A Hasse diagram for rational toral ranks

Toshihiro Yamaguchi

Abstract

Let X be a simply connected CW complex with finite rational cohomol-
ogy. For the finite quotient set of rationalized orbit spaces of X obtained by
almost free toral actions, 7p(X) = {[Yi]}, induced by an equivalence relation
based on rational toral ranks, we order as [Y;] < [Y;] if there is a rationalized
Borel fibration Y; — Y; — B T6 for some n > 0. It presents a variation of al-
most free toral actions on X. We consider about the Hasse diagram #(X) of
the poset 7y(X), which makes a based graph GH (X), with some examples.
Finally we will try to regard GH (X) as the 1-skeleton of a finite CW complex
T (X) with base point Xgq.

1 Introduction

Let r9(X) be the rational toral rank of a simply connected CW complex X of
dim H*(X; Q) < o9, i.e., the largest integer r such that an r-torus T" = Slx ... x
S!(r-factors) can act continuously on a CW-complex Y in the rational homotopy
type of X with all its isotropy subgroups finite (almost free action) [2], [4], [6].
Recall that the rationalized Borel space of almost free toral action (ET" x?n Y)o
is homotopy equivalent to the rationalization of the orbit space of Y obtained by
the action u. In a work of V.Puppe (for example see [8]), we can see a Hasse di-
agram of the cohomology algebras of the fixed point sets of circle actions on X,
which are correspond to the rationalized Borel spaces, from a point of view of a
deformation. We are interested in a rational variation of Borel spaces of toral ac-
tions with no-fixed point and the aim of this note is giving a framework for such
an approach based on rational toral ranks.
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Due to the rational homotopy theory of D.Sullivan, rationalized fibrations are
equivalent to Koszul-Sullivan(KS) extensions. Remark that, when we give cer-
tain KS-extensions of the Sullivan minimal model M(X) of X [3], the existences
of the free toral actions on complexes in the rational homotopy type of X, whose
Borel fibrations induce the KS-extensions, are rationally guaranteed by a result of
S.Halperin [6, Proposition 4.2] (see Proposition 2.1 below). We denote the homo-
topy set of rationalized Borel spaces of almost free toral actions y on complexes
X, in the rational homotopy type of X, which are given by certain KS-extensions

(see §2), by X = H;OZ(%() X, where X, = {(ET" x4, X,)q} for n > 0 and
Xy := {Xq}. For two elements Y; := (ET" x/, X1)g and Ys := (ET" x}2 X3)q
of X for m < n, we denote Y; < Y; if there is a rationalized Borel fibration
Y1 — Y, = BT5 ", which satisfies the homotopy commutative diagram

Xo=—— Xo
Yy Yy BTS ™

| e |

BT "Q BT BTG ™.

Here we put Y7 := Xq if m = 0. Then (X, <) is a strict partially ordered set
(poset).

Definition 1.1. We give an equivalence relation of X by Y1 ~ Y, when Y1,Y, € &),
for some n and ro(Y1) = ro(Y2). For the quotient set To(X) := X/~ = {P;};, we put
P; < P; if there are elements Y;,Y; € X such that [Y;] = P;, [Yj] = Pjand Y; < Yj or if
there is an element Py € To(X) with P; < P and P, < P;.

Notice that even if T acts almost freely on X and ry(X) = n(> m), then
there does not always exist an almost free action of 7"~ on a complex in the
rational homotopy type of the Borel space ET" x = X. For example, when X =
S3 x S x §7, we obtain ry(X) = 3 by standard T3-action (sq, s, 53) - (21,22,23) =
(s1z1,8222,5323). But there exists a free S'-action u : S! x Y — Y for a finite
complex Y with Yo ~ Xq and ro(ES! le Y) = 0. Itis also rationally given as the

total space of a non-trivial fibration with fiber CP? and base S® x S3. See Example
3.5 below for detail. Thus we stand on our starting point.

Claim 1.2. The poset To(X) = ({P;}i, <) is not totally ordered in general.

