Representation of surfaces in 3-dimensional
lightlike cone

Huili Liu *

Abstract

In this paper we give Weierstrass type representation formulas for space-
like surfaces and maximal spacelike surfaces in 3-dimensional lightlike cone
Q3. Then we discuss some properties and structures of spacelike surface and
its associated surface.

1 Introduction.

In General Relativity, null submanifolds usually appear to be some smooth parts
of the achronal boundaries, for example, event horizons of the Kruskal and Kerr
black holes and the compact Cauchy horizons in Taub-NUT spacetime, and their
properties are manifested in the proofs of several theorems concerning black
holes and singularities. Degenerate submanifolds of Lorentzian manifolds may
be useful to study the intrinsic structure of manifolds with degenerate metric and
to have a better understanding of the relation between the existence of the null
submanifolds and the spacetime metric ([4]).

It is well known that there are three kinds of pseudo Riemannian space forms,
namely, the pseudo Euclidean space [Ej, the pseudo Riemannian sphere S} (c, )
and the pseudo Riemannian hyperbolic space H{ (c, 7). They are nondegenerated
complete pseudo Riemannian hypersurface of pseudo Euclidean space with zero,
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positive, or negative constant sectional curvature, respectively ([13]). However,
for the degenerate hypersurface Qg (c) in ]E;’H, it should be considered also as
the forth kind of pseudo Riemannian space form, or called degenerate pseudo
Riemannian space form. It is meaningful to study the geometry or the geometry
of submanifolds of degenerate pseudo Riemannian space form ([5]-[11]).

The concept of trapped surfaces plays extremely important role in general rel-
ativity and cosmology. It is considered as a cornerstone for the achievement of
the singularity theorems, the analysis of gravitational collapse, the cosmic cen-
sorship hypothesis, the Penrose inequality, etc. ([2], [3]). Prof. B. Y. Chen proved
that the cone surface of Q> is marginally trapped in [E{ if and only if the surface
is flat ([2], Proposition 4.1). From [6] we know that the surface in Q3 is flat if and
only if the surface is maximal ([6], (1.13) and (2.7); or [7]).

In this paper we consider spacelike surfaces and maximal spacelike surfaces
in 3-dimensional lightlike cone Q* C [Ef. Using the complex function theory and
differential equation theory we give the representation formulas for the space-
like surfaces and maximal spacelike surfaces in 3-dimensional lightlike cone Q?.
Mainly, we have
Theorem A. (Representation formula of spacelike surface in Q%) Let x = x(u,v) :
M — Q® C Ef be a spacelike surface in Q> with the isothermal parameter z = u + iv.
Then x(u,v) = (x1,x2, X3, X4) can be written as

’xuuwzpwmwy<> ﬂﬁ},
u,v) = —ip(u,v) z)

X (
x3(u,v) = p(u, v)§ f(z % {@1)
(

| xa(u,0) = p(u,0) 11+ f(2)f(2)

For some holomorphic functzon f(z) and real function p(u,v) = p(z,z)
Theorem B. (Representation formula of maximal spacelike surface in Q3) Let x =
x(u,0) : M — Q3 C Ef be a maximal spacelike surface in Q> with the isothermal
parameter z = u + iv, Then x(u,v) = (x1, X2, X3, X4) can be written as

[ x1(1,0) = p(2)p() {f(2)+ @) |,
x2(1,9) = —ip(2)p(2) {f(2) - FZ) } ,

(1,0) m><m§1—ﬂ>ﬂ@%,
| xa(,0) = p(@)p(E) {1+ F)f(2)

For some holomorphic function f(z) and complex function p(z).
With these representation formulas we discuss some properties and structures of
the spacelike surface and its associated surface.

x1(u,v

(1.2)

x3(u,v

2 Surfaces in lightlike cone Q°.

We follow the notations and conceptions as in [6]. Let M be a connected, oriented
2-dimensional differential manifold and x : M — Q3 C ]E‘l1 be a surface in 3-
dimensional lightlike cone Q% C E? with isothermal parameter {u,v}. In this
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case, the surface x is always spacelike ([6], [7]). The induced metric (simply the
metric) of the surface x(u, v) is given by (cf. [6])

