Path space and free loop space

Adrian P. C. Lim

Abstract

Riemannian geometry on the space of (continuous) paths in a manifold
M has been studied by Cruzeiro and Malliavin. I will use concepts in path
space analysis to define a Levi-Civita connection on free loop space, using
the GY metric. A tangent vector X at a loop 7y is a vector field along <y such
that X(s) € T, ;yM. Following closely the calculations done by Fang, the Rie-
mannian curvature R'M is given by REM(X, Y)Z(-) = RM(X(-),Y(:))Z(-).

1 Introduction

Let (M“, ) be a Riemannian manifold. Fix a point 0 € M. Let W(M, v) be the
probability space of continuous paths in M, starting from o and v is Wiener mea-
sure on this space. v is defined in terms of the heat kernel on M, which is the
solution to the heat equation using the Laplace Beltrami operator. I will not give
turther details, referring the reader to other resources for more information.

Analysis on W(M, v) is an active area of research, which began with [Dri92].
The Riemannian geometry of path space is described in detail in [CM02], whereby
the Levi-Civita connection is given explicitly.

The authors in [CMO02] further introduced a Markovian connection. In [Fan01],
Fang computed the curvature of the Markovian connection. In [CM02] or [Fan01],
they considered the space of continuous but nowhere differentiable paths sup-
ported by Wiener measure, while this article only consider smooth paths or loops.

Although path space analysis uses stochastic calculus, the calculations can
be easily adapted to P,M, the space of C* based paths. This article contains
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2 parts. The first part, is a very quick survey on the essential concepts in path
space analysis, without the stochastic analysis.

The second part of this article, applies the analysis in path space to the free
loop space LM, the space of smooth loops in M. Given y € LM, v : S' — M. LM
is an infinite dimensional, paracompact manifold, modeled on the topological
vector space LR?, with the topology of uniform convergence of the functions and
all their derivatives. (See Chapter 3 in [PS86].) A major difficulty is that there is
no canonical frame along a loop, unlike the case of based paths, whereby given
a fixed frame at 0 € M, there is a horizontal lift of the path in M to a path in the
principal O(M) bundle, hence defining a frame along the path.

Define a G? metric on LM, in Definition 3.15. The Levi-Civita connection on
LM is defined by Definition 3.10 and the curvature is computed following the
calculations in [Fan01]. See Theorem 3.20.

2 Analysis on Path Space

I will begin by giving a quick review of the analysis on path space in preparation
for the loop space case.

2.1 Principal O(M) Bundle

Let (M9, VM =V, 2,0, up) be a smooth compact d-dimensional Riemannian man-
ifold with the Levi-Civita covariant derivative V, a Riemannian metric g, a fixed
base point 0 € M and a fixed orthogonal frame uy : R? — T,M. In R%, 0 will be
the origin. Consider the principal O(M) bundle, 7 : O(M) — M.

Given a covariant derivative on TM, I now describe how to lift this covari-
ant derivative on the principal O(M)-bundle. Write E = Hom(RR¢, TM), where
Hom means linear transformations. E is a vector bundle over M with fiber E,, =
Hom(R%, T,,M) for each m. If u is a differential curve in O(M), define Vu/ds €
I'n(E), by
Vu ;- V(u(s)¢)

e - (2.1)

7 (8)
for all & € R?. u(s)™! % maps R? onto itself, i.e. it is a linear transformation on
IR?. Because the connection is Riemannian, u =1V /ds is in so(d), the Lie algebra
of the Lie group SO(d).

Definition 2.1. (connection 1-form w) Define the connection 1-form w = w" on O(M)

with values in so(d) by
w(u (5)) = uls) ()

where u(s) is any smooth path in O(M).
Definition 2.2. (canonical 1-form ©) The canonical 1-form on O(M) is the 1-form ¢ :
T,0(M) — R given by
98 =u'mg
forall § € T,O(M) and u € O(M).
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Definition 2.3. (Horizontal vector fields) The standard horizontal vector fields B(a) €
T(TO(M)) for a € RY, that is, for each a € RY, define a section of vector fields in
TO(M) by the following: For eachu € O(M), B(a)(u) is the horizontal lift of ua € TM
to T,O(M), i.e.

B(a) : O(M) — T,,0(M)
u — lift of ua € TM to T,O(M).

Note that B has 2 arquments, a € R? and u € O(M). Usually the u argument will be
suppressed. Alternatively, B(a)(u) is the unique element in T,,O(M) such that

1. 7 B(a)(u) = uaor &(B(a)(u)) = a.
2. w(B(a)(u)) =0.
Denote the horizontal tangent space to u by H,,.
Let me now describe the vertical vector fields.

Definition 2.4. (Vertical vector fields) For each V € so(d), define some kind of lift of
this vector to a vector V in T,O(M) by

7 = L (- exp(tV)) 1. 2.2)

= %(
This map, V. — V gives an isomorphism

so(d) =V,

where V), is the vertical tangent space to u. Note that 77,V = 0 by definition.

Given a tangent vector ¢, € T,0(M), I can decompose the vector into hori-
zontal and vertical components, i.e.

—_——

Su = w(Gu) + B(9(8u))-
Recall that given V € so(d), V € T,O(M) is given by Equation (2.2).

Notation 2.5. Given X € TO(M), denote the horizontal component by HX, i.e. HX =
B(9(Xy)) and the vertical component by VX, ie. VX = w(X,) .

The following formulas are stated without proof.
Proposition 2.6. 1. 9(B(a)) = a (By definition).

2. w(V)=V.

3. ([V,B(a)]) = B(Va).

4. 9(V) = 0. (By definition of V, u is fixed for all t. Hence the projection is always
rtu for all t.)