The poset 7p(X) makes a Hasse diagram of the sets {P;};. We denote it as
H(X). Itis not a numerical but is a graphical (rational) homotopy invariant of
spaces. Here we can put i < jif B, < Pjand fix By = [Xg|, i =
[(ES! X1 Y)q] with ro(ES! X1 Y) = ro(X) =1, -+, Py (x) = [(ETX) x )
Y)q] with ro(ET™(X) X rro(x) Y) = 0 for a complex Y in the rational homotopy
of X. The subset {Py, .., P, (x)} always exists by the restrictions to i (X)(Tm) =

{(s1,-,5m,1,..,1)[s; € Sl} of an almost free T"0(X)-actionon Y form = 1, .., ro(X).
We observe from the above definition
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Lemma 1.3. (1) For Y € X, ro(Y) = n ifand only if n = max{k | [Y] = P, < P, <
- < Py, ro(P;, ) = 0}. Then the path of length n, P, — P, — --- — P, is unique in

the graph. In partzcular ifY = Xq, Py =Py, By = Pjforj=1,..,n

(2)ForY € X,Y € X, ifand only if n = max{k | Po <P, <---< P, =[Y]}. Then

n =d(Py, [Y]), the distance between Py and [Y] in the graph.

Our Hasse diagrams are restricted to certain forms. Of course, 7p(X) is a finite
set. Especially, when rg(X) =n,n < {Tp(X) < (n+(n—-1)+---+24+1)+1=
(n?+n)/2+10 < t Xy/~ < n—m+1form < n). In particular, §75(X) =
ro(X) + 1 if and only if 7o(X) is totally ordered. For example, if ro(X) = 3 and
ro(X") = 4 for some spaces X and X', 4 < §7y(X) < 7and 5 < §79(X’) < 11 and
H(X) and H(X') are certain sub-diagrams (see Remark 3.7 below) of the Hasse
diagrams:

and Py

Py
, respectively. If there exist such spaces, ro(Py) = 3, ro(P1) = 2, ro(P2) = ro(Py) =
1, To(Pg,) = VQ(P5) = To(P6) = 0 in the left hand and To(P()) = 4, To(Pl) = 3,

Vo(Pz) = To(P5) =2, 1”0(P3) = To(P(,) = 1”0(P8) =1, To(P4) = 1”0(P7) = To(Pg =
ro(P1o) = 0 in the right hand. Here ro(P;) means ro(Y) for some space Y with
P; = [Y].

We can describe a point P; = [Y] of Ty(X) by the double index (lattice point)

di.(P;) :=(s,t) ; s+t <ry(X)

when
Ye i and ro(Y)=ro(X) —s—t

by Definition 1.1. If P; # P; in To(X), d.i.(P;) # d.i.(P;). For example, in the
above right diagram of ro(X) = 4, we see d.i.(Py) = (0,0), d.i.(P;) = (0,1),
di.(P,) = (0,2), d.i.(P3) = (0,3), d.i.(Py) = (0,4), d.i.(P5) = (1,1), d.i.(Ps) =
(1,2),d.i.(P;) = (1,3), di.(Ps) = (2,1), d.i.(Py) = (2,2) and d.i.(Pyp) = (3,1).
In general, when ro(X) > 1, if there is a circle action on X that represents P with
d.i.(P) = (ro(X) —1,1), thenitisa “bad” action in a meaning since the orbit space
permits no almost free circle action.
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Claim 1.4. (1) If P; < P; for d.i.(P;) = (s,t) and d.i.(P;) = (s',t), then s < s’ and
t<t.

(2) If there is a point P; with d.i.(P;) = (s, t), then there are points {P;} with double
indexes (s, t+1),..,(s,79(X) — s), too.

Notice that a Hasse diagram H can be seen as a connected, finite, non-directed,
simple graph G’H with base point corresponding to the minimal element in gen-
eral. We say a graph with a base point as a based graph in this paper. Define
¢ : To(X) = Z>o X Z>o by ¢(P) := d.i.(P) and extend ¢ : GH(X) — R x R>g
by ¢(P;P;) = d.i.(P;) — d.i.(P;), the line segment with extremal points d.i.(P;) and
d.i.(P;). Then there is a commutative diagram

76(X) —¢>ZZO X ZZO

o |

GH(X) —¢>IR20 X ]Rzo.

Note that ¢ is injective, that is, ¢ gives the realization of H(X) into R>¢ X
R>0 induced by the above double indexes. We see H(X) = H(Y) if and only
if pGH(X) = ¢GH(Y). On the other hand, we can reconstruct ¢GH (X) from
GH(X) graphically (see §4). Thus

Theorem 1.5. For some spaces X and Y, H(X) = H(Y) if and only if GH(X) and
GH(Y) are isomorphic as based graphs.