G = (dx,dx) = 2e¥(du? + dv?) = ¢¥(dz ® dz + dz ® dz), 2.1)

where z = u + iv. We use the Cauchy-Riemann operators

S0 _1(a o\ .2 _1(d .0
709z 2\ou ov)’ P 9z 2\ou | ov

and denote x, = d,x = dx/dz. Then we have
(x,x) = (x,x;) = (x,xz) = (x5, x7) = (xz,xz) =0, (x5, xz) =e". (2.2)

From (2.2) we get

w

(X2, X22) = (X7, Xzz) = (xz,Xz22) = (Xz,Xzz) = (X, Xzz) = (X, x2z) =0, 23)
(Xz,X22) = €Wy,  (Xz,Xz2) = wsz, (X, Xzz) = —ev. '

The Laplacian A of the metric G and the Gaussian curvature x of the surface
x(u,v) are given by

0 0
A =2¢%0,0; = Ze_wEE, K= —e “W,s. (2.4)
We define , ,
y=vy(u,v) = —EAx - §<Ax, Ax)x. (2.5)

Then we have

(vy)=0, (xy)=1 (yxz)=(yxz)=0.
We know that the vector fields {x, Y, (Zew)_l/ 2%, (Zew)_l/ va} form an asymp-

totic orthonormal frame on [} along the surface x(u,v). For the surface x(u,v),
we have the following structure equations

Xzz = WzX; + QX,
Xzz = Ax —evy, (2.6)
Y= —Ae”Yx; — e Vxs.

The integrability conditions of x(u, v) are

A= —%ewx,
) (2.7)
Pz = — 5"k
From (2.6) and (2.7) we have
1
_ —w _ __
{ H=Ae™% = 2K, 2.8)
Ax=2H —2y.
Here 1
H = E(Ax,y)

is the mean curvature of the cone surface x(u,v). The surface x(u,v) is called
maximal (or traditionally, minimal or extremal) in Q3 if and only if H = 0 ([6],

[7]).
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3 Weierstrass type formula of surfaces in Q°.

Let x : M — Q% C Ef be a spacelike surface in Q? with the isothermal parameter
{u, v}, or z = u + iv. Putting x = (x1, x2, x3, X4) we have

X2+ x5+ x5 — x5 =0.

2

Then from x7 — (ixy)?

= —(x§ — x7) we get

X1 +ixa  X3— Xy x1+ixa X3+ Xxg

—, or —. (3.1)
X3 + X4 X1 — 1Xp X3 — X4 X1 — 1Xp
Without loss of generality we may assume that
X1 +ixp X3 —X4 _
x3+xg X —ixp f(z2), (32)
x1+ix2:_x3+x4 _ 1 (33)
X3 — Xy X1 — Xy ¢(z,z)’ '
and
X3+ x4 = 20(z,2). (34)
Then from (3.2), (3.3) and (3.4) we get
x1 +ixo = 2pf,
x1 — ixg = 208,
X3+ x4 = 2p, (3:5)
X3 — x4 = —20fg.
Therefore we obtain
x1=p(f (J} 8), |
2= 8 3.6
x3=p(1 - fg), 56
xy=p(1+fg).

That is, the surface x : M — Q3 C IE‘l" can be written as

x = x(1,0) = x(2,2) = (31, %2, %3,34) = p(f + & —i(f — g), 1~ fg, 1+ fg). (3.7)

From (3.7) we have

Y= p0:(f + & —i(f &)1 f&, 1+ fe)+

o(fz + 8z —i(fz — 82), — f28 — f82 f28 + f8z),
Xz =pz(f +8 —i(f —g) 1 - f& 1+ fg)+

o(fz + 8z, —i(fz — 82), —f28 — f82 f28 + f82),

and then

(xz,xz) = 4p° f282, (3.8)

{ (xz,xz) = 4p2fzgz,
(xz, xz) = 20%(f28z + f282)-
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Since {u, v} is the isothermal parameter of the surface x(u, v), from (2.1) we get

<xz/ xz> = 4,02fzgz =0,
(xz,x5) = 4p fz3: = 0, (3.9)
(xz,xz) = 2p2(fzgz + fz82) = €

