On the global solvability of the Cauchy problem
for damped Kirchhoff equations

Renato Manfrin

Abstract

We study the Cauchy problem for the damped Kirchhoff equation in the
phase space H" x H'~1, with r > 3/2. We prove global solvability and decay
of solutions when the initial data belong to an open, dense subset B of the
phase space such that B+ B = H" x H' L.

1 Introduction

We consider here the Cauchy problem for the damped Kirchhoff equation:

Uy — M </|Vu|2dx) Au+2yu; =0, xeR", t>0, (1.1)
u(x,0) = up(x), wi(x,0) =us(x), xeR", (1.2)
where
m € CY0,00),
m(r) >6>0, Vrel0,0), (1.3)
v>0.

Global solvability and asymptotic behavior of solutions were studied by Yamada
[9] and Yamazaki [11] for small initial data. Roughly speaking, in these papers the
authors assumed that ||ug||gr + ||u1||gr—1 < €, for some r > 3/2, withe > 0 a con-
stant depending only on m(-) and y. Without smallness assumptions, equation
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(1.1) was investigated by Nishihara [6] for the initial boundary value problem
with Dirichlet condition. Namely, considering equation (1.1) in Q x [0, c0), with
() C R" a bounded analytic domain, Nishihara [6] proved global existence and
decay of solutions when the initial data belong to some (quasi-analytic) function
space lying between the analytic class and (-1 Gs, where G; is the Gevrey class
of order s (see also [5] for more details).

The main interest of the present paper is to investigate global existence and
decay of solutions of the Cauchy problem (1.1)—(1.2) in the phase space H" x
H 1 withr > % , when no smallness condition is assumed on the initial data. To
this purpose, we will consider special classes of initial data defined as follows:

Definition 1.1. Given ug,uy € L?, we say that (ug,u1) € B} if YN > 0 there exist
positive numbers p; = p;(N), for j > 1, such that p; — oo as j — oo and, denoting with
1; (i = 0,1) the Fourier transform of u;,

sup N1 [ 1P a0 @) +1¢] i (0) P ] d < eo. (1.4

]

Besides, for k > 1, we say that (ug,uy) € Blg if there exist y > 0 and a sequence of
positive numbers {pj}].>1, pj — oo, such that

k+2 2 k 2 e/
sup [ [1e 2 0@ + e i (@F | ———di < . (15)
i JIEl>p Pj
Givenr > 0, we set
E(u;t) C jul, O, + () (1.6)
r\H, s r+1 t\s L

where, forh > 0, | - |;, is the semi-norm

def

FO = HEPFON .-

Theorem 1.2 (Global Solvability). Given k > 1 integer, assume that m € Ck and
(ug,u1) € B} (resp. BY) if k = 1 (resp. k > 1). Then (1.1)~(1.2) has a unique global

solution u € CI([0, o0); H1+§_j(IR”)) (j = 0,1,2) which satisfies

sup (t E (u;t) + /Ot E,(u; 7) dr) < o0, (1.7)

>0
for 0 <r <k.

Here will prove in details Theorem 1.2 only for k = 1,2. For k > 3 we will
sketch the proof in § 7, using some results obtained in [4]. The solutions of (1.1)—
(1.2) satisty stronger decay properties than (1.7). Namely, assuming (1.3), we
have:
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Theorem 1.3 (Decay Estimates). Let u € C/([0, oo);HH%_j(]R”)) (j=012),k>
1 integer, be a global solution of (1.1)—(1.2). Suppose further that

sup |u(t)|p <oo if k>2; suptEj(u;t) <oo if k=1. (1.8)
£>0 £>0

Then, for 0 < r < k/2, u satisfies
t
sup {t@r( ufZq + |ue]?) —I—/O 0" (|ul?, +T|ut|3)dr} <o, (19
>0

where 0 = tif k > 2; 6 = t7, with o any real number in [0,1), if k = 1.

For arbitrary data (i, #;) in the phase space H" x H'~!, r > 3, the problem
of global solvability remains open. However, using Theorem 1.3 and a stability
argument developed by Nishihara in [7], it is easy to prove the following;:

Corollary 1.4 (Stability). Let u be a fixed solution of (1.1)—(1.2) satisfying the assump-

tions of Theorem 1.3 for some integer k > 1. Given (iig, 1) € H*% x Hi, if il — ug
and 1y — uq are sufficiently small in the sense that

]ﬁo—uolgﬂ—i—]ﬁl—ul]%gsforsome e>0, (1.10)
then there exists a unique i € Cj([O,oo);H1+§_j(][{”)) (j = 0,1,2) solution of (1.1)
such that 1(x,0) = tig(x), fi¢(x,0) = #i1(x). Moreover, i satisfies (1.9).

We will not give the proof of this stability result, because it is a straightforward
consequence of Theorem 1.3, the argument of [7], known results of local/global
solvability and continuous dependence upon initial data proved in [1], [9], [10].
We only observe that, by Theorem 1.2 and Corollary 1.4, global solvability and
decay of solutions are assured for initial data (1, #1) in an open, dense subset of

H3 x H%,sayB,suchthat
B+B=H?xH:?. (1.11)

This fact will be clear from the remarks below.