5 w([V,W]) =[V,W].
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Since 71, is an isomorphism between H, and T, M, I can identify
(u,B(a)) € Hy «— ua € Ty M.

Under this identification, I will write w(ua) := w(B(a)(u)). (I am abusing the
notation here, since w is a 1-form in TO(M). Here, ua € T, M. )

Proposition 2.7. Identify H,, with T, M. Alternatively, one can replace w by w (7, b).
Then
u IR (ua, ub)uc = (dw + w A w)(ua, ub)c.

The proof is omitted.

2.2 Structure Equations

Definition 2.8. (i) The curvature tensor of V is defined by
R(X,Y)Z =VxVyZ —VyVxZ =V xy|Z,

where X, Y, Z € T(TM).

(ii) The torsion tensor of V is defined by
T(X,Y) =VxY—-VyX—[XY]

where X, Y € T(TM).

(iii) The curvature form Q) of w is the so(d)-valued 2-form on O(M) defined by
QO(X,Y) = dw(HX,HY) = (dw)H(X,Y),

where X, Y € TO(M) and HX and HY are the horizontal components of X and
Y.

(iii’) Forallu € O(M) and a,b € RY, set
Qy(a,b) = Q(B(a)(u),B(b)(u)) € so(d).
(iv) The torsion form @ of w is the R%-valued 2-form on O(M) defined by
O(X,Y) =do"(X,Y) = do(HX, HY)
forall X,Y € T,O(M) and u € O(M).
(iv') Forallu € O(M) and a,b € RY, set
@, (a,b) = O(B(a)(u), B(b)(u)) € R
Lemma 2.9. (Structure Equations)
i ©@ =do+ w A9 (first structure equation);

ii O =dw + w A w. (second structure equation);
iii Q(a,b) = u='R(ua,ub)u forallu € O(M) and a,b € R,
iv ©y(a,b) = u='T(ua,ub) forallu € O(M) and a,b € R“.

The proof is omitted and can be easily found in texts. For example see Section
III, Theorem 2.4 and Section IIL.5 in [KIN96].
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2.3 Horizontal Lift

First, I will set the following convention. Derivatives with prime will denote
differentiation with respect to s and dot will denote differentiation with respect
to t. Note that s will be reserved for the argument of a path, i.e. o(s). Most of the
time, I will omit the argument s. In summary,

d /
%X(s,t) = X'(s,t)
iX(s,t) = X(s, t).

dt

Definition 2.10. An absolutely continuous path o has finite energy if
1
G, o) = / g (0!, o) ds < oo.
0

The following notations are put together for convenience.

Notation 2.11. 1. Let H(M) be the space of absolutely continuous paths in M with
finite energy, starting from o. I will reserve o for a path in M.

2. Let H(O(M)) be the space of absolutely continuous paths in O(M) with finite
energy, with initial frame uy. I will reserve u for a path in O(M).

3. Let H(R?) be the space of absolutely continuous paths in R? with finite energy,
starting from the origin. I will reserve w and h for a path in R®. h will denote a
vector field in H(T,M) which I will of course identify with H(R?) using uo.

Some more definitions.

Definition 2.12. 1. A path u in H(O(M)) is said to be horizontal if Vu(s)/ds =0
or equivalently, w(u'(s)) = 0. Denote the space of absolutely continuous horizon-
tal paths in O(M) by Hor(O(M)).

2. For a path 0 € H(M), define H(0), called the horizontal lift of 0 € H(M) to
Hor(O(M)) by
H:0— H(c) =u € Hor(O(M))

such that
U = 0.

Definition 2.13. Define a map ® : H(RY) — Hor(O(M)) as follows: Given a path
w € H(RY), define ®(w) = u € Hor(O(M)) as the unique solution to the differential
equation

u'(s) = B(w'(s))(u(s)), u(0) = ug. (2.3)

The following theorem, taken from pages 281 and 282, Theorem 2.1 in [Dri92],
will be stated without proof.
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Theorem 2.14. The sets Hor(O(M)), H(M) and H(RY) are in one to one correspon-
dence. In particular, the map

@ : H(RY) — Hor(O(M))

and the projection
7t : Hor(O(M)) — H(M)

are bijections. Furthermore, the inverse of 7 is the horizontal lift map H and w =
O~ (u) is given by

Definition 2.15. (Cartan’s Development map) The map 1 = 7 o ® is known as the
Cartan’s Development map.

Now onto the geometry of the spaces. Pick a path 1 € H(R?). Note that one
should also think of / as a vector field in H(R?). For o € H(M), define a vector
field along ¢, labelled X" (o) by

X" (o) (s) = H(0)(s) - h(s), s € [0,1]. (24)

Now define a flow of this vector field X"(-) along ¢. So this flow will have 2
variables s and t. I will reserve s for the path and ¢ for the flow. Define the flow
along X", starting at ¢ to be the solution a : R — H(M) by

i(t) = X"(a(t)) = H(a(t)) - h, a(0) = 0. (2.5)

Again, I suppress the variable s, which is the variable reserved for a path in
H(M). The second condition says that a(s,0) = o (s).

Remark 2.16. Such a solution « to the functional differential Equation (2.5) exists and
is unique. See Remark 2.2 on page 282 in [Dri92].

The next theorem is very important, because it says how to differentiate a
horizontal lift u by X". Before I begin, here is another definition.

Notation 2.17. For a in H(R?), define a functional on H(M) by

Ga(s) = /OS Qi (a(r),w'(r))dr.

The frame u in question here is u = u,, = P(w) and I use the 1-1 correspondence,
o= mod(w).

