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Abstract

We give an existence result of the obstacle parabolic degenerate or sin-

gular problem associated to the equation,
∂u

∂t
+ A(u) = f in QT, where A

is a classical Leray-Lions operator acting from the weighted Sobolev space

Lp(0, T, W
1,p
0 (Ω, w)) into its dual Lp′(0, T, W−1,p′(Ω, w∗)), while the datum f

is assumed to lie in L1(QT). The proof is based on the penalization methods.

1 Introduction

In this paper, we investigate the problem of existence of solutions of the obstacle
problems associated to the following initial-boundary value problem:

(Pe)











∂u

∂t
− div(a(x, t, u,∇u)) = f in QT = Ω × (0, T)

u = 0 on Σ = ∂Ω × (0, T)
u(0) = u0 in Ω,

where Ω is an open bounded subset of R
N, N ≥ 1, T > 0, and we have set QT

the cylinder Ω × (0, T) and Σ its lateral surface.
We assume that −div(a(x, t, u,∇u)) is a Leray-Lions operator defined from the

weighted Sobolev space Lp(0, T, W
1,p
0 (Ω, w)) into its dual Lp′(0, T, W−1,p′(Ω, w∗))
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where w = {wi, 0 ≤ i ≤ N} is collection of weight functions on Ω, 1 ≤ p ≤

∞, w∗ = {wi
1−p′ , 0 ≤ i ≤ N}, and where a(x, t, s, ξ) : QT × R × R

N → R
N is

a Carathodory function satisfy some suitable hypotheses (see assumption (H2)).
The data f ∈ L1(QT), u0 ∈ L1(Ω) and u0 ≥ 0.

More precisely, this paper deals with the existence of a solution to the obsta-
cle degenerate or singular parabolic problem associated to (Pe) in the sense of
entropy solution:

(Pu)



























































u ≥ ψ a.e. in QT

Tk(u) ∈ Lp(0, T, W
1,p
0 (Ω, w)), u ∈ C([0, T], L1(Ω))

∫

Ω
Sk(u − ϕ)(τ) dx +

∫

Qτ

∂ϕ

∂t
Tk(u − ϕ) dx dt

+
∫

Qτ

a(x, t, u,∇u)∇Tk(u − ϕ) dx dt

≤
∫

Qτ

f Tk(u − ϕ) dx dt +
∫

Ω
Sk(u0 − ϕ(x, 0)) dx ∀τ ∈ [0, T], ∀ k > 0

ϕ ∈ Kψ ∩ L∞(QT) ∩ C([0, T], L1(Ω)) such that
∂ϕ

∂t
∈ Lp′(W−1,p′(Ω, w∗)).

where Sk(t) =
∫ t

0
Tk(s) ds, Kψ =

{

u ∈ Lp(0, T, W
1,p
0 (Ω, w)), u ≥ ψ a.e. in QT

}

.

and ψ ∈ L∞(Ω) ∩ W
1,p
0 (Ω, w).

The aim of our work is to investigate the relationship between the obstacle
problem (Pu) and some penalized sequence of approximate equations. More pre-
cisely letting { fǫ} and uǫ

0 be a standard approximation of f and u0 (that is fǫ → f

in L1(Q) and uǫ
0 → u0 in L1(Ω)), and considering the following penalized se-

quence of approximate equations:

(Pǫ
e )











∂uǫ

∂t
− div(a(x, t, uǫ ,∇uǫ))−

1

ǫ
Tǫ(uǫ − ψ)− = fǫ in QT

uǫ = 0 on Σ

uǫ(0) = uǫ
0 in Ω.

We study the possibility to find a solution of (Pu) as a limit of a subsequence {uǫ}
of solutions of (Pǫ

e ).
The penalized term 1

ǫ Tǫ(uǫ − ψ)− introduced in (Pǫ
e ) play a crucial role in the

proof of our main result, in particular this term allows to prove that the solution
u of (Pu) belongs in the convex set Kψ (that is u ≥ ψ).

A priori estimates of Tk(uǫ) are obtained in the general settings Lp(0, T, W
1,p
0 (Ω,

w)). For the passage to the limit, we prove the strong converge of the truncation
of uǫ and the almost everywhere convergence of ∇uǫ. The model example is an
equation,

∂u

∂t
− ∆p,wu = f ,

where ∆p,w is the so-called degenerate or singular p−Laplacian operator, that is

∆p,w(u) = −div(w(x)|∇u|p−2∇u), where w(x) is some weight function defined
on Ω (see section 3 for more details).
In this context of degenerate or singular parabolic problems, existence results for
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(Pe) have been proved in [2] when the data f belongs to Lp(0, T, W−1,p′(Ω)) and
u0 is in L2(Ω), while the strongly nonlinear variational case is investigated in [3].
For the nondegenerated cases, we refer the reader to ([14], [25], [26]).
Let us mention that our paper can be seen as a continuation of the works ([2], [3])
and as a generalization of the works ([14], [25], [26]).

2 Abstract framework

Let Ω be a bounded open subset of R
N, p be a real number such that 1 < p <

∞ and w = {wi(x), 1 ≤ i ≤ N} be a vector of weight functions, i.e., every
component wi(x) is a measurable function which is strictly positive a.e. in Ω.
Further, we suppose in all this section that, there exists

r0 > max(N, p) such that w
r0

r0−p

i ∈ L1
loc(Ω) (2.1)

and

w
−1
p−1

i ∈ L1
loc(Ω) (2.2)

for any 0 ≤ i ≤ N.
We denote by W1,p(Ω, w) the space of all real-valued functions u ∈ Lp(Ω, w0)

such that the derivatives in the sense of distributions fulfill

∂u

∂xi
∈ Lp(Ω, wi) for all i = 1, ..., N.