1.1 Some properties of B}, BX (k > 1)

It is clear that B} C B, C H 2 x Hz, with strict inclusions. It is also easy to prove
that

1) B+ Bl = H2 x Hz,
2) A x Ap ¢ By,

where Aj» = {f € L2(R") : [efl¢l|f[>d¢ < oo for some p > 0}. For k > 1 we
have B ¢ H 1+3 x H3. Moreover, see [3], the following properties hold:
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3) BX +BX = H'"2 x H3,
4) BK 0 (H'*5 x HY) € BY forallk >k,
5) ALZ X ALZ C BZ,

with strict inclusions in 4) and 5). Using a result of Paley and Wiener [8], it is
also possible to show (see [2]) that B}, BX do not contain compactly supported

functions. Let us show, for instance, that B}; +Bl=H 5 % H1:

Proof. Given (ug, uq) € H? x H%, we set p; = 1 and then, for j > 1, we induc-
tively select p;1 > p; + 1 such that

it [ 12l o) + 12l i ()P ] dg < 1. (112
¢1>pj+1
Then, considering the characteristic function

i < |E| < poi =
(@) & 1 if o = ¢l < p2js1 forsome j=>1, (1.13)
0 otherwise,

we define v;(x), w;(x) by setting

0:(8) = x(@):(8),  @i(&) = (1—x(&)) 4(2) (1.14)

for i = 0,1. Hence, (v, v1) + (wo, w1) = (uo, u1). Then, using (1.12)—(1.13), it is
easy to see that (vg, v1) satisfies condition (1.4) of Definition 1.1 for all N > 0

if we define §;(N) Clzefp2j+1 for j > 1; (wp, wy) satisfies condition (1.4), for all

N > 0, taking the sequence §;(N) dzefpzj forj > 1. ]

1.2 Main notation

We close this section introducing some notations which will be used in what fol-
lows.

e For z € C, we indicate with Re(z) the real part of z.

e Weuse || - || and (-,-);2 as L2 norm and L? scalar product over R, i.e.

1= ( [, Iflzdx)% (e = [ fadx. (1.15)

e Given f(x,t) : R" x [0,T) — C, we indicate with f(&,¢) : R x [0,T) — C the
partial Fourier transform in space variables:

F(E 0 = @n) "2 / e~ ¥ f(x, 1) dx. (1.16)

e Finally, we often denote by C (or C;, Cy, . ..) various positive constants indepen-
dent of t > 0, but possibly depending on 7, m(-), m)(-) (1 < i < k) and some
norms of the initial data of problem (1.1)—(1.2).
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2 A-priori estimates for ||u||, ||u]|, ||Vu]|.

We recall here some known a-priori estimates for ||u(t)||, ||u¢(¢)|| and ||Vu(t)|]|,
when u is a sufficiently regular solution of (1.1) in R” x [0, T), with T > 0.
As usual, we introduce the Hamiltonian function

def 1 1

Hit) =5 IIMt(t)||2+EM(HVu(t)IIZ)/ (2.1)
where
def (7
M(r) = / m(v)dv. (2.2)
0
For simplicity, we also set
def
s(H) = [ Vu()]?. (2.3)
Besides, assuming that m € Ck, for some k > 1, we introduce the constants
def (i)
; =  max m\"(r)|, 24
W max () 24

fori=0,...,k

Definition 2.1. We say that u is a strong solution if u € C/([0,T); H*/(R")) for
j=0,1,2. When T = o0, we say that u is a global strong solution.

Lemma 2.2. Let u be a strong solution of (1.1) in R" x [0, T) for some T > 0. Then,
forall t € [0, T) we have

(i) H(t) +2y [y |lue]|>dt = H(0).

(i) % [l + L m (V) V)2 dr < 3 2O 4+ [Re (u,u) 2+ u]2],_,.

(ifi) [y H(T)dT < C(H(0) + [[u(0)]?),

(iv) tH(t) +2v [T |ue||>dT < C(H(0) + [[u(0)]|?).

where C = C(J,7,4o0) > 0 is a suitable constant independent of T. In particular,
s(t) <2H(0)/é forall t € [0, T).

Proof. Since u is a strong solution, t — ||u¢||> and t — ||Vu/||? are C! functions on
[0, T). Then, multiplying (1.1) by i, 7 and integrating over R", we find

1d
5 lluel® + 5 = M(IVull?) + 27 [lu]* =0, (2.5)
2dt

d
7 [Re (e, )2+ [Jul?] + m ([ Vull?) [ Vul® = [Ju?, (2.6)

respectively. Integrating (2.5) over [0, t) we get

H(t)+ 2y /OtHutHZdT:H(O). 27)
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Hence we have (i). While, integrating (2.6), we obtain

t
Re (ut, 1) 2 +'r||u\|2+/ m([|[Vull?) | Vul* dt
0 (2.8)

t
= [ Ml 4 [Re (s )2+ 7 ] -
Since v > 0, we have |(u, u)| < % |ue||* + ¥ ||u||*. Therefore, using (i), we find

t 3 H(O
Tl [ (i) [0l e < 3 PE0 4 (R G 4 ] - 29)

This completes the proof of (ii). To prove (iii), we observe that (i) gives

2H(O
Ivar < 220 vicp), 2.10)
since m(r) > 6. This implies that 6 || Vu|? < M(||Vul|?) < uo ||Vul|?, where 1 is
the constant defined in (2.4) for i = 0. Hence we find

H(t) < o flun(B) + % IVu(®)]?, (2.11)

N =

for all t € [0,T). Applying (i) and (i), it follows that [, H(7)dt < C(H(0) +
|11(0)|?), for a suitable C = C(8,7, o) > 0, for all t € [0,T). Thus (iii) holds.
Finally, multiplying (2.5) by #/ with j > 1, we find

L0 H(0)) + 278 ]2 = 8 H (1) 212)

Then, setting j = 1, we immediately deduce that

FH(E) + 27 /OtTHutHZdT - /OtH(T) dr. (2.13)

Hence (iv) follows from (iii). [ |

A close inspection of the proof of Lemma 2.2 reveals that (i)—(iv) above also
remain valid under slight weaker hypotheses on the regularity of u.