Without loss of generality we assume that

fz=0,
{ 2= 0. (3.10)
That means
f=f(2),
§=g(2), (3.11)
eV = 2p2fzgz
From (3.2) and (3.3) we get
flz)=¢g(2), g2 =f(2). (3.12)

Theorem 3.1. Let x = x(u,v) : M — Q% C E7 be a spacelike surface in Q3 with the
isothermal parameter z = u + iv. Then x(u,v) = (x1, X2, X3, X4) can be written as

;

x1(1,9) = p(u,0) {f(2) + f) |,
xa(u,0) = —ip(u,0) { f(2) = F@) },
(1,0) = p(, )il—f()f(z)%,
(,0) =

p(u,v)

(3.13)
x3(u,v

x4(u,v

1+ f(2)f(2)

\

For some holomorphic function f(z) and real function p(u,v) = p(z,z). The metric of
x(u,v) is given by

G(u,v) = <2p2fzﬁ) (dz®@dz+dz®dz).

The Gaussian curvature of x(u,v) is given by

k(u,0) = —2(20%fof2) t(logp).z = —A(log p). (3.14)
Proof. From (3.6)-(3.11) and the expressions (2.1) and (2.4) of the metric and Gaus-
sian curvature. n

Definition 1. The holomorphic function f(z) and real function p(u,v) = p(z,z) are
called structure functions of the spacelike surface x = x(u,v) : M — Q> C E}. The
function p(u,v) is called conformal factor of x(u,v) and the holomorphic function f(z)
is called harmonic factor of x(u, v).
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Theorem 3.2. Let x = x(u,v) : M — Q% C E{ be a maximal spacelike surface in Q3
with the isothermal parameter z = u + iv, Then x(u,v) = (x1, X2, X3, X4) can be written

as
[ x1(1,0) = p(2)p() {f(2) + @)},
xa(,0) = —ip(2)p(2) { f(z) — &)}, 615
x3(1,0) = p(2)p(2) {1~ f(2)f(2)
| x(1,0) = p(2)02) El +f(2)f(2)%

For some holomorphic function f(z) and complex function p(z).

Proof. For the maximal spacelike surface x(u, v), the mean curvature H vanishes
identity. From (2.8) we know that the surface is flat. Using (2.4) and (3.11) we
have

0=x=—¢ “wy;z=—" [log(zpzfzﬁ)] e —2¢"“(log )=z

Therefore p(z,z) can be written as p(z,2) = p1(z)p2(2) and p1(z) = p2(2). Then
the surface can be given by (3.15). m

Remark 1. From Theorem 3.2, using a holomorphic function f(z) and any complex
function p(z), we can easy get the maximal spacelike surface in Q® with formula
(3.15).

4 Structures of spacelike surface and associated surface.

In this section, we consider the properties and structures of the spacelike surfaces
and their associated surfaces in Q3.

Definition 2. For the spacelike surface x : M — Q3 C 3, define

1 Ax, Ax)x. 4.1)

F(u,v) =y(u,v) = —%Ax - 8<

Then %(u,v) is also a surface in Q3 and called the associated surface or duality of the
spacelike surface x(u, v).

We define

® = (pdzz, ¢ = (Xzz,Y), (4.2)
A = Adzdz, A= (Xzz,Y). (4.3)

It is easy to verify that & and A are independent of the choice of the parameters
and asymptotic orthonormal frames. Therefore they are globally defined.

Define the components #;; of the second fundamental form II of the spacelike
surface x(u,v) by

=Y hjdu'du = Y (i, y)dudu) = Y (x, y)dutdd,
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1

where u = u',v = u?. Then by a direct calculation we have

1 )
¢ = e (h1 — hyp — 2ihyy),
A= Eew(hll —+ hzz).

(4.4)

Proposition 4.1. Let x : M — Q% C EJ be a spacelike surface in Q3. The associated
surface (or duality) of the surface x(u,v) is nondegenerated if and only if the second
fundamental form of x(u,v) is nondegenerated.

Proof. From (2.6) we have

Gy = (dy,dy) = (yz,y=)dz* +2{yz,yz)dzdz + (yz,yz)dz* (4.5)
2A@e“dz? +2(A? + |@|?)e”Udzdz + 2Age~Udz?

= 2e¢ “(Adz + ¢dz)(edz + Adz2)

= 2¢7(pdz + Ad2)(@dz + Adz).