Which is a Banach space under the norm,

‖u‖1,p,w =

[

∫

Ω
|u(x)|pw0 dx +

N

∑
i=1

∫

Ω
|
∂u(x)

∂xi
|pwi(x) dx

]
1
p

. (2.3)

The condition (2.1) implies that C∞
0 (Ω) is a subset of W1,p(Ω, w) and conse-

quently, we can introduce the subspace W
1,p
0 (Ω, w) of W1,p(Ω, w) as the closure

of C∞
0 (Ω) with respect to the norm (2.3). Moreover, the condition (2.2) implies

that W1,p(Ω, w) as well as W
1,p
0 (Ω, w) are reflexive Banach spaces.

We recall that the dual space of weighted Sobolev spaces W
1,p
0 (Ω, w) is equiv-

alent to W−1,p′(Ω, w∗), where w∗ = {w∗
i = w

1−p′

i , i = 0, ..., N} and where p′ is

the conjugate of p, i.e., p′ =
p

p−1 . For more details about the weighted Sobolev

spaces, we refer the reader to [18].
Now we turn out to give some fundamental results which allow to study the
parabolic problems in a general settings of weighted Sobolev spaces.

In order to deal with time derivative, we introduce a time mollification of a
function u belonging in some weighted Lebesgue space. Thus we define for all

µ ≥ 0 and all (x, t) ∈ QT : uµ = µ
∫ t

−∞
ũ(x, s)exp(µ(s − t)) ds where ũ(x, s) =

u(x, s)χ(0,T) .
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Proposition 2.1. (cf. [3])

1) If u ∈ Lp(QT, wi), then, uµ is measurable in QT,
∂uµ

∂t
= µ(u − uµ) and

(

∫

Q
|uµ|

pwi(x) dx dt

)
1
p

≤

(

∫

Q
|u|pwi(x) dx dt

)
1
p

,

i.e., ‖uµ‖Lp(QT,wi)
≤ ‖u‖Lp(QT,wi)

.

2) If u ∈ W
1,p
0 (QT, w), then uµ → u in W

1,p
0 (QT, w) as µ → +∞.

3) If un → u in W
1,p
0 (QT, w), then (un)µ → uµ in W

1,p
0 (QT , w).

Now, we give some imbedding and compactness results in weighted Sobolev
Spaces which allow in particular to extend in the settings of weighted Sobolev
spaces, some trace results and the Aubin’s and Simon’s results [27].

Let V = W
1,p
0 (Ω, w), H = L2(Ω, σ) (where σ is a weight function on Ω such

that σ ∈ L1(Ω) and σ−1 ∈ L1(Ω)) and let V∗ = W−1,p′(Ω, w∗), with (2 ≤ p < ∞).

Let X = Lp(0, T, V). The dual space of X is X∗ = Lp′(0, T, V∗) where 1
p′ +

1
p = 1

and denoting the space W1
p(0, T, V, H) = {v ∈ X : v′ ∈ X∗} endowed with the

norm

‖u‖w1
p
= ‖u‖X + ‖u′‖X∗ , (2.4)

which is a Banach space. Here u′ stands for the generalized derivative of u, i.e.,

∫ T

0
u′(t)ϕ(t) dt = −

∫ T

0
u(t)ϕ′(t) dt for all ϕ ∈ C∞

0 (0, T).

Lemma 2.2. The Banach space H is an Hilbert space and its dual H′ can be identified
with him self, i.e., H′ ≃ H.

Proof. Indeed, let

F : H × H → R

( f , g) 7→
∫

Ω
f gσ dx.

Remark that F is a symmetric bilinear form, which is also continuous and defined
positively, since

∫

Ω
f gσ dx =

∫

Ω
f σ

1
2 gσ

1
2 dx ≤

(

∫

Ω
| f |2σ dx

)
1
2
(

∫

Ω
|g|2σ dx

)
1
2

.

Then, the Banach space H is an Hilbert space. Finally by a standard argument,
we can identified H with its dual H′ i.e., H′ ≃ H.

Lemma 2.3. (cf. [3])
The evolution triple V ⊆ H ⊆ V∗ is verified.
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Lemma 2.4. (cf. [3])

Assume that,
∂un

∂t
= hn + kn in D′(Ω), where hn and kn are bounded respectively

in Lp′(0, T, W1,p′(Ω, w∗) and in L1(QT).

If un is bounded in Lp(0, T, W
1,p
0 (Ω, w)), then un → u in L

p
loc(QT, σ).

Lemma 2.5. (cf. [3])
Let g ∈ Lr(QT, γ) and let gn ∈ Lr(QT, γ), with ‖gn‖Lr(QT,γ) ≤ c, 1 < r < ∞. If

gn(x) → g(x) a.e in QT, then gn ⇀ g in Lr(QT, γ), where ⇀ denotes weak convergence
and γ is a weight function on QT.

Lemma 2.6. (cf. [29]) Let V ⊆ H ⊆ V∗ be an evolution triple. Then the imbedding

W1
p(0, T, V, H) →֒ C([0, T], H)

is continuous.