There do not exist the following Hasse diagrams in our ones:

LA X
VL

A B C D E

represents the totally ordered Hasse diagram of a space with rational toral rank 4
if we choose the base point as A or E. Also it represents (2) of Example 3.5 if we
choose the base point as B or D. But if we choose the base point as C, the graph
corresponds to non of our Hasse diagrams. Also the graph

F—G
B

C D E

A

represents our Hasse diagrams (a) or (b) below if we choose the base point as A
or B, respectively.
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(a) E () (c) E

D G E D
c/i D G C A
VA VA BN
B G B
L

A B F

If we choose the base point as F, the Hasse diagram is given as (c), which is not
ours since the points G and B must be a same one from Definition 1.1. Also we
can check that the other points are not impossible to be realized as the minimal
elements of our Hasse diagrams (the base point of GH). Note that the author does
not know whether or not exists a space (rational model) X with #(X) = (a). The
following question is essential.

Question 1.6. Find an example of two spaces (rational models) X and Y such that
¢To(X) = ¢To(Y) in Zo x Z>o but H(X) # H(Y).

Remark 1.7. Our definition of (X / ~, >) in Definition 1.1 may be rough. But if we do
not take the quotient, the poset (X, >) seems very complicated. For example, even when
X = S® x S3, the Hasse diagram is

(82 x $)q
(8% x $)g
(it seems as a broom) where H*(S? x $;Q) = Q[t1]/(#]) ® A(v) with |v| = 3 and

Qlty, to]

4. € *1 o O)* *2,
(t%—l—aitz,tltz)’ €Q}=0Q7/Q

{Pi}i ={H(P;Q)}; ={

which is an infinite set (Q* = Q — 0 is the unite group of Q). Note that Diu = t2,
D1v = 0, Dyu = t2 4 a;t5 and Dyv = tit, for M(X) = (A(u,v),0) (see §2).

Remark1.8. ForY € X, To(Y) = {P; € To(X) | [Y] = P;or [Y] < P;} as ordered sets.
Thus H(Y) is a sub-Hasse diagram of H(X). Also for two spaces X and X', GH (X x
X') D GH(X) vV GH(X') as a subgraph with vertexes { P; }; and edges { P;P;} = {P; <
P;| thereis no Py with P; < Py < Pj};;. Here the right hand is the one point union
GH(X)LIGH(X")/ ~ where P, xy ~ Py for To(X) = {P;}; and To(X') = {P/};.
It is a grafting of one on the other. By using a Sullivan model, S.Halperin indicates that
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rational toral rank does not preserve the product formula ro(X x X') = ro(X) + ro(X’)
in general [7]([4, Ex.7.19]). Thus this embedding may be complicated in general (see
Example 3.9 below).

Acknowledgement. The author would like to thank Katsuhiko Kuribayashi,
Shizuo Kaji and the referee for their valuable suggestions and is grateful to Yves
Félix for his encouragement.

2 A Halperin’s result

Let X be a simply connected CW complex of finite type and the Sullivan minimal
model M(X) = (AV,d). Itis a free Q-commutative differential graded algebra
with a Q-graded vector space V = @;>, V! where dim V' < o0 and a decompos-
able differential; i..e., d(V') C (A*V-ATV)*land dod = 0. Here ATV is the
ideal of AV generated by elements of positive degree. Denote the degree of a
homogeneous element x of a graded algebra as |x|. Then xy = (—1)*!¥lyx and
d(xy) = d(x)y + (—=1)/*lxd(y). Note that M(X) determines the rational homo-
topy type of X, Xq. In particular, H*(AV,d) = H*(X; Q). Refer [3] for detail.
If an r-torus T" actson X by p : T" x X — X, there is the Borel fibration

X — ET" x}, X — BT,

where ET" x}, X is the orbit space of the action g(e, x) = (eg~?!, gx) on the prod-
uct ET” x X. Itis rationally given by the KS extension (model)

(Qlt1,.-.,t],0) = (Q[ty,...,y]| ®AV,D) — (AV,d) (x)

where with |t;| = 2fori = 1,...,r, Dt; = 0 and Dv = dv modulo the ideal
(t1,...,t,) forv e V.

Proposition 2.1. [6, Proposition 4.2] Suppose that X is a simply connected CW-complex
with dim H*(X; Q) < oco. Put M(X) = (AV,d). Then ro(X) > r if and only if there
is a KS extension (x) satisfying dim H*(Q[ty, ..., 1| ® AV,D) < co. Moreover, if
ro(X) > r, then T acts freely on a finite complex Y that has the same rational homotopy
type as X and M(ET" x1+Y) = (Qlt, ..., ]| ® AV, D).