Then together with (4.4) we get

Gyl = —(2Ape™™)(2Age™) + {(A* + [p[*)e™"}> (4.6)
= (A2 - [p])?
e‘zw (h11h22 — h%z)z.

Therefore, we know that G, is nondegenerated if and only if the second funda-
mental form II of x(u, v) is nondegenerated. ]

In the following, we denote f, = f’ and g = ¢’ since (3.10). From (3.7) we
have

Xz = paz(f+g —i(f —8),1—fg, 1+ fg) +p:8'(Li,—f, f) (4.7)
+ozf (1, —i,~g,8) +pf'g'(0,0,—1,1)
= p Ypzx+p:8' (Li,—f, f) +pzf'(1,—i,—g,8) + pf'¢'(0,0,—1,1)

and

Ax = 2e Vi =p  (Bp)x (4.8)
+2e7 {p:8"(1,i,—f, f) + pf' (1, —i, -8, &) + pf'§'(0,0,-1, 1)} .

Then

(Ax,Ax) = 16e72f'¢" (0,02 — ppzz) = —16e 2 f'¢' 0 (log p)22
= —8¢ “f'g'p*Alog p) = —4A(log p).
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Therefore

1 1 1 1
y(u,v) = _EAX - §<Ax,Ax>x = _EAX + EA(logp)x 4.9)

= %{A(logp)—p‘lAp}x
—e {08 (Li,—f, f) +pzf (1, —i,—8,8) +p0f'8'(0,0,—1,1)}
= - {P_ZPszx + 028" (Li,~f, f) +pf (1, i, g, 8)+
pf’g’(O,O,—Ll)}
= pl {p 202021718 f,( —f, )+ ( —i,—g, &)+
maa—Lny

Then we get the following conclusion.

Proposition 4.2. For any non constant holomorphic function f(z), and real function
p(u,v) # 0, putting g(z) = f(z), the surface

x(u,0) =p(f+g —i(f—g),1—fg 1+ fg) (4.10)

is a spacelike surface in Q> and (u,v) is the isothermal parameter of x(u,v). Further-
more, the associate surface or duality y = y(u,v) of x(u,v) is given by

v= 5o { (BE5 ) v+ G0+ 201 —g. )+ 000,11}

(4.11)
and putting y(u,v) = (y1, Y2, Y3, ya) we have
( _ T PzPz Pg
v 2P3f ' <f Pz Pz )
Pzpz P_f’ P’
(4.12)
—020z g’ _psf 2f’g’>
1w,0) = 1- ,
ys(t:0) = o5y < f8 - o pap:
_ _Paps ofg . esf |, pf'¢
\ydmw—zﬁﬁg<-ﬁk+ .

Pz Oz PZPZ

Theorem 4.1. Let x = x(u v) : M — Q% C Ef be a spacelike surface in Q3 with
the isothermal parameter z = u + iv and the structure functions {f(z),p(u,v)} and
y = y(1,9) : M — Q3® C E] be the associate surface (or dualzty) of x(u v) with the
isothermal parameter T = il + i9 and the structure functions { f(t), (i1,%)}. Then we
have

dt = @dz + Adz or dt = @dz + Adz (4.13)
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and

(.o of o (log f)’
f=r+ Oz f+(1089)z f<1+(1089)2),
s . P8 g _ (log g)’
§=8&+ o: ¢ - (logp): ¢ (1 * (logp)z) ' ®.14)
5o —Peps —(logp):(logp): _ —(logp).(logp):

\ 203f'¢’ 20f'¢’ 2pfg(log f) (logg)"”’

200(f = f)(§—g) =1 (4.15)

Where g(z) = ]@and §(7) = f(1).

Proof. From (4.5) and (7, 9) is the isothermal parameter of y we get (4.13). By (3.5)
and (4.12) we obtain (4.14). From (4.14) we have (4.15). |

Corollary 4.2. Let x = x(u,v) : M — Q® C E7 be a maximal spacelike surface in Q3
with the isothermal parameter {u,v}. Then {u, v} is also the isothermal parameter of the
associate surface (or duality) y(u,v) of x(u,v).