3 Basic assumptions and Main results

We suppose in all our considerations that, there exists

r0 > max(N, p) such that w
r0

r0−p

i ∈ L1
loc(Ω) and w

−1
p−1

i ∈ L1
loc(Ω),

for any 0 ≤ i ≤ N. Now we state our basic assumptions:
Assumption (H1). For 2 ≤ p < ∞, we suppose that the expression:

‖|u‖| =

(

N

∑
i=1

∫

Ω
|

∂u

∂xi
|pwi(x) dx

)
1
p

(3.1)

is a norm on W
1,p
0 (Ω, w) which is equivalent to (2.3) and that there exists a weight

function σ on Ω such that,

σ ∈ L1(Ω) and σ−1 ∈ L1(Ω). (3.2)

and for which the Hardy inequality,

(

∫

Ω
|u(x)|pσ dx

)
1
p

≤ c

(

N

∑
i=1

∫

Ω
|

∂u

∂xi
|pwi(x) dx

)
1
p

, (3.3)

holds for every u ∈ W
1,p
0 (Ω, w) with a constant c > 0 independent of u. More-

over, the imbedding

W
1,p
0 (Ω, w) →֒→֒ Lp(Ω, σ) (3.4)

expressed by the inequality (3.3) is assumed compact.
Now we give some examples in which the abstract hypothesis (H1) is satisfied:
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Remark 3.1. Assume that w0(x) ≡ 1 and there exists ν ∈
]

N
P ,+∞

[

∩
[

1
P−1 ,+∞

[

such that

w
N

N−1

i , w−ν
i ∈ L1(Ω) for all i = 1, ..., N. (3.5)

Then, it’s easily seen that the assumptions (3.5) imply that,

‖|u‖| =

(

N

∑
i=1

∫

Ω
|

∂u

∂xi
|pwi(x) dx

)
1
p

(3.6)

is a norm defined on W
1,p
0 (Ω, w) and it’s equivalent to (2.3) and that, the imbed-

ding

W
1,p
0 (Ω, w) →֒→֒ Lp(Ω) (3.7)

is compact [see [18], pp 46].
Thus the hypotheses (H1) is satisfied for σ ≡ 1.

Remark 3.2. If we use the special weight functions w and σ expressed in terms
of the distance to the boundary ∂Ω. Denote d(x) = dist(x, ∂Ω) and set w(x) =
σ(x) = dλ(x). In this case, the Hardy inequality reads

(

∫

Q
|u|pw(x) dx dt

)
1
p

≤ c

(

∫

Q
|∇u|pw(x) dx dt

)
1
p

for

λ < (p − 1)
(N − 1)

N
. (3.8)

The condition (3.8) is sufficient for the compact imbedding (3.4) holds (see for
example [17],[18]).

Assumption (H2). Let a = (ai)1≤i≤N be a family of Carathodory functions de-
fined on Q × R × R

N such that for a.e. (x, t) ∈ Q and all s ∈ R, ξ ∈ R
N

|ai(x, t, s, ξ)| ≤ βw
1
p

i (x) [c1(x, t) + σ
1
p′ |s|p−1 +

N

∑
j=1

w
1
p′

j (x)|ξ j|
p−1], (3.9)

for 1 ≤ i ≤ N

[a(x, t, s, ξ) − a(x, t, s, η)](ξ − η) > 0 for all ξ 6= η ∈ R
N (3.10)

a(x, t, s, ξ).ξ ≥ α
N

∑
i=1

wi|ξi|
p, (3.11)

where c1(x, t) is a positive function in Lp′(Q), and α, β are strictly positive con-
stants.
Assumption (H3). Let Kψ = {u ∈ W

1,p
0 (Ω, w); u ≥ ψ a.e. in Ω}. where ψ : Ω →

R is a measurable function on Ω such that

Kψ ∩ L∞(Ω) 6= ∅. (3.12)
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We suppose that

f ∈ L1(Ω), (3.13)

and

u0 ∈ L1(Ω) and u0 ≥ 0 a.e. in Ω. (3.14)

We recall that, for k > 1 and s in R, the truncation is defined as

Tk(s) =

{

s if |s| ≤ k
k s
|s|

if |s| > k.

Now, we recall the following lemmas:

Lemma 3.3. Assume that (H1) holds. Let F : R → R be uniformly Lipschitzian, with

F(0) = 0. Let u ∈ W
1,p
0 (Ω, w). Then F(u) ∈ W

1,p
0 (Ω, w). Moreover, if the set D of

discontinuity points of F′ is finite, then

∂(F ◦ u)

∂xi
=

{

F′(u) ∂u
∂xi

a.e. in {x ∈ Ω : u(x) /∈ D}

0 a.e. in {x ∈ Ω : u(x) ∈ D}.

Proof. See [13] (see also [5]).

From the previous lemma, we deduce the following.

Lemma 3.4. Assume that (H1) holds. Let u ∈ W
1,p
0 (Ω, w), and let Tk(u) be the usual

truncation ( k ∈ R
+), then Tk(u) ∈ W

1,p
0 (Ω, w). Moreover, we have

Tk(u) → u strongly in W
1,p
0 (Ω, w).

Proof. See [13] (see also [5]).

The following lemma generalizes to the weighted case the analogous Lemma
5 in [12]. For that, we use the method of [12] and [23] which gives the strong
convergence of un.

Lemma 3.5. Assume that (H1) and (H2) are satisfied and let (un) be a sequence in

Lp(0, T, W
1,p
0 (Ω, w)) such that un ⇀ u weakly in Lp(0, T, W

1,p
0 (Ω, w)) and

∫

Q
[a(x, t, un ,∇un)− a(x, t, un,∇u)][∇un −∇u] dxdt → 0. (3.15)

Then, un → u in Lp(0, T, W
1,p
0 (Ω, w)).

Proof. See [3].



460 E. Azroul – H. Redwane – M. Rhoudaf

4 Existence result

This section is devoted to establish the existence theorem.