Theorem 2.18. Assume all the notation as above and let «(t) be a solution to the flow

equation (2.5). Let u(t) = H(a(t)) € Hor(O(M)) be a horizontal lift of w(t) to the
space of horizontal paths in H(O(M)). Also define

w(t) = d Y(u(t)) € H(RY).
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Then u(t) and w(t) both satisfy

—_—

u(t) = —qu(t) + B(l) (u(t)) (2.6)
and

W' = g’ + 0Oy (h,w') + 1. (2.7)
In terms of all the parameters, Equation (2.6) is written as

st = —ulst) [ (O (b, 0)) ()l + B0 )9

and Equation (2.7) can be written as
S
@/ (5,) = [ (Quy () (r)r -/ (5,) + (O, (1, w})) (5) +H(s).

Here, uy = u(-,t) and wy = w(-, t).
Remark 2.19. Only h is independent of t. u, q;,, w are all dependent on t.

Proof. Note that 1 is a tangent vector in H(O(M)). So recall I can split a vector
into horizontal and vertical components as follows,

—_——

i(t) = w(i() + B(O(i(t))).

So the proof is just computing w(1(t)) and ¢(u(t)). Let me first compute 9(1i(t)).
By definition, the horizontal lift of u(t) is given by u(t) = H(«(t)). By definition,
t(u(t)) = a(t) and thus

O () = u(t) ' (u(t)) = u(t) i)
u(t)"TH(a(t)) - h = h.

The second equality follows because the push forward of () by 7 is just @(t).
Now lets compute w(1i(t)). Pick any fixed vector a € R, independent of s. Then

by definition of w,
w(ii(t))a = u(t)—l%u(t)a,

(i (1))a = %u(t)a.

Take covariant derivatives on both sides and since Vu(s,t)/ds =0,

 (u(t)wa()al = Lu(o),

:vgiit)w(u(t))a + u(t)d%w(ﬂ(t))a = %%u(”” + {%’%} u(t)a

or

:u(t)d%w(u(t))a = R(¢/,0)u(t)a
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But & = uh and by Definition 2.13 and Theorem 2.14, since 1’ = B(w')(u) and by
taking 7., [ have &' = m.u’ = m,B(w')(u) = uw’. Hence

%w(ﬁ)a = u 'R(uw', uh)ua = Oy (w', h)a

by Lemma 2.9. Integrate with respect to s,

w(i)a = /0. Qu(w'(r), h(r))adr = —qpa

w(ii)(s) = /0 (@ (), 1(r))dr = —gu(s).

This completes the proof of Equation (2.6). To prove Equation (2.7), note that by
definition of the map ®, u’ = B(w')(u) and hence w’ = #(u’). Thus to compute @’
is the same as computing dd(u’ (t)) /dt. First note that u(s) is horizontal for each s
and hence w(u') = 0. Secondly, u(t) = H(a(t)) and thus 7. (t) = &(t) = u(t)h.
Therefore, ®(11) = h. Finally, since u’ = B(w’)(u) and hence #(1’) = w'. Using
structure equations, I have

3 Geometry of Loop space

To begin with, I first specialize to the based loop space and fix a frame 1 at some
point 0 € M, i.e. consider only {7y : [0,1] — M, 4(0) = (1) = o}. Denote
this space of based loops by L,M. Furthermore, I will only consider oriented
manifolds M. Since the calculus on based path space is so well understood, I will
capitalize on it and view the space of based loops as a submanifold in based path
space. The advantage of this point of view is obvious. Some of the results in
based path space carry over with minor modifications. Last but not least, all the
loops are considered to be smooth.

Unfortunately, there is a price to pay. When I consider based loops at o, L, M,
I am in fact fixing a parametrization of the loop, identifying a "starting” point and
frame, denoted by ug. To be more precise, a parametrized loop y maps {e?’ :
s € [0,1]} to M. As such, I can label the argument in ¢ as s and s = 0 will be
the starting point. At the end of the day I have to make sure that any definition
made, is independent of the parametrization used.

I will now show how to locally trivialize TLM. Note that here, I am consider-
ing free loop space LM, not based loop space. Fix a loop 79 € LM and pick any
point on it, call it 0 := 7(0), hence parametrizing the loop. I will abuse notation
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and write {(s) : 0 <s <1, 9(0) = (1)} to mean a parametrized loop. Assign
a local frame 1 in an open neighborhood B in M containing y((0) = o. Specif-
ically, choose a local orthonormal frame field {fy,..., f3} in the neighborhood B
with the identification f;(x) = up(x)e;, x € B. Here, {e1,...,e4} is the canonical
orthonormal basis in IR¥.

For any parametrized loop {y(s) : 0 <s <1, 9(0) = y(1) € B} € Uyep Lx+M,
there is a unique horizontal lift of v in H(SO(M)), that traverse along -y once.
Call this lift 1, (-) = {u,(s) : 0 < s < 1}, with u,(0) = up. Another description
of the horizontal lift is that it is the parallel translation operator along <. As the
path traverse one round, i, (1) : R? — T,M may not be equal to uy.

Definition 3.1. For each {y(s) : 0 <s <1, 4(0) = y(1) € B} € Uyep L+ M, define
the holonomy operator h., € SO(d) such that u, (1) = u.(0)h., where u., is the unique
horizontal lift of -y, with an initial frame ug = u(0) : R — T,M.

Remark 3.2. This definition is dependent on the initial frame g used, up to conjugacy
by SO(d).

Now this holonomy operator i : (J,cg LxM — SO(d) defines a continuous
smooth map on the compact-open topology. Set g9 := h,, and note that 7o €
L,M. As SO(d) is a compact connected Lie group, there is a {y € so(d) such that
exp(&o) = go-

Now the exponential map may not be a local diffeomorphism at ¢y. However,
it is a local diffeomorphism at the origin. Choose an open set U containing 0 in
the Lie algebra so(d) such that the exponential map is a diffeomorphism onto an
open set V = exp(U) containing the identity e of SO(d).