Lemma 2.3. The statements (i), (ii), (iii), (iv) continue to hold for a solution u of (1.1)
such that u € C/([0,T); H"/(R")) (j = 0,1,2), for somer > 3/2.

Proof. Itis sufficient to prove that (i)(iv) are valid when u € C/ ([0, T); H 2 (R™))
(j =0,1,2). Then, we consider the Hilbert triple

HI <12 H 2, (2.14)

denoting with (-, -) def (/) g-1/2 172 the duality between H =2 and H? which ex-

tends the scalar product in L?. Then, since (-, -) 2= () on I2 x H3,itis easy to
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verify that the following identities hold: (u;, u;) = ||us||?, —(Au,u) = ||Vul|* and
D2 = 2Re (g, )
dt t tt,y Ut/ s
%HVMHZ = —2Re (Au,uy),

d
E(M, ut)LZ = ||ut||2 + <utt/ u>/

d

EHuHZ = 2Re (us, u) = 2Re (us, u) .
Therefore, the identities (2.5) and (2.6) continue to hold even if we merely suppose
ue Cl([0,T); H%_f(R”)) (j =0,1,2). Hence we can derive (i)—(iv) as above. =

Remark 2.4. If u satisfies the assumptions of Lemma 2.2 or 2.3, recalling definition (1.6),
we have
2min{1, uy '} H(t) < Eo(u;t) < 2max{1,6 '} H(t), (2.15)

forall t € [0,T). Hence H(t) ~ Eo(u;t).

When u is a global solution of (1.1), it follows from Lemmas 2.2, 2.3 that
|\Vu(t)|], ||ut(t)|| — 0as t — oo. Applying (ii)—(iv), we can also prove:

Proposition 2.5. Let u € Cj([O,oo);Hr_j(I[{”)) (j =0,1,2), r > 3/2, be a global
solution of equation (1.1). Then ||u(t)|| — 0ast — oo.

Proof. By Lemmas 2.2, 2.3, we know that ||Vu(t)|| — 0as t — oo. Therefore

lim 10(&t)[>dé =0, (2.16)

t—o0 \§|28

for all € > 0. Hence it remains to show that
/ (& )2 dE — 0 as t — oo, 2.17)
151<p

for some p > 0. To this end, writing
m(0) =ao, b(t) =m(|Vu(t)|*) —m(0), (2.18)
we note that (¢, -) satisfies the ordinary problem

g+ (ap + (1)) |E* 0 +2y0; =0, t>0, (2.19)
4(¢,0) = io(¢), 4(¢,0) =1(S), (2.20)

with a parameter ¢ € R”. Now, by condition (1.3) and (ii) of Lemma 2.2, we have
a, >0, v > 0and

/0°°|b(t)|dt < /OOOHVu(t)HZdt < oo, (2.21)

where y is defined in (2.4). Then, to prove (2.17), it suffices to apply Lemma 10.1
of APPENDIX II and the Lebesgue dominated-convergence theorem. m
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2.1 Application of Lemmas 2.2, 2.3 to the global solvability

As it is well-known (see [1], [9], [11]) when (1.3) holds problem (1.1)—(1.2) is well
posed in H” x H"=1 forr > 3/2. More precisely, given (ug, u1) € H" x H'1 with
r > 3/2, there exists a unique local solution u € C/([0, T); H~/(R")) (j = 0,1,2)
for some T > 0. Besides, if T is maximal, then T = +oc0 or

timsup ([u(-, )| + e )llr1 ) = +oo. (222)
t—T~

Since B}; C H? x H? and BZ C H51 x H? for k > 1, by Lemmas 2.2, 2.3, to
prove the global solvability of problem (1.1)—(1.2) for E’lA (resp. BZ) initial data we
only need to show that, independently of T € (0, ),

sup Ei(u;t) < 400 (resp. sup Eip(u,t) < o0). (2.23)
te[0,T) te[0,T)

3 Global existence and decay for B} data

By Fourier transform in space variables, (1.1) is equivalent to the following infi-
nite system of second order equations:

Ay +m </|§|2|ﬁ(§,t)|2dg) EPa+2y0, =0, t>0, (3.1)

depending on ¢ € R". As remarked in §2.1, to prove the global solvability when
(uo,u1) € BX we need only to show that E;(u;t) cannot blow-up in finite time.
To this end, we begin by considering the quadratic form

a(& 1) = 7 (1¢] |ae[2 + m |2 a2 + & |¢ Re(d 1) ), (3.2)

where 4, x € R are constants that we shall choose in the following. Deriving
q(&, t) with respect to t, we easily find the expression

d - ; .
= (2 +a—47) T el

+ (27 — &) 2T m || (3.3)
+ (27 — 27) we® ™ |E| Re( 1y )