Theorem 4.1. Let u0 ∈ L1(Ω) such that u0 ≥ 0. Assume that (H1), (H2) and (H3)
hold true. Then there exists at last one solution u ∈ C([0, T]; L1(Ω)) such that
u(x, 0) = u0 a.e. and for all τ ∈]0, T],



































Tk(u) ∈ Lp(0, T, W
1,p
0 (Ω, w)), u ≥ ψ a.e. in Ω,

∫

Ω
Sk(u(τ) − ϕ(τ)) dx + 〈

∂ϕ

∂t
, Tk(u − ϕ)〉Qτ +

∫

Qτ

a(x, t, u,∇u)∇Tk(u − ϕ) dx dt

≤
∫

Qτ

f Tk(u − ϕ) dx dt +
∫

Ω
Sk(u0 − ϕ(x, 0)) dx

∀ k > 0 and ∀ ϕ ∈ Kψ ∩ L∞(Q) such that
∂ϕ

∂t
∈ Lp′(0, T, W−1,p′(Ω, w∗))

where Qτ = Ω×]0, τ[.

Proof. The proof is divided into 3 steps.
Step 1: A priori estimates
Consider the approximate problem

(Pǫ)







∂uǫ

∂t
− div(a(x, t, uǫ ,∇uǫ))−

1

ǫ
T1

ǫ
(uǫ − ψ)− = fǫ

uǫ ∈ Lp(0, T, W
1,p
0 (Ω, w)), uǫ(x, 0) = uǫ

0

where fǫ → f strongly L1(Q), uǫ
0 → u0 strongly L1(Ω).

Thanks to [3], there exists at least one solution of the problem (Pǫ).
By choosing Tγ(uǫ − Tβ(uǫ)), β ≥ ‖ψ‖∞ as test function in (Pǫ), we get

〈
∂uǫ

∂t
, Tγ(uǫ − Tβ(uǫ))〉+

∫

{β≤|uǫ|≤β+γ}
a(x, t, uǫ,∇uǫ)∇uǫ dx dt

−
∫

Q

1

ǫ
T1

ǫ
(uǫ − ψ)−Tγ(uǫ − Tβ(uǫ)) dx dt =

∫

Q
fǫTγ(uǫ − Tβ(uǫ)) dx dt

(4.1)
On the one hand, we have

〈
∂uǫ

∂t
, Tγ(uǫ − Tβ(uǫ))〉 =

∫

Ω
S

β
γ(uǫ(T)) dx −

∫

Ω
S

β
γ(u

0
ǫ) dx (4.2)

where S
β
γ(s) =

∫ s

0
Tγ(t − Tβ(t)) dt. Since a satisfies (3.11) and by using the fact

that
∫

Ω
S

β
γ(uǫ(T)) dx ≥ 0 and |

∫

Ω
S

β
γ(u

0
ǫ) dx| ≤ γ‖u0

ǫ‖, we get ∀ ǫ > 0 :

α
∫

{β≤|uǫ|≤β+γ}

N

∑
i=1

∣

∣

∣

∣

∂uǫ

∂xi

∣

∣

∣

∣

p

wi(x) dx dt

−
1

ǫ

∫

Q
T1

ǫ
(uǫ − ψ)−Tγ(uǫ − Tβ(uǫ)) dx dt ≤ cγ, (4.3)
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where c is a constant which varies from line to line and which depends only the
data. It follows that

−
∫

Q

1

ǫ
T1

ǫ
(uǫ − ψ)−

Tγ(uǫ − Tβ(uǫ))

γ
dx dt ≤ c

since −
∫

Q

1

ǫ
T1

ǫ
(uǫ − ψ)−

Tγ(uǫ − Tβ(uǫ))

γ
dx dt ≥ 0, for every β ≥ ‖ψ‖∞, we

deduce by Fatou’s lemma as γ → 0 that

∫

Q

1

ǫ
T1

ǫ
(uǫ − ψ)− ≤ c. (4.4)

Using in (Pǫ) the test function Tǫ(uǫ)χ(0,τ)
, we get for every τ ∈ (0, T),

∫

Ω
Sk(uǫ(τ)) dx +

∫

Qτ

a(x, t, Tk(uǫ),∇Tk(uǫ))∇Tk(uǫ) dx dt

−
1

ǫ

∫

Q
T1

ǫ
((uǫ −ψ)−)Tk(uǫ) dx dt ≤ ck,

which gives thanks to (4.4):

∫

Ω
Sk(uǫ(τ)) dx +

∫

Qτ

a(x, t, Tk(uǫ),∇Tk(uǫ)) dx dt ≤ ck. (4.5)

Then,

α
∫

Q

N

∑
i=1

∣

∣

∣

∣

∂Tk(uǫ)

∂xi

∣

∣

∣

∣

p

wi(x) dx dt ≤ ck, ∀ k ≥ 1. (4.6)

Hence, Tk(uǫ) is bounded in Lp(0, T, W
1,p
0 (Ω, w)).