Consider the path a : s € [0,1] — exp(sGo), a path joining e to gp. Let Lg
denote left multiplication by g. For each { € U C so(d), define a left invariant
vector field Lg «¢ on SO(d). Solve the flow equation for (¢, -) = Bs(-),

Bs(t) = SL/Ss(t),*‘:r Bs(0) = as. 3.1)

The solution is given by

Bs(&,t) = exp(sco) exp(std), s, t € [0,1]. (3.2)

Each ¢ € U C so(d) defines a path 0 < s < 1 — B;(¢, 1) which joins the
identity e in SO(d) to each g € goV C SO(d). Here, { € U C so(d) such that
g = goexp(¢). his a continuous map from J,cp L+M to SO(d), O containing 7.
Without loss of generality, assume that O C h=1(goV).

Notation 3.3. Define for each loop v € O, a skew symmetric matrix () € U C so(d)
such that
v€O0C | J LM — {Bs(&(7),1) € SO(d) : s > 0},

x€B

where B1(¢(y),1) = hy = goexp(E(y)) for v € O and gy = h.,. P solves Equation
(3.1) and is given explicitly by (3.2). This choice of B is not canonical.

Write for each <y in a neighborhood O C U,cp Ly M,

Ne() (s) := Bs(&(7),1) ", s > 0.
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In future, I will drop the variable vy and the s variable. It should be understood that 1z is
a path.

Definition 3.4. Refer to Notation 3.3. Choose a small neighborhood B C M such that
an orthonormal frame field uqy can be defined over B. Fix a loop 7y such that y(0) € B.
Now define a local frame r for some neighborhood O C |J,ecp LxM, for 0 <s <1,

v €O r(y,s)=1%(y,s) = Uy ()7 () (8)- (3.3)

Note that { depends on <y and the initial local frame uy over a neighborhood B C M. u,
is the unique horizontal lift of -y, with an initial frame uy = u(0) : RY — Tr(ug) M,
7t : SO(M) — M. Thus, I have a local trivialization of T \Jycp LxM using

(7,9) €O x LR? — {(7,7%0)(s) : 0 < s <1, 4(0) = (1) € B} € T, U LM.
X€EB

This local frame 7¢ is defined only in a neighborhood O containing some cho-
sen and fixed loop 7o. It depends on the choice of {y € so(d), which as a reminder,
is defined by /1, = exp(o).

Definition 3.5. In future, drop & from r® and write it as r = ung. Define ¥(7y) =
(Hng)(v). Recall H(vy) is the horizontal lift of <y, with starting frame ug. Thus, ¥ maps
a loop in L,M to a loop in L,,,SO(M) using a local trivialization. Of course, this map
depends on the choice of ¢.

Definition 3.6. Let p(-,t) be a family of loops in the free loop space LM such that
p(-,0) = () and 9p(-,t)/t|t—o = v(-), v(-) € T, LM. Define for a smooth function
F:LM — S, S a manifold,

oF(p(-t))
ot t=0

Now suppose I fix a point 0 € M and a frame u, at 0. Given a based loop
v € LyM and a tangent field v € T,,L,M, I want to compute D,» € TLSO(M), and
foreach 0 < s <1, Dyr(s) € TSO(M) has horizontal and vertical components.

Definition 3.7. Let v be a loop in H(R?) and v = rv, r as defined in Definition 3.4.
Define a skew symmetric matrix path A, as

A(@)(-) = Ao(-) = B(E(7), 1)DuB~H(E(7),1).

Do note that A,(-) = Ay(7, ) is dependent on 7y for v € O C LM, since ¢ is dependent
on .

D,F(y) := € Tr(,)S.

The vertical vector field is given by r~1VMr(.) (See Equation (2.1).) and using
Equation (2.6), is

ng u” (Vow)ig + 11z ' Dute = Ao — 1 Gyonie:
The horizontal vector field, however is the unique vector field such that
rd(Dyr) = . Dyr = 1o,

and thus 9(D,r) = v. Let me summarize it as an analog of Theorem 2.18.
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Corollary 3.8. Fix a point o € M and a frame g at o and consider the based loop space
LoM. Let vy € LM and v(y,-) € T,LoM with v(y,-) = (rv)(7y,-) = (u;ygv)(’y,-),
v(7,s) € LIRY for 0 < s < 1 with v(0) = 0. Refer to Definition 3.4 for the definition of
r. Then

(Dur)(7,-) = o(7,°), |
w(Dyr)(7,) = Ao(7,-) = 17,5(17)(-)/0 uy (R, 1), (1))uan (r)dr - 17g () ().

3.1 Covariant Derivative on Free Loop Space

I am now ready to do some analysis on free loop space. The obvious difference
from the analysis on based loop space is that the starting point y(0) is allowed to
vary. Although not stated explicitly, in the case of based paths (loops), the vector
fields along the path (loop) X are such that X(0) = 0. When considering free path
(loop) space, there is no such restriction.

In the case of based paths (loops), the starting frame 1 at y(0) is fixed. On free
paths (loops), the starting frame u is allowed to vary. This does not change much
of the analysis done earlier on, except that now I have to include the derivative
of up using the Levi-Civita connection in the earlier computations.

Fix a 79 € LM. Recall I fix a point 0 = ((0) and choose a local frame uy over
some open neighborhood 0 € U C M. Then, there exists an open neighborhood
Y0 € O € Uyem Ly M, such that there is a local trivialization of T |J,¢; LyM using

(7,9) €0 x LR? — (v,10) € T, U LM, 7 = une.
xel

u(-) = u,(-) is the unique horizontal lift of -y, with initial frame 1 (7 (0)) = u(0)
and y(0) € U. Refer to Equation (3.3) in Definition 3.4.