+ 62'71‘ m' s |€’3 |12’2,
where m’ = m’(s(t)). Then we select ¥, a such that

{q > L2 (|g] a2+ m |EP|af?),

. 34
q’§627tm's'|§]3|ﬁ|2, ( )

for |¢| sufficiently large. A simple choice of ¥, « is the following:

Y=, a=2y. (3.5)
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In fact, we obtain the identity g’ = ¢?7'm’s’ |¢]® |4|? for all ¢ € R™. Besides,
having m(r) > ¢ > 0, the first condition of (3.4) is certainly verified as soon as

2y
] > 75 (3.6)

Definition 3.1. Let u € C/([0,T); H2/(R")) (j = 0,1,2) be a solution of (1.1) in
R" x [0, T) for some T > 0. We define

E& 1) = e (1¢] s +m |gPlaf + 27 ¢ Re(@ ) ) (3.7)

Thus, for || > %, both the conditions of (3.4) are verified with g = E:
moreover, in the second one the equality holds.

Proof of Theorem 1.2 for k=1

Let (ug,u1) be a given initial data in B} and let u € C/(]0, T);H%_j(]R”)) (G =
0,1,2) be the corresponding unique solution of problem (1.1)=(1.2) in R" x [0, T,
for some T > 0. Without loss of generality we may suppose T maximal. Taking
account of Lemmas 2.2 and 2.3, we may select N > 0 so large that, independently
of T, one has
N>l /T [H(t) +e 27 ] dt (3.8)
= 5372 : :

Besides, by Definition 1.1 of E’lA and Definition 3.1 of & (¢, t), there exists a se-
quence of positive numbers

pj=p;j(N) for j>1, (3.9)

such that §; — +o0 and

sup NP / £(,0) d& < oo. (3.10)
j>1 |&[>p;

Now, from (3.4)—(3.6), we have &' = 27t m’ s’ |&[3 |#2]? and

£l < 2 ) £, @.11)

for |&| > \2/—73. Furthermore, see also (4.7) below, we easily have

20H(t)  2e727¢
s'(t)] < +
=) Ve Vo Jizsp

for all p > %. Hence, for t € [0, T), we obtain

E(&t)de, (3.12)

5 4 ot EPN A 2
&' < 5@};_1 (H(t) +e W?)g for p, |g|2775, (3.13)
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where

~ d_ef ~
go(t) e /|§>p E(E 1) dE. (3.14)

Now, for p > we define

\/_/
= def 5
T(p) % sup{’r: 0<T<T,E&()<p Vte [o,r)}. (3.15)

It is clear that T(p) > 0 provided p is large enough. Moreover, recalling (3.8), we
derive the a-priori estimate

5(6, t) < E(Z,0) N, (3.16)

forallt € [0, T(p)) and || > . From this we obtain

2d0)

< ki / E(Z,0)dE in [0,T(p)) (3.17)
- , n , , .
PP Jig>e o

for all p > \/— large enough. Finally, by (3.9)—(3.10), there exists an integer jo > 1

such that: p; > f L and
Np;
et 1
— £(g,0)d¢ < = (3.18)
i Jigl>p; 2’
for all j > jo. This means that, taking p = 0 with j > jo, we have

EPi(t) < %p]-, Vte [0, T(p)))- (3.19)

By the definition (3.15) of T(p), it follows that T(g;) = T, when j > jo, and that
Eq(u;t) is uniformly bounded in [0, T) because (3.19) implies

Er(u;t) < Cpy (H(H) +¢7") in [0,T), (3.20)

for all j > jp, with C = 2max{1,(5—1}. Since we are assuming T maximal, it
follows that
T =o0 (3.21)

and, consequently, that u € C/ ([0, o0); H 2 (R")) (j = 0,1,2) is a global solution
of (1.1). Finally, using Lemmas 2.2, 2.3, we can easily deduce (1.7) in the case
k = 1. In fact, by (3.19), we have

E(u;t) < C(pj,)" [H(t) +e ] (3.22)

for 0 < r <1, where C is the same constant of (3.20). Thus
t 1 t

tE,(u;t) —|—/ E,(u;T)dt < C(pj,)" (; +tH —|—/ Hdr) , (3.23)
0 0

forall t > 0 and forall r € [0, 1]. ]
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4 Second order form for strong solutions

Let u be a strong solution of (1.1) in R” x [0, T) for some T > 0. Assuming (1.3)
with m € C2[0,00) and taking account of the results of APPENDIX I on damped
linear wave equations, we introduce the following quadratic forms.

For £ € R"andt € [0, T), we set

Qe 1) % 27 (V2 japt f 22 ) "
+e27t(\/_ n 4m 3S/2> E? Re(@iy),
(e et (G e P + 5= ) @2)

where m = m(s(t)) and m’ = m'(s(t)). Deriving Q with respect to ¢, from (3.1)
(or (9.8)-(9.9), with obvious substitutions) we easily obtain the identity

, m s = A
o = (1 Tt i 3/2) & Re(@ ). (43)

By (i) of Lemma 2.2, H(t) < H(0) for all t € [0, T). Moreover, we have:
[1aPdz+s [ |eflafds <29(t). @4

Lemma 4.1. Let u be a strong solution of (1.1) in R" x [0, T). Then s(t) € C? and for
all p > 0 the following estimates holds:

S'(8)] < 2’);?” r2e [ £ (é’f) ac, (45)
>p
7 Ho Y
(0] < 4p?(1+ 5 +p—ﬁ)ﬂ<t>

. (4.6)
4427t /§|>p8(§,t)<\/%+ E) de.

