O ifand only if t = 0.

Fixed point theorems involving altering distances have been studied in [10],
[19], [22], [23] and other papers.

Lemma 2.1. The function {(t) := fécp(x) dx, where ¢ is as in Theorem 2.1, is an
altering distance.

Proof. By definitions of ¢ and ¢ it follows that ¢ is increasing and ¢(t) = 0 if and
only if t = 0. From the Lemma 2.5 of [14], ¢ is continuous. [ ]

In [18] a general fixed point theorem for compatible mappings satisfying im-
plicit relations is proved. In [6] the results from [18] are improved relaxing com-
patibility to weak compatibility.

The purpose of this paper is to prove a general fixed point theorem by altering
distances for two owc pairs of mappings and to reduce the study of fixed points
for pairs of mappings satisfying a contractive condition of integral type at the
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study of fixed points in a metric space by altering distances satisfying a new type
of implicit relations generalizing the result of Theorem 2.2.

After the two sections of Introduction and Preliminaries, this paper contains
three other sections. In section three, we introduce a new class of implicit rela-
tions by which we define contractive conditions and give some examples. In the
fourth and fifth sections we present our main results and explain relations with
tixed point for mappings satisfying contractive conditions of integral type.

3 Implicit relations

Let JF; be the set of all real continuous functions F(#y, ..., ts) : R® — R satisfying
the following conditions:

(F1): F(¢,0,0,¢,¢,0) < 0implies t = 0.
(F2): F(t,0,£,0,0,¢) < 0implies t = 0.
(F3): F(t,t,0,0,t,t) = 0, for every t > 0.

Example 3.1.

F(i’l, ey t6) = (1 + Octz)tl — 0((15‘3154 + t5t6) —aty — (1 — LZ) max{tg, ty, \/t3ts, \/t5t6},
wherea > 0and 0 < a < 1.

(F1): F(t,0,0,t,t,0) = at < 0 implies t = 0.
(F,): F(t,0,¢,0,0,t) = at < 0implies t = 0.
(F3): F(t,1,0,0,¢,t) = 0, for every t > 0.

Example 3.2. F(ty,...,ts) = t] —ath — (1 — a) max{t5, £, ¢, (tste)?, (tste) 2},
wherep > 0and 0 <a < 1.

(F1): F(t,0,0,¢,¢,0) = at? < 0 implies t = 0.

(F): F(t,0,¢,0,0,¢) = at? < 0 implies t = 0.

(F3): F(t,t,0,0,¢,t) = 0, for every t > 0.

Example 3.3. F(i’l,. . .,t6) = f] — txmax{tz, t3, i'4} — (1 — [X)(th5 + bt6), where
a,b>0,a+b=1land 0 < a < 1.

(F1): F(t,0,0,¢,£,0) =t(1 —a)(1 —a) < 0implies t = 0.
(F): F(t,0,¢,0,0,¢t) =t(1 —a)(1 —b) < 0implies t = 0.
(F3): F(t,t,0,0,¢,t) = 0, for every t > 0.

Example 3.4. F(t,...,tg) = t; —atp — bmax{ts, t4} — cmax{ty, t5,ts}, where
a,b,c>0,b+c<landa—+c=1.

(F1): F(,0,0,¢,£,0) =t(1 — (b+c¢)) < 0implies t = 0.
(F): F(t,0,t,0,0,¢t) =t(1 — (b+c)) < 0implies t = 0.
(F3): F(t,t,0,0,t,t) = 0, for every t > 0.

ts + t¢

1+ t3 + 14
(F1): F(t,0,0,t,t,0) = t(1 — 1%;) < 0 implies t = 0.

Example 3.5. F(t1,...,tg) =t —atp —b ,wherea,b > 0anda-+2b = 1.



160 M. Akkouchi - V. Popa

(B2): F(t,0,4,0,0,¢) = t(1 — 12) < 0implies t = 0.