Thus we can put
Xy ={(Q[t1,...,ts) ® AV, D) | dim H*(Q[t1,...,ts) ® AV,D) < 00} /=~

for M(X) = (AV,d). The KS extension of the fibration Y1 — Yo — BT " in §1
is given by the homotopy commutative diagram

(AV,d) (AV,d)

T !

(Q[tm—HI . tn],O) — (Q[i’l, . tn] QR AV, Dz) — (Q[i’l, oy i’m] X AV, Dl)

T T

(Q[tl,.., tn]ro) (Q[tl,.., tm]lo)

(Qltm+1, -], 0)
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for M(BTn_m) = (Q[tm_|_1, . tn], 0), M(Yl) = (Q[tl, y tm] QRAV, Dl) and M(Yz) =
(Q[t1, .., tn] ® AV, D;). Then we simply write [D;] < [D3].

Even if ro(X) > i and dim H*(Q[ty,...,t_1] ® AV,D) < oo, we may not be
able to construct the KS extension

(Q[t],0) — (Q[t1,..., ] ® AV, D"y — (Qlty,...,ti_1] ® AV, D)

satisfying dim H*(Q[t1, ..., ;] ® AV,D’) < oo in general (see Claim 1.2).

3 Examples of ry(X) < 4

Refer the arguments of [4, 7.3.2] or [7] for the computations of toral ranks with
minimal models. We put M(X) = (AV,d). A manner to draw ¢GH (X) often is
the following steps.

i) Estimate ro(X) by Proposition 2.1.

ii) Dot V = {(S,i') € Z>p X Zzo|s >0,t>0,5s+t< i’o(X)}.

iii) Check whether or not a point ‘P’ exists so that d.i.(P) = (s,79(X) —s) € V
fors = 1,.,r9(X) — 1. If exists (then we say it a bud), next check the below - - -.
See Claim 1.4 (2).

iv) Check whether or not an edge ‘<’ exists between P and P’ with d.i.(P) =
(s,t) and d.i.(P") = (s/,t + 1) for s < §’. See Claim 1.4 (1). In particular, the trunk
Py— Py — -+ — Py (x) always exists.

Example 3.1. When X = S$¥"*1 x §2"+1 the Hasse diagram of Ty(X) is totally
ordered as (1) for any m and n. Next put M(X) = (A(v1,v2,v3,v4),d) with
dUl = dUz = dU4 =0, dU3 = 0102 and ’7)1| = |Uz’ = 3, ’?)3| =5, ’U4| =09. It
is given by the total space of a non-trivial fibration S°> — X — S3 x S% x S°. Then
H(X) is given as (2):

P P P;

P, P,

where P; = [(Q[t] ® AV,D)] with Dv; = Dv, = Doy = 0 Dvs = vyvp + £3,
P, = [(Q[i’l,tz] ®AV,D)] with Dvy = Dvy, = 0 Dvs = Uﬂ)z—l—t?, Dvy = tg,
P; = [(Q[t] ® AV, D)] with Dv; = Dv, = 0, Dvs = v1v,, Dvy = v103t + t°. Note
that dim H*(QJt, '] ® AV,D’) = oo for any KS extension (Q[t, '] ® AV,D’) of it.

In general, 7 (X) is given as only (1) or (2) if ro(X) = 2. Next we will consider
the cases of rp(X) > 2.
A minimal model (AV,d) is said to be pure if dV°*" = 0 and AV C AV,
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Lemma 3.2. For m < n, if M(Y) = (A(u1, .., Um,v1,..,0n),d) with |u;| even and
|v1| = - -+ = |vy| 0dd is a pure model, then ro(Y) = n — m.

Proof. From [1, Theorem 1], ro(Y) < n —m. From [5, Lemma 8], there is a
sub-basis v}, .., v}, of Q(v1,..,v,) such that dv], .., dv}, is a regular sequence, i.e.,
dim H*(A(uy, .., um, v}, .., v),),d) < oo. Then there is a sub-basis v; , .., v;, , with
Q(viy, - vi, ) ®Q(vY,..,vy,) = Q(vy,..,v4). Forj = 1,.,n—m, put Dvij =
dvj; + t;lj with a; = (|v;| +1)/2. Then [t;lj] € Qluy, .., uy]/(dv}, .., dvy,) and es-
pecially dim H*(Q[t;,, .., t;, ,.] ® A(u1, .., um, v1,..,0n), D) < 00. From Proposition
21,79(Y) > n—m. ]

Theorem 3.3. If X has the rational homotopy type of product of odd spheres with same
dimensions, Xq =~ (S¥ x - -+ x SK)q for some k > 1, then To(X) is totally ordered.