Proof. It is immediate that s(t) € C?, when u is a strong solution. Now, for any
p > 0, we have:

(0] = 2| [l el dc|
2 ~\al || dg +2 2|l || d
<2 [ lePlallalds+2 [ (e |al o dg
1 .2 31512
< 7 [, (el + 012 |af?) de (47)

2 [ (GHRP IR+ o ) de

ZPH(t) —2t g(gl t) d
=T T /|¢>p a
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To estimate |s” ()|, we observe that (3.1) gives the identity

"(5) =2 [ fe (12 = m(s(6)) 161 [0 —2yRe(@a) ) d&.  (48)

Applying the same reasoning as above, we find

JleR mde <20 () +2yme ™ [ E@ndg, @)

S1>p
2 _
s(t)) / &4 [a>de < % 0> H(t) + 2\ /g e 2 /§|>p E(E 1) dE.  (4.10)
Thus, having (4.7) and the inequalities (4.9)—(4.10), we easily get (4.6). |

For simplicity of notation, we introduce the quantities:

Definition 4.2. Fort € [0, T), we set

o (1) 9t / £ 1) de, 4.11)

IgI>p
To(t) SH(t) +e 27 p72EP(t) (p>0). (4.12)

Corollary 4.3. Let u be a strong solution of (1.1). Then there exist constants C; = C1(d)
and Cy = Cy(8, 7y, uo) such that for t € [0, T) one has

s'"(H)] < CipJp(t), VYp>0, (4.13)
s"(5)] < C2p? Jp(t), Yo >1. (4.14)

Proof. Inequality (4.13) is an immediate consequence of (4.5) and Definition 4.2.
To verify (4.14), it is enough to observe that, when p > 1, (4.6) gives

1s"| < 4,02(1 7’[0+L>'H

)
Ve (4.15)
s [t
S1>p
Then (4.14) follows from (4.15) and Definition 4.2. ]

Now we can easily estimate Q — &, Q" and &’. In fact, with the same assump-
tions of the Lemma 4.1 and Corollary 4.3, we have:

Lemma 4.4. There exist positive constants C3(6, u1), C4(3,, p1, 42), Cs5(9, 7, p1) such
that for |¢| > 0andt € [0, T)

(Q-8)| < c3p( +]p) Vp >0, (4.16)

|§!
Q| < Cyp? ]y (HIP)E’ Vp>1, 4.17)

&) < c5p(p+]p) , Vp>0. (4.18)
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Proof. From (4.1)—(4.2) and (4.5), for |¢| > 0 one has

v o m'(s)s'| €
_£l < il
o \/ﬁ—i_ Am>2 el (4.19)
<p(+ihH+ 4 _ngp)g |
= P\/_ 252 2 53/2 |§’

for all p > 0. Hence (4.16) is verified. In the same way, we can show that (4.17)
holds. In fact, from (4.3) and Corollary 4.3, for || > 0 and p > 1 we have

Q’ ,}/m/S/ m()s —|—m”s’2 3m/2 2 &
Q] < Com 32 T 4m3/2 8 m5/2 | ||
< .
ol I+ 1) 1 (420)
< Co2 2) ¢
<o+ 1) = -
Hence (4.17) is proved. Finally, deriving £ with respect to ¢, we find
m's
€' =276+ (L J_w#|ﬁ v 1e )
1 (4.21)
— 2,},62’71‘ ﬁ|§|2 |ﬁt|2
Hence we have
&' < (27+ B |) 4.22)
Then, using (4.13), we immediately obtain (4.18). |

5 Global existence for B data

We will prove here the first part of Theorem 1.2 for k = 2; namely, the global
existence of the strong solution 1, when m € C2[0,00) and (ug, u1) € B3.

As observed in §2.1, it is sufficient to show that E;(u; ) remains bounded in
every finite interval [0, T). To begin with, since (u,u1) € B3, there exist 7 > 0
and a sequence {p]'}].>1 such that p; > 0, li}n pj = +ooand

et VEO i 6 | @)\ e
Y Esp [ (Y5 el @ + )k <o G

2V/6 o7

Further, we consider u in the stripe R"” x [T —¢, T), where ¢ € (0, T| is a parameter
that we will fix in the following. For T — e <t < T, we have

£ = EET—o-[(Q-6)ET) +/_S (& 1)d (52)
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To estimate the right-hand side of (5.2), we apply the following simplified form
of the inequalities of Lemma 4.4. For p > 1 and |{| > 0, we have

&p
Q-¢&| < Cs[T—FF} %5, (5.3)
/ EPN p?
Q| < G pZ(HP—Z) %' g, (5.4)
P
€| < c5p[r+i—2]5 (5.5)

where p, (7) & L 12 and

T +74(0). (5.6)

Since H(0) > 0 and y > 0, it is clear that I' > 0 (note also that 74(0) = 0 implies
u = 0). Next, we set