(F3): F(t,t,0,0,t,t) = 0, for every t > 0.

Example 3.6. F(t1,...,ts) = t1 —atp — b(ts +t4) — c(t5 + t¢), where a,b,c > 0,
b+c<landa+2c=1.

(F1): F(t,0,0,t,t,0) =t(1 — (b+c)) < 0 implies t = 0.

(Fp): F(t,0,t,0,0,¢t) =t(1 — (b+c)) < 0implies t = 0.

(F3): F(t,t,0,0,¢t,t) = 0, for every t > 0.

Example 3.7. F(t1,...,ts) = t3 —at(ta + t3 + t4) — btste, where a,b > 0 and
a+b=1.

(F1): F(t,0,0,t,t,0) = t>(1 —a) < 0 implies t = 0.
(F): F(t,0,t,0,0,t) = t>(1 — a) < 0 implies t = 0.
(F3): F(t,t,0,0,t,t) = 0, for every t > 0.

Bts + t3te
1+ t3 + t4‘
(F1): F(t,0,0,t,t,0) = t> < 0 implies t = 0.

(F): F(t,0,t,0,0,t) = t3 < 0 implies t = 0.

(F3): F(t,t,0,0,¢t,t) = 0, for every t > 0.

Example 3.8. F(t,...,t6) =5 — 15 —

4 Altering distances and fixed points
Theorem 4.1. Let (X,d) be a metric space and A,B,S,T : (X,d) — (X,d) be map-
pings satisfying the following inequality
F((d(Ax, By)), p(d(Sx, Ty)), (d(Ax, Sx)),
$(d(Ty, By)), (d(Sx, By)), $(d(Ty, Ax)) ) <0, (@&1)

forall x,y € X, where F satisfies property (F3) and  is an altering distance. If there
exist x,y € X such that Ax = Sx and By = Ty, then A and S have a unique point of
coincidence u = Ax = Sx and B and T have a unique point of coincidence v = By = Ty.

Proof. First we prove that Ax = By. Suppose that Ax # Ay. By (4.1) we obtain

F((d(Ax, By)), $(d(Ax, By)),0,0, p(d(Ax, By)), (d(By, Ax))) <0,

a contradiction of (F3). Hence Ax = By = Sx = Ty. Moreover, if there exists
another point z such that Az = Sz := w, with Az # Ax, then by (4.1) we obtain

F((d(Az, By)), (d(Az, By)),0,0,(d(Az, By)), p(d(Az,By)))) <0,

a contradiction of (F3). Therefore u = Ax = Sx is the unique point of coincidence
of A and S. Similarly, v = By = Ty is the unique point of coincidence of B and
T. n
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Theorem 4.2. Let (X, d) be a metric space and A,B,S, T : (X,d) — (X,d) be map-
pings satisfying the following inequality

F((@d(Ax, By)), p(d(Sx, Ty)), (d(Ax, 5x)),
$(d(Ty, By)), $(d(Sx, By)), $(d(Ty, Ax))) <0, (4.1)

forall x,y € X, where F € Fyand  is an altering distance. If there exists a weak tangent
point z € S(X) N T(X) to the pair {S, T} and { A, B} is tangential w.r.t. {S, T}, then
a) A and S have a coincidence point,

b) B and T have a coincidence point.

Moreover, if the pairs {A,S} and {B, T} are owc, then A,B,S and T have a unique
common fixed point.

Proof. Since the point z € S(X) N T(X) is a weak tangent point to (S, T), there
exist sequences {x,} and {y, } in X such that

lim Sx, = lim Ty, = z.
n—oo n—00

Because the pair of mappings (A, B) is tangential w.r.t. the pair (S, T), we have

lim Ax, = lim By, = z.
n—oo n—oo

Again, since z € S(X) N T(X), then z = Su = Tv for some u,v € X. Using (4.1)
we have

F((d(Axn, B0)), (d(Sx, T0)), (d(Sx, Axn),

¥(d(To, Bv)),tp(d(an,Bv)),tp(d(Tv,Axn))) <0.