Definition 3.9. Let yo € O for some open neighborhood O C |J,cy; Ly M and suppose
{r(s) = u(s)ne(s) : 0 < s < 1} is a local trivialization frame over O with ug a local
orthonormal frame field over U C M. Let {z(s) : 0 < s <1, z(0) = z(1)} € LR and
Z() := (rz)(-). Define a connection 1-form w for 0 < s < land v € O,

wz(s) =wz(7,s)

=g ()A2Tg() (5) + Az(7,5)
_ 775_(17)(5) /0 u;l(r)R(Z(’)/,r),r)/(r))u,Y (r)dr - ;75(7)(5), (3.4)
whereby A, = ualvuMoz(o)”O'

Note that A, = u 1V%Z(O)uo is the connection 1-form in the direction oz (0).
Simply put, it is the connection 1-form for the base point, at time 0. Some results
done earlier transfer over to free paths (loops) by adding this additional term A.
For example, 175_1/\0% should be added to the vertical component of the tangent
tield in Corollary 3.8, i.e.

w(DZr) = 7751)‘2775 + A, — 176_1 /O u—l(r)R(Z(r),r)/(r))u(r)dr e
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As a result, the connection 1-form w;(s) = r_l(s)Vg/I(S)r(s), the vertical com-
ponent of (Dzr)(s), for 0 < s < 1. Here, V%S)r(s) is given by Equation (2.1).

Continue the above set up, define a covariant derivative on free loop space as
follows.

Definition 3.10. (Covariant derivative VM on free loop space) Let Z;, i = 1,2 be
smooth sections of TLM. Define a local trivialization over O C U,y LxM, {r(7,s) :
0 < s < 1} as in Definition 3.4. Thus the vector fields Z; can be written as {Z;(y,s) =
r(7v,8)zi(y,s) : 0 < s <1} for v € O. Here, z; : (7,5) € O x [0,1] — zi(v,s) €
T, (syM is smooth and z;(y,0) = z;(7, 1) for any vy € O.

Define the covariant derivative VLM g, foreach 0 <s <1,

(V' 22)(7,5) = 1(1,5) - [Dz,22(7,5) + ws, (1,5)22(7,5)],
whereby w, (+) = w, (7, -) is given by Equation (3.4). To clarify,
d
Dz,z5(7,s) == gzz(zx(t,s))

such that {a(t,-) : —e <t <€, € > 0} is any family of loops in O with du(t,s)/ot|;—g =
Z1(7y,s) for0 <s < 1.

t=0

The covariant derivative is defined, based on the choice of r, which fixes a
starting point y(0) for 7, hence parametrizing the field Z;, i = 1,2. The next
lemma says that the covariant derivative is well-defined.

Lemma 3.11. VM is well-defined, independent of the frame r used.

Proof. Let O be open in Uyeyy LyM and {r(7,s) = uy(8)7g(1)(s) : 0 < s < 1}
be a frame over any v € O, with a starting frame u,(0) at 7(u,(0)) € M, 7 :
SO(M) — M. Let 0 < T < 1 and suppose a new frame #(7,s) = il,(5)7z(,)(s)

overy € O C Uxey LxM is chosen, such that at s = 0, I begin with a frame 7, (0)
at 71(11,(0)) € M. Without loss of generality, by taking the intersection of O and

O if necessary, I will assume O = O. The frame 7 can be written for 7 € O and
0<s<1,

P(7,8) =ty (s + T)tje(y (s £ T)o(7,8) = r(71,5 + T)p(7,5), p(7,5) € SO(d).

Let Z;,i = 1,2 be 2 smooth sections in TLM. For 0 < s < 1, in terms of the
framer, Z;(7y,s) = r(,5)zi(7,s) for ¢ € O, but in terms of 7,

Zi(v,5) = (i) (1,9)zi (7,5 +7) = (7,5 + Dzi(s + 1) = Zi(7,5 + 7).

Write z; +(v,s) = zi(7,s + 1), r<(7,s) = r(7,5s+ 1) for 0 < s < 1. According to
Definition 3.10, for 0 < s <1,

(V51 22)(7,8) =0(7,5)[p~" (5)D2,22(s) + (D p~
+(PTIVER)(s) o7 (5)z2,2()](7)
=r2(7,5)[Dy,22x(s) + (r7 ' V3 re)(s) - 22(5)](7)
=(V§]1VIZ2)('y,s+T). n

P7)() - 22(5)
]
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This quantity Ay — 77z 15/,75,(17@: appears often in the analysis such that it de-
serves a separate symbol. This quantity appears because of the derivative of the
holonomy operator, which happens only for loop space.

Notation 3.12. Let O C U,¢yy LxM as in Definition 3.4. Recall r = ung and write
Ty == Qu(ne-, 1g-). Lwill write the vertical component as

AZ — AZ / ru d?’ ;7@'

Here, rb" = uneb’ = o/, v = mr € O. Hence, wz =11, "2z + A in Equation (3.4).

3.2 Lie Bracket

To compute the Lie Bracket amounts to compute the Lie Bracket over J,c; Ly M,
UCM. LetX,Y € TLM.

The reference is taken from Pages 148 to 150 in [CM02]. Throughout this sub-
section, fix a g and a starting point 0 = 7((0). Choose an open neighborhood
o € U C M, fix an orthonormal frame 1y over U C M and hence define a neigh-
borhood O C Uycyy LxM and a frame r = urg for v € O, as in Definition 3.4.

Suppose X = rx and Y = ry. Assume that x and y, tangent fields in H(IR),
are independent of y. Since I have a choice of the starting frame 1, assume that
Ay = Ay = 0.