Let k > 0 large enough and BR be a ball of Ω, we have,

k meas({|uǫ| > k} ∩ BR × [0, T]) =
∫ T

0

∫

{|uǫ|>k}∩BR

|Tk(uǫ)| dx dt ≤
∫ T

0

∫

BR

|Tk(uǫ)| dx dt

≤

(

∫

Q
|Tk(uǫ)|

pw0 dx dt

)
1
p

×

(

∫ T

0

∫

BR

w
1−p′

0 dx dt

)
1
p′

then, thanks to (H1), we deduce that,

k meas({|uǫ| > k} ∩ BR × [0, T]) ≤ c

(

∫

Q

N

∑
i=1

∣

∣

∣

∣

∂Tk(uǫ)

∂xi

∣

∣

∣

∣

p

wi(x) dx dt

)
1
p

≤ c k
1
p

(4.7)

which implies that, meas({|uǫ| > k} ∩ BR × [0, T]) ≤
c1

k
1− 1

p

, ∀ k ≥ 1. So, we have,

lim
k→+∞

(meas({(x, t) ∈ Q : |uǫ| > k} ∩ BR × [0, T]) = 0 (4.8)
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uniformly with respect to ǫ.
Consider now a function nondecreasing ξk ∈ C2(R) such that

{

ξk(s) = s for |s| ≤ k
2

ξk(s) = k for |s| ≥ k.

Multiplying the approximate equation by ξ′k(uǫ), we get

∂

∂t
(ξk(uǫ))− div(a(x, t, uǫ ,∇uǫ)ξ

′
k(uǫ)) + a(x, t, uǫ ,∇uǫ)ξ

′′
k (uǫ)

−
1

ǫ
T1

ǫ
((uǫ − ψ)−)ξ′k(uǫ) = fǫξ′k(uǫ),

in the sense of distribution.
This implies, thanks to (4.6) and the fact that ξ′k has compact support, that ξk(uǫ) is

bounded in Lp(0, T, W
1,p
0 (Ω, w)), while it’s time derivative ∂

∂t (ξk(uǫ)) is bounded

in Lp′(0, T, W−1,p′(Ω, w∗)) + L1(QT), hence lemma 3.3 allows us to conclude that
ξk(uǫ) is compact in L

p
loc(QT, σ).

Thus, for a subsequence, it also converges in measure and almost every where in
QT since we have, for every λ > 0

meas({|uǫ − uη | > λ} ∩ BR × [0, T]) ≤ meas({|uǫ| >
k
2} ∩ BR × [0, T])

+ meas({|uη | >
k

2
} ∩ BR × [0, T]) + meas({|ξk(uǫ)− ξk(uη)| > λ} ∩ BR × [0, T]).

(4.9)
Let σ > 0, then, by (4.8) and the fact that ξk(uǫ) is compact in L

p
loc(QT, σ), there

exists k(σ) > 0 such that, meas({|uǫ − uη | > λ} ∩ BR × [0, T]) ≤ σ for all ǫ, η ≤
ǫ0(k(σ), λ, R). This proves that (uǫ) is a Cauchy sequence in measure in BR ×
[0, T], thus converges almost everywhere to some measurable function u. Then
for a subsequence denoted again uǫ, we can deduce from (4.6) that,

Tk(uǫ) ⇀ Tk(u) weakly in Lp(0, T, W
1,p
0 (Ω, w)). (4.10)

and then, the compact imbedding (3.4) gives,

Tk(uǫ) → Tk(u) strongly in Lp(QT , σ) and a.e. in QT. (4.11)

Step 2: About the gradient of approximate solutions.
In the sequel and throughout the paper, we will denote α(ǫ, µ, s) all quantities
(possibly different) such that, lim

s→∞
lim

µ→∞
lim

ǫ→+0
α(ǫ, µ, s) = 0. Taking now Tη(uǫ −

(Tk(u))µ), η > 0 as test function in (Pǫ), we get

〈
∂uǫ

∂t
, Tη(uǫ − (Tk(u))µ)〉+

∫

Q
a(x, t, uǫ,∇uǫ)∇Tη(uǫ − (Tk(u))µ)

−
1

ǫ

∫

QT

T1
ǫ
((uǫ − ψ)−)Tη(uǫ − (Tk(u))µ) dx dt ≤ cη,

which implies that,

〈
∂uǫ

∂t
, Tη(uǫ − (Tk(u))µ)〉+

∫

QT

a(x, t, uǫ ,∇uǫ)∇Tη(uǫ − (Tk(u))µ) dx dt

≤
η

ǫ

∫

QT

T1
ǫ
((uǫ − ψ)−) dx dt + cη
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and by (4.4)

〈
∂uǫ

∂t
, Tη(uǫ − Tk(u)µ)〉+

∫

QT

a(x, t, uǫ ,∇uǫ)∇Tη(uǫ − (Tk(u)µ)

≤ cη.
(4.12)

The first term of the left-hand side of the last inequality reads as,

〈
∂uǫ

∂t
, Tη(uǫ − Tk(u)µ)〉 = 〈

∂uǫ

∂t
−

∂Tk(u)µ

∂t
, Tη(uǫ − Tk(u)µ)〉

+〈
∂Tk(u)µ

∂t
, Tη(uǫ − Tk(u)µ)〉.

(4.13)

The second term of the last equality can be written as,

〈
∂uǫ

∂t
−

∂Tk(u)µ

∂t
, Tη(uǫ − Tk(u)µ)〉 (4.14)

=
∫

Ω
Sη(uǫ(T)− Tk(u)µ(T)) dx −

∫

Ω
Sη(u

ǫ
0) dx ≥ −η

∫

Ω
|uǫ

0| dx ≥ −ηc.

The third term can be written as,

〈
∂Tk(u)µ

∂t
, Tη(uǫ − Tk(u)µ)〉 = µ

∫

QT

(Tk(u)− Tk(u)µ)(Tη(uǫ − Tk(u)µ)) (4.15)

thus by letting ǫ → 0 and by using Lebesgue theorem,

lim
ǫ→0

∫

QT

(Tk(u)−Tk(u)µ)(Tη(uǫ −Tk(u)µ)) =
∫

QT

(Tk(u)−Tk(u)µ)(Tη(u−Tk(u)µ)).