Proof. Put ry(X) = n. Suppose A = (Qlty, .., tn—s] ® A(v1,..,v,), D) satisfies
dim H*(A) < oco. It is easy to check that A is pure. From the above lemma,
ro(A) = s. Thus there is no point P in H(X) such that d.i.(P) = (s,n —s) for
s > 0. We have done from Claim 1.4 (2). [ |

Theorem 3.4. Suppose that 1 < n1 < np < nz < ny are odd.

(1) For X = S™ x S§"2 x S"3, there exists an element P in To(X) with d.i.(P) =
(2,1) ifand only if ny + ny < ns.

(2) For X = S™ x §" x §" x S§™, there exists an element P in To(X) with
d.i.(P) = (3,1) ifand only if ny + ny < nz and nq + nz < ny.

Proof. (1) Put M(X) = (A(v1,v2,v3),0) with |v;|] = n;. Then Dv; = Dov, = 0,
Duj = vyvpt(m3—m—m2+1)/2 o 4(m3+1)/2 if and only if d.i.([D]) = (2,1).

(2) Put M(X) = (A(v1,v2,v3,04),0). Then there is a differential D with Dvs =
010yt (=M =1241)/2 and Doy = vyoata—m—1a+1)/2 4 t(14+1)/2 if and only if there
exists abud P of d.i.(P) = (3,1). u

Example 3.5. Let X be the product of three odd-spheres. Then ry(X) = 3. From
Theorem 3.3, 7o(S® x S3 x S3) is given by the 4-points { Py, Py, P, P;} which is to-
tally ordered as (1). But 7g(S® x S® x S7) is given by the 5-points { Py, Py, P5, P3, P4}
which is partially ordered as (2):

(1) P (2) P
P, )
Py P / Py

Py Py

where P; = [(82 x §3 x §)gl(= [(S® x S® x CP%)q]), P, = [(S? x §? x §7)q]
(= [(S? x S® x CP%)g]) and P5 = [(S* x S? x CP%)q]. Here Py = [Yg] is given
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by M(Y) = (Q[t] ® A(x,y,z),D) with Dx = Dy = 0 and Dz = xyt + t* for
M(X) = (A(x,y,2),0) of |x| = |y| =3 and |z| = 7. Then H*(Y;Q) = A(x,y) ®
Q[t]/ (xyt + t*), which is finite dimensional. Note ro(Y) = 0 from Proposition
2.1. Indeed, suppose that there is a KS extension

(Q[t2],0) = (Q[t1, t2] ® A(x,y,2z),D") — (Q[t1] ® A(x,y,2), D) = M(Y).

We have D' o D’ # 0 for any non-trivial differential D'x = f(t1,t;) and D'y =
g(t1,t2) in Qlt1, t2). Alsoif D'x = D'y = 0 and D'z = xyty + t} + axyts + Lajitith
(a,a;; € Q), then dim H*(Q[t1, 2] ® A(x,y,z),D’) = oo for any a, a;;. Thus
di(Py)=(22-0-1)=(2,1).

Notice that there is not a point of (1,2) from [7, Lemma 2.12].

Thus the set 7p(X) is more sensitive than the number r(X) about degrees of
the rational homotopy group of X.

Example 3.6. Put M(X) = (A(v1,v2,v3,04,05),d) with dvy; = dvy = dvy = dvs =
0, dvz = v1vy. If
(1) [o1] = |v2| =3, [v3| =5, [va| =9, |vs| =15 or
(2) |v1| = |v2| =3, |v3| =5, |va] =3, |vs| =7,
then 1 (X) is given as

(1) P (2) B
D Ps P, Ps
e e
Py Py Ps Py Py
e Vg
Py .