Letting n tend to infinity, we obtain

F(Lp(d(z, Bv)),0,0,v(d(z, Bv)), p(d(z, Bv)),O)) <0.

By property (F;), it follows that ¢(d(z, Bv)) = 0, which implies that d(z, Bv) =0,
i.e., z = Bv. Hence z = Tv = Bv and v is a coincidence point of B and T.
Further, using (4.1) again, we get

F((d(Au, Bya)), $(@(Su, Tya)), $(d(Su, Au)),

$(d(Tyn, Byn)), $(d(Su, Byw)), $(d(Tys, Au)) ) <0.

Letting n tend to infinity, we obtain

F(Lp(d(Au,z)),O,tp(d(z,Au)),O,O,t/;(d(z,Au))) <o.

By (F,), it follows that ¢(d(z, Au)) = 0 which implies that d(z, Au) = 0, ie.,
z = Au. Thus z = Au = Su and u is a coincidence point of A and S.

Because F satisfies property (F3), by Theorem 4.1, z is the unique point of
coincidence of A and S and z is the unique point of coincidence of B and T.

If the pairs {A,S} and {B, T} are owc then by Lemma 1.1, z is the unique
common fixed point of A, B, S and T. This ends the proof. [ ]
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For i(t) = t, we obtain

Corollary 4.1. Let A,B,S, T : (X,d) — (X,d) be self~mappings of a metric space
satisfying the inequality

F(d(Ax,By),d(Sx,Ty),d(Ax,Sx),d(Ty, By)),d(Sx, By),d(Ty, Ax)) <0, (4.2)

forall x,y € X, where F € F;. If there exists a weak tangent point z € S(X) N T(X) to
the pair {S, T} and { A, B} is tangential w.r.t. {S, T}, then

a) A and S have a coincidence point,

b) B and T have a coincidence point.

Moreover, if the pairs {A,S} and {B, T} are owc, then A,B,S and T have a unique
common fixed point.

Remark 4.1.

1) By Corollary 4.1 and Example 3.1 we obtain a generalization of Corollary
2.8 of [17].

2) By Corollary 4.1 and Example 3.1 for « = 0, we obtain a generalization of
Corollary 2.9 of [17].

5 Altering distances and contractive conditions of integral type

Theorem 5.1. Let (X, d) be a metric space and A,B,S, T : (X,d) — (X, d) be map-
pings satisfying the following inequality

d(Ax,By) d(Sx,Ty) d(Ax,Sx)
F( /0 o(1)dt, /0 o(1)dt, / o(1)dt,

0
d(Ty,By) d(Sx,By) d(Ty,Ax)
L et [ e, [T gvat) <o, G)

forall x,y € X, where F € F; and ¢ is a function as in Theorem 2.1. If there exists a
weak tangent point z € S(X) N T(X) to the pair {S, T} and { A, B} is tangential w.r.t.
{S, T}, then

a) A and S have a coincidence point,

b) B and T have a coincidence point.

Moreover, if the pairs {A,S} and {B, T} are owc, then A,B,S and T have a unique
common fixed point.

Proof. We set (t) := fot ¢(x)dx for all t € [0,00). By Lemma 2.1, i is an altering
distance. The inequality (5.1) may be written in the following form:

F((d(Ax, By)), (d(Sx, Ty)), (d(Sx, Ax)),
$(d(Ty, By)), p(d(Sx, By)), (d(Ty, Ax)) ) <0,

forallx,y € X.
Hence all the conditions of Theorem 4.2 are satisfied and the result of Theorem
5.1 follows from Theorem 4.2. So our theorem is proved. ]
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Remark 5.1.
a)If (t) =1 (forall t € [0, c0)), then we obtain Corollary 4.1.

b) By Theorem 5.1 and Example 3.1, we obtain a generalization of Theorem
2.2.
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