Consequently,

〈
∂uǫ

∂t
, Tη(uǫ − Tk(u)µ)〉 ≥ α(ǫ, µ)− ηc (4.16)

on the other hand,
∫

QT

a(x, t, uǫ,∇uǫ)∇Tη(uǫ − Tk(u)µ) dx dt

=
∫

{|uǫ−Tk(u)µ)|<η}
a(x, t, uǫ,∇uǫ)(∇uǫ −∇Tk(u)µ) dx dt

=
∫

{|Tk(uǫ)−Tk(u)µ)|<η}
a(x, t, Tk(uǫ),∇Tk(uǫ))(∇Tk(uǫ)−∇Tk(u)µ) dx dt

+
∫

{|uǫ|>k}∩{|uǫ−Tk(u)µ)|<η}
a(x, t, uǫ,∇uǫ)(∇uǫ −∇Tk(u)µ) dx dt

which implies, by using the fact that
∫

{|uǫ|>k}∩{|uǫ−Tk(u)µ)|<η}
a(x, t, uǫ,∇uǫ)∇uǫ dx dt ≥ 0,

that
∫

{|Tk(uǫ)−Tk(u)µ)|<η}
a(x, t, Tk(uǫ),∇Tk(uǫ))(∇Tk(uǫ)−∇Tk(u)µ) dx dt

≤ cη +
∫

{|uǫ|>k}∩{|uǫ−Tk(u)µ)|<η}
a(x, t, uǫ ,∇uǫ)|∇Tk(u)µ| dx dt.

(4.17)
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Since a(x, t, Tk+η(uǫ),∇Tk+η(uǫ)) is bounded
N

∏
i=1

Lp′(QT, w∗
i ), there exists some

hk+η ∈
N

∏
i=1

Lp′(QT, w∗
i ) such that, a(x, t, Tk+η(uǫ),∇Tk+η(uǫ)) ⇀ hk+η weakly in

N

∏
i=1

Lp′(QT, w∗
i ). Consequently,

∫

{|uǫ|>k}∩{|uǫ−Tk(u)µ)|<η}
a(x, t, uǫ,∇uǫ)|∇Tk(u)µ| dx dt

=
∫

{|u|>k}∩{|u−Tk(u)µ)|<η}
hk+η |∇Tk(u)µ| dx dt + α(ǫ)

thanks to proposition 2.1, one easily has,
∫

{|u|>k}∩{|u−Tk(u)µ)|<η}
hk+η |∇Tk(u)µ| dx dt = α(µ).

Hence,
∫

{|Tk(uǫ)−Tk(u)µ)|<η}
a(x, t, Tk(uǫ),∇Tk(uǫ))(∇Tk(uǫ)−∇Tk(u)µ) dx dt (4.18)

≤ cη + α(ǫ, µ).

On the other hand, note that
∫

{|Tk(uǫ)−Tk(u)µ)|<η}
a(x, t, Tk(uǫ),∇Tk(uǫ))(∇Tk(uǫ)−∇Tk(u)µ) dx dt

=
∫

{|Tk(uǫ)−Tk(u)µ)|<η}
a(x, t, Tk(uǫ),∇Tk(uǫ))(∇Tk(uǫ)−∇Tk(u)) dx dt

+
∫

{|Tk(uǫ)−Tk(u)µ)|<η}
a(x, t, Tk(uǫ),∇Tk(uǫ))(∇Tk(u)−∇Tk(u)µ) dx dt

(4.19)
the last integral tends to 0 as ǫ → 0 and µ → ∞. Indeed, we have that

∫

{|Tk(uǫ)−Tk(u)µ)|<η}
a(x, t, Tk(uǫ),∇Tk(uǫ))(∇Tk(u)−∇Tk(u)µ) dx dt

→
∫

{|Tk(u)−Tk(u)µ)|<η}
hk(∇Tk(u)−∇Tk(u)µ) dx dt as ǫ → 0.

It is obviously that,
∫

{|Tk(u)−Tk(u)µ)|<η}
hk(∇Tk(u) −∇Tk(u)µ) dx dt → 0 as µ →

∞. We deduce then that,
∫

{|Tk(uǫ)−Tk(u)µ)|<η}
a(x, t, Tk(uǫ),∇Tk(uǫ))(∇Tk(uǫ)−∇Tk(u)) dx dt ≤ cη + α(ǫ, µ).

(4.20)

Let Aǫ =
(

[a(x, t, Tk(uǫ),∇Tk(uǫ))− a(x, t, Tk(uǫ),∇Tk(u))][∇Tk(uǫ)−∇Tk(u)]
)

,

then for any 0 < θ < 1, we write

Iǫ =
∫

{|Tk(uǫ)−Tk(u)µ)|≤η}
Aθ

ǫ dx dt +
∫

{|Tk(uǫ)−Tk(u)µ)|>η}
Aθ

ǫ dx dt
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since, a(x, Tk(uǫ),∇Tk(uǫ)) is bounded in
N

∏
i=1

Lp′(QT, w
1−p′

i ), while ∇Tk(uǫ) is

bounded in
N

∏
i=1

Lp(QT, wi), then by applying the Hölder’s inequality, we obtain,

Iǫ ≤ c

(

∫

{|Tk(uǫ)−Tk(u)µ)|<η}
Aǫ dx dt

)θ

(4.21)