A=4C3T+1, (5.7)
and then we write
EP(t) = E°(1) + EM(t), (5.8)
where, obviously,
£ () ef / E(E 1) dE . (5.9)
P () p<|g[<Ap €4)
Assuming from now on p > 1, from (5.3) and (5.7), we have
E(C,t
@-0@n < Z4Y for g = ap (5.10)

and t € [T —¢, T) such that the quantities éz‘p(t), Enp(t) satisfy

EF) T Wt T
P - -
(a) p 5 (b) P < 5 (5.11)
Now we choose ¢ > 0 and ¢ > 1 such that
2C5pfe+ln(4Y+1) <18 wp>p, (5.12)
2Cp,(2T)e < 7, (5.13)

where Y, 7 are the constants introduced in (5.1). Besides, noting that £/ (T —¢) —
0 as p — +co, we may also suppose that

A
EP(T—e) T ET-¢) T
A O G A >0. 14
Thanks to (5.14), for every p > p conditions (a), (b) of (5.11) are both verified in
some maximal right neighborhood of T — ¢, say

[T—¢T), where T=T(p) (5.15)

IN

is maximal and, clearly, T —¢ < T(p) < T. In the sequel we will prove that

T(pj) = T, provided p; is a sufficiently large element of the sequence {p; }].21.
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Estimate of £," (t)

Since &’ satisfies inequality (5.5), taking o(T — €) > 1 according to Lemma 9.2 of
APPENDIX I, i.e. such that

E(ET—e) <26(E0) for | >a(T—e), 5.16)
we have
E(&, 1) < 2&(E0) eXp{C5p /t [r+£} dr}, (5.17)
o T—¢ PZ
: . EP(H) :

forall |§| > o(T —¢) and t € [T —¢, T). Besides, by definition, P < TI'in the

interval [T — ¢, T(p)) when p > 5. Hence we find

t gp

/T_S[rjup—z}dr < 2Te, (5.18)

for t € [T —¢T(p)), provided p > p. Thus, for p = p; with p; > max{p,
o(T —¢)}, from (5.12), (5.17)-(5.18) and the definition of Y, we have

Ao:
&/ (1) </ 2£(,0)

P Jo<leizhg 07
r 2£(8,0)

no;
]
ex d
T AYHT Jo<iei<ag p{ |C|} ¢

2Y r

< —
oy~ 7

forall t € [T —¢,T(pj)). This means that, for p = p; with p; > max{p, o(T —¢)},
condition (a) in (5.11) is always verified as long as condition (b) holds and, in
conclusion, it only remains to prove that for p = p;, with j large enough, (5.11) (b)
holds forall t € [T —¢, T).

exp {2 Cs p; Fe} a¢

(5.19)

Estimate of £'°(t)

From (5.2)-(5.4) and (5.10), for every fixed p > p and for all t € [T —¢, T(p)) we
have the inequality
2 ot

E@E1) < 35(§,T—s)+2c4% [ e@ar, 620

for all ¢ € R” such that [§| > A p. Now, using (5.13), (5.16) and applying Gron-
wall’s lemma to (5.20), for p > max{p, o(T —¢)} andt € [T —¢, T(p)) we find

2 J—
E(Et) < BE(ET—e) eXp{Zfa t 78“+s}

1 0? t—T—I—s}
215 e

< 6£(,0) exp{’;|—’;},

(5.21)

< 6£(¢,0) eXp{
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when || > A p. Thus, in order to verify that (5.11) (b) holds for allt € [T —¢,T),
whenever p = p; with j large enough, it will be sufficient to observe that

’7P]/ I¢]
lim £(,0) ——=—d¢ = 0. (5.22)
jree JIG|> Ap; .0]
To this end, we demonstrate the following:

Lemma 5.1. Assume that (5.1) holds. Then, for all ' < 1 we have

o7/ 1]
lim E(¢,0) —5—di = 0. (5.23)
7 J1E1>p;) Pj

Proof. Given A > 0, for all j > 1 we define the sets

Aj={Z: 18l > pj, 07 > AlE] },

(5.24)
Bi={¢: 1] >pj, 07 <AI]E]}.
Integrating, we find
o7/ 1]
| &0 ——d
‘§|>P] p]
e/ 1E 't/ [¢]
- / (&,0) dE + / (£,0) az
0 (5.25)
) o107/ 18] 7
< e A) / EE0) e+ [ E00) de
Af p] p]
<A EE0 )—d@

Since 77 > 1, the term e~ *1=7)Y can be made arbitrarily small taking A >
0 sufficiently large. Besides, the last integral in (5.25) tends to 0 as p; — +oo,
because Bi C H? x H'. From these facts we immediately have (5.23). ]

Conclusion

It follows that T(p;) = T for all integer j large enough, i.e. both the conditions of
(5.11) are verified in [T — ¢, T). In particular, fixed jy sufficiently large, by (5.8) we
have EPio(t) < p]2-0 [ in [T —¢, T). Finally, using also the a-priori estimate (4.4),
we obtain

Ex(u;t) < Cp3 (H(t) +e72'T), (5.26)

1
fort € [T—¢ T), withC =2 max{1,6 !, 2 }. Thus E>(u; t) is uniformly bounded
in [0, T). Since T is an arbitrary positive number, this in turn implies the global
existence of the solution of (1.1)—(1.2).