Definition 3.13. (Cylinder functions) A function f is a cylinder function on H(M) if
flo) = f(o(s1),0(s2),...,0(s%)), where f : M x -+ x M — R. Now by projection
7T, consider f as a cylinder function on HIO(M))

f(u) = f(mu(sy), mu(sa),. .. mu(sy)).

Thus f(u.) is a function from H(RY) — H(O(M)). Therefore, only consider in general,
cylinder functions f on H(O(M)).

For a cylinder function on J,cy; LxM, f(y ) F(y(s1),...,7(sn)), liftit to a
function on Uyeyy Ly (x)SO(M) using 7 : L, (,)SO(M) — LyM if x = 7tup(x), i.e.

)
(fom)(ry) = (Fom)(ry(s1),---,7y(sn)) := F(ry(s1), ..., 7 (s0))-

Note that F is a function on U,cy; Lyy(x)SO(M). Since cylinder functions are
dense, it suffices to compute the Lie bracket on cylinder functions.

Recall ¥ = Hig, H is horizontal lift. Since F = Fomo¥ = FovY, using
Corollary 3.8,

Dx(Fo¥)(7) = x*(s¢) (9, F) (ry(51), .., 79 (sn)),

where I adapt Einstein’s summation notation and BX = B(e,)(r(s)) is the canon-
ical horizontal vector field at r(sy) = u#g(sy). Note that there is no deriva-
tion by a vertical tangent vector since the function is an honest cylinder func-
tion on H(M). However, note that the derivation 8’1‘3“? is a cylinder function on

Uxeu Luo(x)SO(M)'
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Now differentiate a second time, using Dy, again using Corollary 3.8. Note
that I have to differentiate using the vertical tangent vector,

DyDx(F o ¥)(7) =P (s;)x* (s1)95, 95, F (ry(51), -, 74/ (5n))
+ x%(s1) 9" — A, E(ry(s1), .., 74(sn)).
Ay—1z Tnzyle

Write Wg_l%gyﬁg = py. So I have

[DyDx — DxDy|(E o ¥)
—yP (sj)x"(sx) |0k, 9, — 9,5, | Fr(s1), .., 7(s))

+ [x“(sk)a%_% iBa —y“(sk)ali;_ﬁaiBa} F(r(s1),...,r(sy)). (3.5)

If j # k, then a’lga and B]I;ﬁ commute. So only consider k = j. Since B,

and By are horizontal vector fields, [B,, B/;] is vertical. To show this, compute
70+ [By, Bg] = [7t+Ba, 74Bg). This follows from the Torsion free of Levi-Civita co-
variant derivative on M, V])\(/IY — V&X = [X,Y]. As horizontal vector fields,
V])T/I*B“N*Bﬁ = V%Bﬁﬂ*le = 0. Hence [71,By, N*Bﬁ] =0.ButF only depends on
71(u), hence this term vanishes.

The first sum in Equation (3.5) vanishes. For the last sum, same reasoning: if
j # k then the fields commute. So assume j = k. Use one of the useful formulas,

[V,B(a)] = B(Va) for a skew symmetric matrix V and a vector a € R?. Apply
this formula, then

j il o
|:a;{;_/r-);/ aBzx:| — a(Ax_px)ea.
Buton F, agaa%ﬁ = 0. Hence

i m A o 1F
o9 F = [a%,aBJ F = a e F-

Therefore, the second sum in Equation (3.5) becomes
k ‘ k ar:
(5009 _0h, — v (509595, |F
N DAY &N\ F
= [ (5%, pysea) ¥ C)pa—pore| F
_ |y _ o A
= Oh(ar-pois) ~ Pbi(apomisy) F
So if I plug into Equation (3.5),
n

~ . j B j ~
[Dy,Dx| (Fo¥) = ]; (aB(Ayx—Axy)(sj) aB(Pyx_ny)(sj)> (Fo¥).
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Since F is a cylinder function on H(M), I have

[Dy, Dx]F = [Dy, Dx](Fo¥)

- ([al%f*B(Ayx)(Sf) ‘_ air*B(Axy)(S{)] B [a;*E(PyX)(sj) B aér*B(pxy)(S;)]) F
= ([P a5y = aisp] = [Pousts) = Pisp]) F

Thus the following result.
Theorem 3.14. The Lie bracket of 2 tangent fields, X and Y, is given by

X, Y] = un (A = Ayx = (07 Quetiey = 17 Gaic) ) -

More generally, the Lie bracket of X = rx and Y = ry is given by, under r,

X, Y] = r (07 Aty — 17 Ay + Axy — Ay = 17 @yeaticy + Qe )
=1 (wxy — wyx).
Definition 3.15. (Metric on LM.) Define a G° metric on TLM by G*(X,Y) =
1
fo g(X(s),Y(s))ds.
With this definition of the metric, we have the following corollary.

Corollary 3.16. The connection VM is the Levi-Civita connection.

3.3 Curvature

Throughout this subsection, fix a g € LM and a starting point o = 7((0). Choose
an open neighborhood o € U C M, fix an orthonormal frame 1y over U C M and
hence define a neighborhood O C (J,¢; LxM and a frame r = u#z dependent on
each v € O, as in Definition 3.4. The goal in this subsection is to compute the
curvature at the loop 7.

The calculations in this subsection follow those in Section 3 of [Fan01]. Now
7' is a tangent field along the loop v, so I can write for each v € O C U,¢y; Ly M,
7" = r(y)y/, for some loop vector field u' € LR?. Defineamap b’ : v € O C
Uxeu LeM — 1’ € LRY. To find D,b’ requires going back to the development
map, wherev € TLM.