Proof. For the maximal spacelike surface x(u,v), from (2.7) we have A = 0. Then
from (4.13) we know that {u, v} is also the isothermal parameter of y(u, v). n

Theorem 4.3. The associate surface (or duality) y(u,v) of a spacelike surface x =
x(u,0) : M — Q3> C Ef is maximal if and only if the spacelike surface x(u,v) is
maximal.

Proof. From (2.4), (2.8), (3.14), (4.14) and Corollary 4.2, by a direct calculation we
can get the conclusion of this theorem. m

Proposition 4.3. Let x = x(u,v) : M — Q3 C E be a spacelike surface in Q3 with
the isothermal parameter z = u + iv. Then x(u,v) = (x1, X2, X3, X4) can be written as

x1Eu,v; :f(z() zr)f z),( 5

X2(U, 0 :—ifZ —fz ,

x3(u,0) =1— f(2)f(2), (4.16)
xs(u,0) = 1+ f(2)f(2)

for some holomorphic function f(z), that is, the function p(u, v) is constant in (4.10), if
and only if the spacelike surface x(u,v) is totally geodesic in Q.

Proof. From (4.2), (4.3), (3.7) and (4.9) we have

0 10— 20707 —p oo f'
log p)zz — {(log ). }* — (log p).f"~ 1",
1—1 1 (4.17)

(xz2,y) = (log p)zz — {(log p)z}* — (log p)z¢'~'g",
(xz2,y) = 3¢"Alogp = p*f'g'Alog p.

¢ = (xXzz,Y)

>
I
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If p(u,v) is constant, by (4.17) we get ¢ = A = 0. Then from (4.4) we know
that x(u,v) is totally geodesic in Q3. Conversely, if A = 0 we have (logp).: =
pPzz — Pzpz = 0. And ¢ = 0 yields

{ 9= (logp)zz — }(logp)zf ~(los0)f T f =0 (4.18)

¢= (logp)zz — {(logp)z}* — (logp)z¢''¢g" = 0.

Solving this partial differential equations, we omit the tediously process, and get
the solutions p, = pz; =0 or

u,v) = —
P0) = Fs®
Where ¢(z) = f(z). u
From (4.13) we may take
0T ot .
dt = pdz + Adz = a—dz—i— E)zd .
Then we have
oT oT
5 = 5 = A. (4.19)
Since
9 oty ara
dz 0zdT 0z0T
we get
0 0 0
2 _ 2% - _ -9 il
(A= [olP) 5= —p5-+ A5,
(4.20)
0 E) 0
2 _ 122 _
W= lof)az =25 ~ 93z
Therefore
A = 2779707 = Ze_waaT aar (4.21)
2e"® _0 0 0 0
- (w - |¢!2)2) (‘%z oz ) (Aaz “”5) :
where
e = 2fy = oY of 03 (4.22)

0T 0T

(@) B0 o)
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and A, ¢ are given by (4.17). The Gaussian curvature of the associated surface
y(u,v) of spacelike surface x(u, v) is given by

R(u,v) = (logp) (4.23)

) (+£02) 02 -o2)((28)
(i) (050020 (or(32)

) (2) 22

A AINE )
-
-
(
-

_ 7
20~ A2|;;||2¢| )) ( ) (log (pzpz))
(e /\2|;||2§0| ) ( ) (log (p))
- M _’; )(903222 "’azz) <log (2;§;€§'))
20 A2|;!;0| ) (552 ) (o8 60
(),

Proposition 4.4. The Gaussian curvatures k and & of spacelike surface x = x(u,v) :
M — Q3 C Ef with structure functions {f, g, p} and its associate surface (or duality)

]/(u/ v) Satis.fy
5.9 o? —PzPz
|f/)|2 ) (q)@ ! go@) (10% (2p3f’g’)) 429

= (o
( e 9 /\2|—(;||2§0| )) (822292) (log (p2pz))
-

6e™ w Zf/ //\2+|§0| ))K
— lo[?)?

A

Where A, ¢ are given by (4.17) and e® is given by (4.22).

Remark 2. With this relation between x to & we can also easy get the conclusion of
Theorem 4.3.

Remark 3. Using Theorem 3.1 and Theorem 3.2 we can easily get the examples
of spacelike surfaces and maximal spacelike surfaces in 3-dimensional lightlike
cone Q3 C IE‘l".
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