Damped Kirchhoff equations 427

6 boundedness and decay for B; data

Here we shall prove that the global solution obtained in §5 satisfies (1.7). As in
the previous section we consider the case k = 2. We may, therefore, suppose that:

(a) condition (5.1) holds for fixed # > 0 and {pj}].>1 ;

(b) u is the unique global strong solution of (1.1)—(1.2).

Given T > 0, that we will fix in (6.4)-(6.5) below, we consider the solution in
R X [T, o0). Then, for t > T, we have the identity

£@n = €6 - [@-aED] + [QEndr.  ©D

To estimate the terms Q — £ and Q' in formula (6.1), we apply the inequalities of
Lemma 4.4. Precisely, for p > 1 and || > 0 we have:

0 ot EF

Q—-£&] < C3[5 e 21 = } g (6.2)
/ _oqt EF .0

Q| < Cyup, (H(t)+ 29t & ) & £, 6.3)

where, as above, p, () L, 112, Since v > 0, by using (iii) and (iv) of Lemma 2.2,
we can select 7 > 0 so large that

CsH(t) < % for t>7T, (6.4)
00 e—Z’yt 1
< =, .
2C, /T p2<7-l,(t)+4c3>dt_ : 6.5)
Besides, we can take p > 1 such that
G T < %
C3 2 S o
Y 8
Therefore, by (6.2), for every fixed p > p we have
1
(Q-8)En| < 51 forall |g] >p 67)
whenever t > T and »
EP(t 1
Cs P < i (6.8)

Then, for p > p, we define

A

T(0) % sup {T > T : (6.8) holds forall t € [T, T)}. (6.9)
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Since T, p verify (6.4)—(6.6), it is clear that 7 (o) > T for all p > p. In the follow-
ing, we shall prove that '7‘(p]-) = oo if p; is any sufficiently large element of the
sequence {p;};>1, i.e. (6.8) is verified for all t € [T, co) when p = p; with p; large
enough. Now, by (6.1) and (6.7), for every fixed p > p we have

E(Et) <3EET) —1—2/;Q’(§,T)dr, (6.10)

for all |Z| > pand t € [T, 7 (p)). From this, using the estimate (6.3), condition
(6.5) and applying Gronwall’s lemma, we easily get

E(& 1) < 3E(ET) /2, 6.11)

for || > pand t €
such that £(¢,T) <

inequality

[T, T(p)). Then, taking o(7") according to Lemma 9.2, i.e.
2£(¢,0) for |¢| > o(T), from (6.11) we derive further the

E(E 1) < 6E(80)e/28, (6.12)

for p > max{p,0(7)}, |¢| > pand t € [T, T(p)). This means that for p >
max{p, o(7T)} we can estimate £P(t)/p? as follows:

) _ ¢ £(Z,0 eﬂpz/md 6.13
2 = Jigse (€.0) 0 o 619

forall t € [T, T(p)). Thus, in order to conclude that 7(p;) = oo if j is large
enough, it is sufficient to apply Lemma 5.1. In particular, there exists an integer
j1 > 1large such that

o2
0 < Jil
EPi (t) <1G

Vie T, ). (6.14)

Now we can easily derive the decay estimate (1.7) for E,(u;¢), when 0 < r < 2.
In fact, from (4.4) and (6.14), we readily have the estimate

e—Zyt
4Cy

Ewt) < C (o) (H(t) + ) (6.15)

1
fort € [T, o), with C = 2 max{l,d‘l,yé}. Having v > 0, combining (6.15)
with (iii) and (iv) of Lemma 2.2, (1.7) follows.

7 Sketch of the proof of theorem 1.2 for k > 2

Having proved in details Theorem 1.2 for k = 1,2, we now sketch the idea of the
proof for a generic integer k > 2. To do this we apply the results of [4]. We divide
the proof in three steps.
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7.1 Quadratic forms for the linearized equation

Let us consider the infinite system of linear oscillating equations with dissipative
term

wy +a(t) |EPw+2yw; =0 for te[0,T), &eR", (7.1)
where 0 < T < o0, a(t) € CK[0,T), a(t) > ¢ > 0and v > 0. Setting
z(&t) = e w(E t), (7.2)
it follows that, for |&| > 0,
2 +a(|¢], 1) |1z =0, (7.3)
where
a.([g]t) = a(t) —2*¢| 2. (7.4)

Since our arguments require that a, > ¢ > 0, from now on we will assume

2y
6> (7.5)

thus a,(|¢|,#) > 2. Then, for |¢| > \2/—73 and z(¢,t) a complex-valued solution of

(7.3), we consider the quadratic form:

Qi(zz) X Y ar(t) g7 (an(t) |27 |27 + |2

0<i<[5]-1 7.6)
+ ). BT Re(zz) + Y (O[T [zl
0<i<[f]-1 0<i<k-1

where af, B7, v} are real-valued functions on [0, T) satisfying the system

(axaf) —apf =0
Y1 =0, ar + B =—r (0<i<[k/2]—1). (7.7)
By —2a,yF =0

By the result of [4], system (7.7) is solvable and &7, B}, ] are polynomials in

def 1
e

and its derivatives of orders not greater than, respectively, 2i, 2i + 1, 2i + 2. More
precisely, computing the solutions system (7.7), we may select the coefficients of
integration such that w; ! af, B7, w; !y} are homogeneous in the sense that

w7 o] = Y (@) (@) (@) 79)