The development map I maps H(R?) to H(M) and is a diffeomorphism. So,
write I(w) = v € O C Uyey LxM. Note that w may not be a loop. Their relation-
ship is

V(s) =y (s)'(5)
The anti-development map is given by

Differentiate,
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or by definition of ¥/,
(I_l)/ = 17619/
So, b’ = 776_1(1_1)/'

Lemma 3.17. Continue with the notations as above. Assume the connection on M is
torsion free. Then

D)V =v + 175117&0 — AV, (3.6)
where v = rv withv € LRY.

Proof. Torsion free implies that ® = 0. From Equation (2.7), let ¢/ = g,w’ + I/
and write D, j, as the tangent vector associated to ¢, i.e.

_ 4 " t0(5) gy .
DyyF = dt’t_OF (/0 e 1)y (5)ds + th(-)

for any smooth function on H(IR?). Recall that I = 71 o ®. Hence by Theorem
2.18,

(Dub') o I =Dy (b’ 0 I) = Dy eo(igz ' o I- (I"1) o11)
:(Dq,ngv(ﬂg_l ol))-(I'") oI+ ’7§_1 oI Dyyeo((I71) o)
:(Dviyg_l) ol (I oI+ 1751 ol- Dq,ngv((l_l)' ol)
(A YY) o T4y o T+ Dyyo((I71) 0 1)
But
(I™Y o I(w) = ”1_(10) (w) =w'.

So (I71)" o I : w — w'. Therefore, by definition,

Dy eo((I71) 0 I)(w) = Dy ott’ = (150) + 0w’

Hence
ngDq,iyg(I_l)/ =7 + 775_1%‘0 + ’7@5_15]1750”_1')’/
=0 + 176_117%0 - nglq%vngb’.
Therefore,
I -1/ / -1 /
D) =v + 11z g0 — Ayb + 1z Qyeolicb
or

Db =7 + 175117&0 — ALl

Recall I fix a loop 79 € O. Choose an orthonormal frame field {e,}, over
U C M such that at the base point 1(0) = 0 € M, Vé\feb = 0. Hence A, = 0,
h € LRY in Definition 3.9, throughout this subsection.



Path space and free loop space 369

Lemma 3.18. Suppose for v € O, v = (rb')(y), r = ung as in Definition 3.4. Write
v =rvand u = rw. Given v(-),w(-) € L(R?) independent of y € O,

D, <Aw — 1751 /0. Ty (w,b')(T)dT - ’7@‘)
o L G Rl T e LA [ L
—zt [ [ Tutwo,t)] (D =g [ TulAveo, b)) (2T g

g [ T @ g g [ Tuteong o) (@i
— AvAw + 17z ' Dy Dy

Proof.

D, <’7§_1/0 [y (w, b/)(’t)d’l’-ﬁg)
=—Av17§_1/0 Fu(w,b’)(r)d'r-iyg—l—;yé?l/o Iy(w,b')(T)dT - 7z A

+ ;76_1 /O (Dvru)(w, b/)(’f)d’( . ;76 + ;76_1 /O Fu(w/ Dvb/)(T)dT ) 77@'
Now write I';, = ;7§Qr17§—1’ s0 Q) = ngl"un,;. Then,

DLy = (Dyrig) Qg ' + 12 (D) + 50Dy
which gives

or
DTy = [ Ao, Q] ' + 12 (DQ )

Now, I have to compute D,Q),. Now Q, = r~!R(r,7)r and r is a frame in O(M).
Using the push forward of ¥ : LyM — LO(M), ¥.D, is given by D,r. Thus, by
Corollary 3.8,

DVQ?‘ — aB(v)Qr + aK;Qr.

But

(Y = %‘t_o(retE)_lR(retE, re'E)re'E
= —EQ, +r 'R(rE,r) + r'R(r,7E) + O,E = —[E, O] + O, (E,-) + O, (-, E).
Thus,

(DuTa) = 12l Aws Q107" = e[ Q07+ T Av, ) + T Ao) + 1 (D oy 7
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Therefore, using Equation (3.6),
D, (1751 /0 Ty(w,b')(7)dT - 175)
== [Awn? [ rut )@t | 0 [ oo 00 0]
—" | [ele Qg ()] (DT ng 4 [ Tultow, b))
gt [ Tulw, o) (O mg gt [ Tl g o) (2 g

0 [ [nelAe O @, 0)] (D)7

Also,
DyAw = Dy(1; ' Duti) = (Duigz ') Dyt + 17z (DuDy)1ig
= 1z "(Dvnie); ' Dyttg + 1z DDy
= —AvAw + 117 ' DyDyijg.
So

D, (776_1 /o‘ Ty (w,b')(T)dT - 17z — Aw)
=- [Av,ngl | Tutw )@ ng] #0" [ 1e@ne 0z (w0, 1)) () g
—nt [ [nelo, el o8] (DT + 0 [ TulAveo, b)) ()T g
b [ Tuw, o) (0T + " [ Tl ng o) (0T g
gt [ [nelAe O @, 0)] (DT g
+ AyAy — Wg_leDMr:
But note that
[Ao, Q] = [Av, O] — [’751‘77750’76' ’7g_1ru’7§] = [Ao, ] — ’751[%50’ Tulre.
This then simplify the above expression to
D, (17@,_1 /0. Ty (w,b')(T)dT - 177 — Aw)
— [Av,ngl | Tutw,t)(@)ar ng] [ Ire(@po) Qn)n (w0 (2)dT g
[ e Tulw )]0 g+ | TulAsw, b)) (2 -
+ 776_1 /o' [y(w,o")(T)dT -1z + 776_1 /0' Ty, (w, nglnév)(r)d'r e + AvAw