+ c2 meas{(x, t) ∈ QT : |Tk(uǫ)− Tk(u)µ)| > η}1−θ

on the other hand, we have,
∫

{|Tk(uǫ)−Tk(u)µ)|<η}
Aǫ dx dt

=
∫

{|Tk(uǫ)−Tk(u)µ)|<η}
a(x, t, Tk(uǫ),∇Tk(uǫ))(∇Tk(uǫ)−∇Tk(u)) dx dt

−
∫

{|Tk(uǫ)−Tk(u)µ)|<η}
a(x, t, Tk(uǫ),∇Tk(u))(∇Tk(uǫ)−∇Tk(u)) dx dt

= I1
ǫ + I2

ǫ

(4.22)

using (4.20), we have,

I1
ǫ ≤ cη + α(ǫ, µ). (4.23)

Concerning I2
ǫ the second term of the right hand side of the (4.22), it is easy to see

that
I2
ǫ = α(ǫ) (4.24)

because for all i = 1, ..., N, we have, ai(x, t, Tk(uǫ),∇Tk(u)) → ai(x, t, Tk(u),∇Tk(u))

strongly in Lp′(QT, w
1−p′

i ), while ∂Tk(uǫ)
∂xi

⇀
∂Tk(u)

∂xi
weakly in Lp(QT, wi).

Combining (4.21), (4.22), (4.23) and (4.24) we get,

Iǫ ≤ c meas{|Tk(uǫ)− Tk(u)µ| < η}θ + c(α(ǫ, µ, η))1−θ

and by passing to the limit sup over ǫ, µ and η

lim
ǫ→0

∫

QT

(

[a(x, t, Tk(uǫ),∇Tk(uǫ))− a(x, t, Tk(uǫ),∇Tk(u))]

[∇Tk(uǫ)−∇Tk(u)]
)θ

= 0

by Theorem 3.3 of [15] (see also [8], [9]), there exist a subsequence also denoted
by uǫ such that,

∇uǫ −→ ∇u a.e. in QT. (4.25)

Step 3: Passage to the limit
Let ϕ ∈ Kψ ∩ L∞(Q̄), choosing Tk(uǫ − ϕ)χ(0,τ)

as test function in (Pǫ), we get,

〈
∂uǫ

∂t
, Tk(uǫ − ϕ)〉Qτ +

∫

Qτ

a(x, t, uǫ,∇uǫ)∇Tk(uǫ − ϕ) dx dt

−
1

ǫ

∫

Qτ

T1
ǫ
(uǫ − ψ)−Tk(uǫ − ϕ) dx dt

=
∫

Qτ

fǫTk(uǫ − ϕ) dx dt

(4.26)
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since, −
1

ǫ

∫

Qτ

T1
ǫ
(uǫ − ψ)−Tk(uǫ − ϕ) dx dt ≥ 0 and

∂uǫ

∂t
=

∂

∂t
(uǫ − ϕ) +

∂ϕ

∂t
, we

get

∫

Ω
Sk(uǫ(τ)− ϕ(τ)) dx + 〈

∂ϕ

∂t
, Tk(uǫ − ϕ)〉Qτ

+
∫

Qτ

a(x, t, uǫ ,∇uǫ)∇Tk(uǫ − ϕ) dx dt

≤
∫

Qτ

fǫTǫ(uǫ − ϕ) dx dt +
∫

Ω
Sk(uǫ(0)− ϕ(0)) dx.

(4.27)

Lemma 4.2. Assume that the assumptions of Theorem 4.1 hold true. Let uǫ be a se-
quence of solutions of (Pǫ) converges to u a.e. in Q. Then the sequence uǫ is a Cauchy
sequence in C([0, T], L1(Ω)), moreover, u ∈ C([0, T], L1(Ω)) and uǫ converges to u in
C([0, T], L1(Ω)).

Proof. See Appendix.

Because of uǫ → u in C([0, T], L1(Ω)), then ∀ τ ≤ T, uǫ(t) → u(t) in L1(Ω),
thus

∫

Ω
Sk(uǫ(τ)− ϕ(τ)) dx →

∫

Ω
Sk(u − ϕ) dx (4.28)

and
∫

Ω
Sk(uǫ(0)− ϕ(0)) dx →

∫

Ω
Sk(u0 − ϕ(0)) dx.

Let M = k + ‖ϕ‖∞, then, we can write,

∫

QT

a(x, t, un,∇un)∇Tk(un − ϕ) dx dt

=
∫

QT

a(x, t, TM(un),∇TM(un))∇Tk(un − ϕ) dx dt,

by Fatou’s lemma and the convergence of a(x, t, TM(un),∇TM(un)) to

a(x, t, TM(u),∇TM(u)) weakly in
N

∏
i=1

Lp′(Q, w
1−p′

i ), it possible to conclude that

∫

QT

a(x, t, TM(u),∇TM(u))∇Tk(u − ϕ) (4.29)

≤ lim inf
ǫ→0

∫

Ω
a(x, t, TM(uǫ),∇TM(uǫ))∇Tk(uǫ − ϕ) dx dt.

Moreover, since
∂ϕ

∂t
∈ Lp′(0, T, W−1,p′(Ω, w∗)) and ∇Tk(uǫ − ϕ) ⇀ ∇Tk(u − ϕ)

weakly in
N

∏
i=1

Lp(QT, wi), we get,

∫

Qτ

∂ϕ

∂t
Tk(uǫ − ϕ) dx dt →

∫

Qτ

∂ϕ

∂t
Tk(u − ϕ) dx dt (4.30)
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∫

Q
fǫTk(uǫ − ϕ) dx dt →

∫

Q
f Tk(u − ϕ) dx dt. (4.31)

Finally, by (4.27)-(4.31) we get,

∫

Ω
Sk(uǫ(τ)− ϕ(τ)) dx + 〈

∂ϕ

∂t
, Tk(u − ϕ)〉Qτ +

∫

Qτ

a(x, t, u,∇u)∇Tk(u − ϕ) dx dt

≤
∫

Qτ

f Tk(u − ϕ) dx dt +
∫

Ω
Sk(u(0) − ϕ(0)) dx.