In (1), P; = [(Q[t] ® AV, D)] with Dv; = Dv, = Dvs = 0, Dvy = 2, Dvs = v;0».
P, = [(Qlt1, t2] ® AV, D)] with Dvy = Dvy = Dvs = 0, Dvz = v10; + t3, Dvg =
£,
1
Ps = [(Q[t1,t2, t3] ® AV, D)] with Dv; = Duvy = 0, Dvg = v10; + 13, Dog = £,
DU5 = tg.
Py = [(Q[t| ® AV, D)] with Dv; = Dv, = Duvs = 0, Dvs = 010y, Dvy = v103t + 2.
Ps = [(Q[t1,t2] ® AV, D)] with Dv; = D, = 0, Dug = v103, Dug = vyv3ty + 8,
D?)5 = tg.
Ps = [(Q[t] ® AV, D)] with Dv; = Dv, = Dvy = 0, Dv3 = v105, Dvs = vyv3t* +
UzU4t2 + 18,

In (2), P, = [(Q[t] ®AV,D)] with Dvy = Dv, = Dvy = 0, Dvy = 010,
Dvus = vqoat + 1,
Ps = [(Q[t, t2) ® AV,D)] with Dv; = Dv, = Dvg = 0, Dvz = v102 + 85,
Dvus = vyv4t] + i'zll.
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Remark 3.7. If ro(X) = 3, H(X) is given as one of Example 3.5, Example 3.6 or the
diagrams:

P P P3 P3
P, P, P Ps P Py b, Ps
/ e |
P, P P P Ps P, P, P
/ e
Py Py Py Py

Thus we see that 4 < §{H(X)|ro(X) =3} <8.
Finally we give two examples with the same Hasse diagrams.

Example 3.8. Put M(X;) = (A(v1,v2,03,04,05,06),d) with dvy = dvy, = doy =
d7)5 = d7)6 =0, dU3 = 0102 and |01’ = |Uz’ = 3, ’?)3| =5, |U4’ =09, ’U5| = 13,
|vg| = 17. Then H(X7) is given as

where P, = [(Q[t] ® AV, D)] with Dv; = Dv, = 0, Dvs = v10p + 3, Dvy = 2,
DU5 = t7, DU6 = t9.

Ps = [(Q[t] ®/\V,D)] with Dvy = Dvy = Dvs = Dvg = 0, Dvy = 010,
Dvy = vqust + £,

Ps = [(Q[t] ® AV,D)]| with Dvy = Dv, = Dvy = Duvg = 0, Dug = 010y,
Dvs = vyvat + v1vst* + 17,

Py = [(Q[t1, t2] ® AV,D)] = [(Q[#, t2] ® AV,D")] = [(Q]t1, 2] ® AV, D")] with
Dv; = Dvy = 0, Dug = 017, (same for D’ and D”) and

Dvy = vqvsty + t?, Dvs =0, Dvg = vpvusty + tg,
D'vy = vivat; + 15, D'vs = 0, D'vg = vovsts + 15,

DNU4 = 103t + tg, DHU5 =0, DHU6 = UU5t1 + t?.
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Note that P; < Py is givenby D, P5s < Py by D" and Pg < Py by D"
Py = [(Q[t] ® AV,D)] with Dv; = Dv, = Dvy = Duvs = 0, Dvs = vy, and
Dvg = v105t + vovat’ + v103t° + 2.

Example 3.9. Put M(Xy) = (A(v1,v2, v3,04, U5, Vg, W1, Wa, W3, Wy, W5, We, U, Y,2,0),d)
withdvy = -+ =dvg =dw) = -+ =dwg =du =dy =dz =0,

dv = V1020304 + V1020506 + W1 WrW3Wy + W1 WrWsWe + u?

and [v1] = --- = [vg| = [wy| = --- = |we| =3, |u| =6, |y| = |z[ =7, |v] = 11.
We see dim H*(X»; Q) < oo since M(X3) is the total space of a KS extension

(A('Ul,' <, Ve, WY, ,w61ylz)10) — (AV,d) — (A(M,’U),H) = M(Sf’),

where du = 0 and dv = 2. Remark the space X; in Example 3.8 is not a formal

space but X, is formal [3]. Note that ry(X’) = 0 for a space X’ with Xoq ~ (X’ x

S7 x §7)q, where M(X") = (A(vy,v2,v3, 04, U5, V6, W1, Wa, W3, Wa, W5, W, U, 0),d).
Then H(X3) is given as

Py

P P,
| /1\36/ |
P, P Ps

e

where P; = [(Q[t] ® AV, D)] such that Dv; = 0 for i # 4, Dvy = t?, Dw; = Du =
Dz = 0, Dy = vyvst, Dv = dv — vqyt.
Py = [(Q[tl, to, t3, t4] QK AV, D)] with

Pio

Py

Dvy = Dvy = Dvg = Duvs = Dwy = Dwy = Dwz = Dws = Du =0, - - - (%)

DU4 = i':lz, D7)6 = t%, DZU4 = t%, DZU6 = i'z,
Dy = vpvsty + v10sty, Dz = wowsts + wiwsty,
Dv = dv — viyt] + vayty — wyzts + wozty.