— 117 'DyDytfe.
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Recall the Lie bracket of D, and D, is given by, in terms of 7,
[ro, rw] =7 (Avw — Apv — 175_1 [qyeonew + %gwﬂé‘vD = r(Ayw — Ay0).
Lemma 3.19.
Ay NAy = [AU/ Aw] - [Av/ Ug_quéwﬁg] - [776_1511752177@ Aw] + [5]1752277@ 5]17520775]
Proof. Now Ay = Ay — nglq%viyg, SO
[Av - 175107;75017;:, Aw — ﬂglq%wﬂg]
=[Ao, Aw] = [Av, 11z ayeaonie] = (17 Geotie, Awl + 11z Gyeotie 1z ' Gyenotie]

:[sz Aw] - [Av/ ﬁg_lﬁliygwﬂg] - [7751‘7175077@ Aw] + 7751 [5]1750/ q%w]ﬂg. [ |

Theorem 3.20. Let yg € O C Uyey LxM and define r = ung as in Definition 3.4. Let
v,w,z € LIRY. The curvature RMM of VIM gty is given by

RM (0, rw)rz = RM(ro(-), rw(-))rz(-),

whereby RM is the curvature of the underlying manifold M.

Proof.

DyAw — DAy

=[Ao, ’7@5_1‘717;w77§] — [Aw, ’7@5_1‘7%0775]

— [ 1@ 0 g o D)+ [ @y ) @] ()T
- ’7@5_1 0 [9ye0, Tu(w, b)](t)dT 1z + ’7@5_1 /0 [0, Tu(o, b")](t)dT - ¢
— ;7@,‘1 / Ty (Avw — Ao, b)) (T)dT - 172 — ’7,;_1 / Lu(w, ") (T)dT - 11z
+ 1 /l"uvw T)dT e — 1z /l"uwﬁC nz0) (T)dT - 1y
+1g /o Lu(v, Ne ngw)(r)d"{ e — [Av, Aw] + Ne '[Dy, Dylne.

So

DyAw — Dyfg + Ay A Ag

~ [ @20z (w0, (0T + 15 [ e @) @0 (0] (2T - g
— 1" [ g0, Tul (0, 0) (D) e + 7" [ [y Tl (0,6) ()T g

—17(;?1 /‘Fu (Avw — Ao, b)) (T)dT - 172 — ;76_1 /'Fu w,v")(T)dT - 1¢

+t | Tulo, ) (@ ng =g [ Tulw,nz ngo)(m)dr -

+1g /OTu 0,1 ngw)('r)d'f-ng+ng Dy, Dy]vy,;+ng [Gre0r Gneco] e
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But
d[%gvr quW]/dS = [Tu(v, b/)rﬂlngw] + [‘Mgvr Ty(w,b")].

Hence this simplifies to
DyAw — Duly + Ay A Ay
_ /0 1 () Q)15 a0, B)] () + 7! /(].[Ug(aB(w)QV)”C_l(U’ V() -1

—g /0 Tu(Aow — Aw, ') (T)dT - 17z — 17 /0 Ty (w, o) (T)dT - ¢
+gt [ Tuo,@) (v = [ Tutw,ng o) g
it [ Tulong ) (00 g + 7 (D, Dyl

Now

Nty = Artfyu) — g 1%—1[1/,,4%
= 17 Du Dyl = 1! [ Tultow = Ao, b) (D) - .
So

D]/Aw - D‘MAU - Ar—l[ } + Av /\ Aw

V,H
= =1 | Ire(@po) 00 (@, 00T+ 17" [ D@y Qg (0, 1)) (e -
! [ Tulw o) (T + ! [ Tulo,w) (@
—ng ! /O Tu(w, 7z ko) ()T e + 7! /O Tu(o, 7 nhw) (1) - 7.
By the second Bianchi identity,
Ip(0) (W, 0') — 1) O (v, 0") = g3y (w, 0)
and by the symmetry of curvature tensor, at yg € O,
[DyAw = Do = Ao ean) T Ao A B + Dudw — Do) (70)
=[] tre(@p 0 (o)) (D) - g
- 1751 /0. [, (0, w)(t)dt -5z + 175_1 /0. Ty(v,w')(T)dT - 7¢
—ng ! /O Lu(w, 1z o) (T)dT - iz + 117 /O Tu(v, 1z 'nzw) (T)dT - ¢
+ 17 10,40) (0(0), w(0)) 1z | (70).

Now I'have to compute r’. Note that by definition, r = uzz and 7r(usz) = . Thus
I seek to find a horizontal vector field B such that 77,B = o'. Buty' = unzb’ = rb'.
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Therefore 7. B = rb’ which implies 8(r') = b'. The vertical vector field is clearly
—¢. Thus,

Hence,
Q, = (V')*B,Q), — 85(),
= (b')"Bal + [C, O] = (8, 1) = (-, T)-
Therefore,
d(ngQ (0, w)nz ') /ds

=—[¢, WCQr(Urw)W,;_l] + Ué(b/)“BaQr(v,w)iygl + 1¢[C, Qr(v,w)];yé,—l
T 17507(77@‘_1'7%0'“’)’751 + 17 (o, ngﬂéw)’?g_l + UgQr(Ul,w)ﬂgl + 1:0% (v, w’)iyé,_l.
Hence
O, (v, w)
=1z ! /0 (1 () Q) (0, )] (T)dT - 12 + 177! /0 T, (v, w)(T)dT - 7z

+ 1751 /O Fu(v, w/)(T)dT e+ ,751 /O [UgQr(U, Ug_lﬂéw)ﬂg_l] (T)d’l,'

+g ! /0 (720 (7 Mgz, )z (0)dT - 1z + 1771 Q) (0(0), w(0) )7,
or at Y0 € O C Uxeu LxM/

[DvAw - DyAU - A[%v’%w} + Av A Aw + Dv/\w - Dy)\v] (’)’O) = Qi’(v/ w) (’)/0)'
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