By Step 1, Step 2 and Step 3, the proof of Theorem 4.1 is complete.

5 Appendix

In this appendix we give the proof of Lemma 4.2.

Proof. Note that Tl(u) ∈ Kψ, for every l ≥ ‖ψ‖∞. Let ηi ≥ 0 converges to u0

in L1(Ω) and vi,l
µ = (Tl(u))µ + e−µtTl(ηi). Using the admissible test function

Tk(uǫ − vi,l
µ ) in (Pǫ) leads to

〈
∂uǫ

∂t
, Tk(uǫ − vi,l

µ )〉Qτ
+
∫

Qτ

a(x, t, uǫ,∇uǫ)∇Tk(uǫ − vi,l
µ ) dx dt

−
1

ǫ

∫

Qτ

T1
ǫ
(uǫ − ψ)−Tk(uǫ − vi,l

µ ) dx dt =
∫

Qτ

fǫTk(uǫ − vi,l
µ ) dx dt

(5.1)

since
∂uǫ

∂t
=

∂

∂t
(uǫ − vi,l

µ ) +
∂

∂t
(vi,l

µ ) =
∂

∂t
(uǫ − vi,l

µ ) + µ(Tl(u)− vi,l
µ ) we deduce,

〈
∂uǫ

∂t
, Tk(uǫ − vi,l

µ )〉Qτ = 〈
∂

∂t
(uǫ − vi,l

µ ), Tk(uǫ − vi,l
µ )〉Qτ

+µ
∫

Qτ
(Tl(u)− vi,l

µ )Tk(uǫ − vi,l
µ ) dx dt.

Remark that, for every τ ∈ [0, T] and when ǫ tends to 0

µ
∫

Qτ
(Tl(u)− vi,l

µ )Tk(uǫ − vi,l
µ ) dx dt → µ

∫

Qτ
(Tl(u)− vi,l

µ )Tk(u − vi,l
µ ) dx dt ≥ 0.

On the other hand, by using Lebesgue’s convergence theorem and the fact that,

−
∫

Qτ

1

ǫ
T1

ǫ
(uǫ − ψ)−Tk(uǫ − vi,l

µ ) dx dt ≥ 0, we deduce by (5.1) that

〈
∂

∂t
(uǫ − vi,l

µ ), Tk(uǫ − vi,l
µ )〉Qτ +

∫

Qτ

a(x, t, uǫ ,∇vi,l
µ )∇Tk(uǫ − vi,l

µ ) dx dt

≤ α(ǫ, µ, i, l)

for every τ ∈ [0, T].
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Since for all j = 1, ..., N : we have aj(x, t, T2k+l(uǫ),∇vi,l
µ ) → aj(x, t, Tk+2l(u),

∇vi,l
µ ) strongly in Lp′(Q, w

1−p′

j ) while ∂
∂xj

Tk(uǫ − vi,l
µ ) ⇀ ∂

∂xj
Tk(u − vi,l

µ ) weakly in

Lp(Q, wj), we have,

〈
∂

∂t
(uǫ − vi,l

µ ), Tk(uǫ − vi,l
µ )〉Qτ

≤ α(ǫ, µ, i, l). (5.2)

In view of the definition Sk(z) =
∫ z

0
Tk(s) ds and using Lebesgue’s convergence

theorem, we deduce that
∫

Ω
Sk(uǫ(τ)− vi,l

µ (τ)) dx ≤ α(ǫ, µ, i, l). Which implies,

by writing,

∫

Ω
Sk(

uǫ − uλ

2
) dx ≤

1

2

(

∫

Ω
Sk(uǫ(τ)− vi,l

µ (τ)) dx +
∫

Ω
Sk(uλ(τ)− vi,l

µ (τ)) dx

)

,

that
∫

Ω
Sk(

uǫ − uλ

2
) dx ≤ α(ǫ, λ). (5.3)

Finally, by Hölder’s inequality, we have,
∫

Ω
|uǫ − uλ| dx =

∫

{|uǫ−uλ|≤1}
|uǫ − uλ| dx +

∫

{|uǫ−uλ|>1}
|uǫ − uλ| dx

≤

(

∫

{|uǫ−uλ|≤1}
|uǫ − uλ|

2 dx

)
1
2

meas(Ω)
1
2 +

∫

{|uǫ−uλ|>1}
|uǫ − uλ| dx

≤ meas(Ω)
1
2

(

∫

{|uǫ−uλ|≤1}
2S1(uǫ − uλ) dx

)
1
2

+
∫

{|uǫ−uλ|>1}
2S1(uǫ − uλ) dx

since (
|y|2

2
)χ{|y|≤1}

= S1(y)χ{|y|≤1}
and (

|y|

2
)χ{|y|>1}

≤ (
|y|

2
+

|y| − 1

2
)χ{|y|>1}

=

S1(y)χ{|y|>1}
Due to (5.3) we deduce that,

∫

Ω
|uǫ(τ)− uλ(τ)| dx ≤ α(ǫ, λ), not de-

pending on τ, and thus (uǫ) is a Cauchy sequence in C([0, T], L1(Ω)), and since
uǫ → u, a.e. in Q, we deduce that uǫ → u, a.e. in C([0, T], L1(Ω)).
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