Then Do D = 0 and dimH*(Q[tl,tz, t3, t4] & AV,D) < oo. Thus Fo(Xz) > 4
and we deduce ry(Xz) < 5 by the direct (but complicated) calculations that
dim H*(Q[ty, t2, t3,t4,t5] ® AV, D) = oo for any D. Note the part (x) of Py is
applied for all differentials below.

Ps = [(Q[t] ® AV, D)] with Dv = dv, Dy = t*, Dv; = Dw; = Du = Dz = 0.

Ps = [(Q[t1,t2) ® AV, D)] such that Dv; = 0 fori # 4, Dvy = t3, Dw; = Du = 0,
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Dy = vyvst;, Dv = dv — v1yty, Dz = t3.

Ps = [(Q[t] ® AV, D)] with Dv = dv — vyt + voyt — wyzt, Dy = vovst + v10st,
Dz = wywst, Dvy = Dvg = Dwy = 2, Dwg = 0.

Py = [(Q[t1, 2] ® AV, D)] = [(Q[t1, t2] ® AV, D')] = [(Q[t1, t2] ® AV, D")] with

Dvy = t%, Dvg = Dwy = Dwg = t%, Dy = vyu3ty + 0105ty
Dz = wowsty + wywsty, Dv = dv — viyty + vpyty — wyzty + wozty,
D'v; = D'w; = D'u =0, D'y =t{, D'z = t3, D'v = dv,
D"vy = t3, D"vg = D"wy = D"wg = 12, D"y = vyv3ty + v10sty,
D"z = wywsty + wiwsty, D"v = dv — v1yty + vayt; — wizty + wozty.

Note that P; < Py is given by D, Ps < Py by D’ and P < Py by D”.
P10 = [(Q[t] & AV,D)] with DU4 = DU6 = DZU4 = Dw6 = tz, Dy = 0vpU3t + 01051,
Dz = wywst + wywst, Dv = dv — v1yt 4 vyt — wyzt + wozt.

4 Proof of Theorem 1.5

Let G be a connected, non-directed, finite, simple(i.e., without multiple edges,
loops), based graph with the vertex set V(G) = {vg, v1,..,un} of the base point
vo. For the set of distances Dy = {d(vy, v;)|v; € V(G)}; between the points of G
and vp, put n = maxDy. Suppose that a path of length n

lo: o) = Uy > U, U,

with d(vg, v; ) = nis unique. ---(0)
Then put ¢(vp) := (0,0) and

P(v;,) = (0,u) € Z>o X Zx

foru=1,..,n.
Next put D1 = {d(vo, vj)|v; € V1 = V(G) — V(lp)}; and the set of paths with
length ny = maxD; as

Ly ={h;}j ={vo = vj, = -+ — j oy vj, | d(vo,v), ) = m,vj, € Vi};.
Here V(lp) = {vo, vi, .., v;, }. Suppose that (for some c)
jm # im form > cif jo #i.. ---(1)
For a path Iy ; of Ly, if vj, = v; forc =0,..,m —1and v;, # v;,, put
P(v),) == (n—ny,u) € Z>g x Z>g

foru=mm+1,..,n;.
Next put Dy = {d(vg, v)|vx € Vo = V(G) — (V(lp) UV(L1)) }x and the set of
paths of with length n; = maxD,

Ly = {lxte ={vo = vy = -+ = 0, = O, | d(v0, 0,,,) = 12,0, € Vol

n
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Suppose that (for some c)
ky # iy form > cif k. #i. and

km#im,]mform>clfkc %]’c. "'(2)

For a path I of Ly, if vy, = v;, or vy, = vj, forc =0,.,m —1but vy, # v;, and
Ok,, 7 Ujy,r PUt

P(or,) = (n—np,u) € Zzo X Zx0
foru=mm+1,..,no.

Iterating this argument, we have an injection ¢ : V(G) — Z>¢ X Z>¢ and it is
naturally extended to the map from the set of edges, ¢ : E(G) — R>¢ X R>q as
P(v,0,) = P(va) — P(0vy), the line segment with extremal points ¥ (v,) and ¥(vp),
for any edge v,v;, of G. Thus there is the embedding of G into R>p x R>q

V(G) —IP>ZZO X ZZO

mt o

G 41/; ]Rzo X ]Rzo.

Notice that two graphs G and G’ satisfying (0),(1),(2),.. are isomorphic as
based graphs if and only if G = ¢G’.

Proof of Theorem 1.5. If G = GH(X), the above conditions (0), (1), (2),.. are satis-
fied from Lemma 1.3. Thus the above map ¥ is defined and we see PGH (X) =
PGH (X) in R>¢ X R>g. Suppose H(X) # H(Y). Then 9GH (X) = ¢GH(X) #
PGH(Y) = PGH(Y). Thus GH(X) and GH(Y) are not isomorphic as based
graphs. n
5 Appendix

Recall an edge of GH(X) is represented by a rationalized Borel fibration

Yo — (ES' xg1 Y)g — BS§

where Yo € &, and (ES! xq1 Y)q € X,,11 for some n. It is given as
® Or ® Or ® Or ---
i . / . /

Definition 5.1. Suppose Yo € X,,. For two elements Y; = (ES! x’;} Zy)gand Y =
(ES? x’;f Zy)q of Xy+1, we denote

in pGH (X).

Y] ~ Y,
13,12
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if there exists a homotopy commutative diagram of fiber inclusions of rationalized Borel
fibrations over BS(,

Yo (ES) xg51 Z2)g = Y2

|

Y1 = (ESj xg1 Z1)g — (E(8] X 83) X 51,51 Z3)Q =t Y3

where Z1q ~ Zpq ~ Z3g = Yo and dim H*(Y3;Q) < oe.
Note Y3 € X,42 and in general (Y1) # ro(Y2). The Sullivan model is given
as the DGA-homotopy commutative diagram of natural projections

M(Y) = (AW, dw) <—— (Q[t2] ® AW, D)

T |

(Q[t1] ® AW, D) =—— (Q[t1, t2] ® AW, D)
with dim H*(Q[ty, £] ® AW, D) < co. Here W = Q(t3, .., ty42) @V for M(X) =
(AV,d) and dy|V = d. Remark that Definition 5.1 is not an equivalence relation.
Definition 5.2. For edges (1-cells) P, Py, P,P;, Py P, and P;P. in GH(X), which is given

as (a horizontal deformation of)
P

/|

P,
in GH(X), we say that a 2-cell attaches on the 1-cycle 0P, P,P.Py (or simply that
0P, P,P.P; makes a leaf) and denote as de*> = (P, P,P.Py if Y; ~y, Yo for [Yo] = Pq,
[Yl] = Pb/ [Yz] = Pd and [Yg] = P..

The existence of a leaf may depend on the degree of certain freedom of {D}
that represent the upper right point P. of a cycle P, P, P.P;. In Example 3.8, we
easily find that [1PyP5 P9 Ps makes a leaf by Dvy = Dvy, = Dvy = 0, Dvz = 010,

Dvus = vyv4t1 + tz and
Dvg = ?)2?)415% + Ulvgtg + tg,
where [D]| = Py, [D1] = Ps5 and [D;] = Pg. Indeed, then the above DGA-diagram
is commutative. But, in Example 3.9, the author can not find a differential D that

makes the above homotopy commutative diagram for the 1-cycle LJPyP5 Py Ps.
In general, if GH(X) contains (a horizontal deformation of)

=

P
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as a sub-graph with ae% = OPQ1RQy, ae% = OPQyRQ3 and aeg = OPQ1RQs3,
then K(X) contains
(efUe€3 ) Unpo,ro, €3 = S*

Thus three pieces of leaf can make a 2-sphere.

Remark 5.3. To append certain further informations of X on To(X), it may be suitable to
regard (To(X) as the O-skeleton and) the based graph GH (X) as the 1-skeleton of a finite
CW complex T (X), which is obtained by generalizing Definition 5.2. When ¢GH (X)
contains (a horizontal deformation of)

|

as a sub-graph, then a 3-cell of T (X) is given by the existence of the homotopy commu-
tative diagram of natural projections

(Q[t1, t2, t3] ® AW, D)

S et

(Q[t1,t2] ® AW, D1p) Q[t1, t3) ® AW, D13) Q[f2, 3] ® AW, Dy3)
(Q[t] ® AW, D) Q[t2] ® AW, D) Q[t3] ® AW, D3)

which represents the above sub-graph. Similarly we can construct higher dimensional
CW-structure, which makes a complex T (X). It must be a topological homotopy invari-
ant of spaces. (The complex T (X) is at most 2-dimensional if ro(X) < 5.) If T(X) is
compared to a plant, then the base point Xq corresponds to the seed (that grows up to be
the plant), and BS},, the water (that is necessary for its growth).
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