Wiy (7.8)

for0<i< [%] — 1, with ¢y, € Rand 1g, ..., 75; > 0 integers such that

Z np, =2i and Z hny, =2i;
0<h<2i 0<h<2i
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while B}, w; 1vF have analogous expansions on replacing 2i by 2i + 1 and 2i + 2.
In particular, we have

a0y =cow., PBp=-cowl, 75 =—2cuwiw!, (7.10)
where ¢ is an arbitrary real constant. Thus, setting cp = 1, the first term of
Q; (z,z¢) is the energy function

t 2
£z YD e ey L 1)
2 2 \/a.(t)

Finally, let us recall that

(B _1)/ €| ¥*2 Re(zz;) for k > 2 even,

4]

(v5 ) |&]7*t |22 for k>3 odd,

[51-1

Nl

d
— Qr(z,2t) =

o (7.12)

for every complex-valued solution of (7.3). See Theorems 1.1 and 1.2 of [4].

7.2 Quadratic forms for the damped Kirchhoff equation

Let us suppose that u € C/([0, T); H1+§_f(]l?”)) (j =0,1,2) be a solution of (1.1).
Since we suppose m € CF, it follows that s(t) = || |&|i(t) ||* is of class C¥, which
in turn implies that m(s(t)) € C¥[0, T). On a account of the arguments devel-
oped in §7.1, by Fourier transform in space variables, we consider the equivalent
equation

ay +m(s(t) |E*a+2y0;, =0, E€R", t>0. (7.13)
Then, setting
z(g,t) = e (g, t), (7.14)
a.(|g], 1) = m(s(t)) = v*[¢] 2, (7.15)
w, %1 ! (7.16)

T2va 2y /m(s(h) -2l 2

for |&| > % we introduce the quadratic form Q) with coefficients a7, 87, 7}

polynomials in w, and satisfying (7.9). Finally, we also take aj = w, in order that
Q; begin with the energy £* defined in (7.11). Then, since z; = eV (vl +1;), we
define:

Definition 7.1. For || > % , we set

def PN "
Qx = Mg Qp(a, yit + 1), (7.17)
& X 2t \Ek e (0, v+ 1) (7.18)
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Since Qy = |&|F Q; (¢"' 1, (¢"'11);), from (7.12) we immediately obtain

J e (B* ) |C|* Re(d (vt + 1)) for k > 2 even,

-1
= Q= | (7.19)
i & (v, ) [el i+ for k>3 odd,

[51-1

N>

Besides, & = |&|fF & (e, (e")¢) and

E1 (i 21 1,
> — [ XY= &2 |af? d 7.20
& > T (gl i+ 5] (7.20)

when > 27 ' Now we can proceed estimatin O« (11,1;)" and the remainder
Vg P g Yk

term

R 0, — &, (7.21)

as in §4. Setting
£0(t) & /|§>p E(E 1) de, (7.22)

after some calculations, similar to those of [4], for every p > % we have

EP
/|€(|l|ﬁ||ﬁt|rfl§§Cpl‘1 <’H+p—’,§>, 1<I<k+1, (7.23)
EP
/|C|l|ﬁt|2dé‘§Cpl (’H+p—’,§>, 0<1<k (7.24)
EP
/Ié‘llmlzalééCpl‘2 <H+p—’,§>, 2<1<k+2, (7.25)

where C = C(J, pp) > 0 is a suitable constant. Using these a priori bounds and
the expansions (7.9) to estimate a7, B7, y;, we finally obtain that:

EP
Rl < Ck PH(’H +e—27fp—§> % &, (7.26)
ot EF k
Qi < CkPk<H-|—e 27tp_lli> |§‘|0k_1 &, (7.27)

for all |¢] > p > max{1, ‘%} , with Cx = Ci (9,7, po, - - -, Hx) a positive constant
and p(r) =7+ v, forj > 1.
7.3 Global solvability and decay estimates

Having the a-priori estimates (7.26)—(7.27) it is now easy to complete the proof of
Theorem 1.2 for k > 2. We can follow almost the same reasoning of §5 and § 6.
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To begin with, assuming (up, u1) € BZ, there exist # > 0 and a sequence
{pj}].>1 such that p; > 0,1lim p; = +co and
- ]

25 (& [k W08/
(@|‘:|k+2|ﬁ0(‘:)|2+ ’€| ’u1(§)| )6 d‘:< 0. (7.28)

2V/6 o

Global solvability. We argue by contradiction: let u € C/(]0,T) ;H1+§_7(1R”)) (j=
0,1,2) be a solution of (1.1)=(1.2) in R"” x [0, T) with 0 < T < oo maximal. Then
we consider u in the stripe R"” x [T —¢, T), where € € (0, T] is a parameter that we
shall fix imposing condition similar to those of (5.12)-(5.14). For T —e <t < T

and || > ‘%,we have

def
Y) = sup
i JIEl>p;

&) = &@T-9- [Ree ], + [ Qeoar.  029)

Using (7.26), (7.27), (4.18) and Lemma 9.2 of Appendix I, we can proceed in the
estimate the right-hand side of (7.29) exactly as in §5. After some calculations,
this leads us to conclude that

sup Ep(u,t) < oo, (7.30)
te[0,T)
proving that T cannot be maximal. See also the proof of Theorem 1.4 of [4].
Decay Estimate (1.7). Let u € Cf([O,OO);H1+§_7(II{”)) (j = 0,1,2) be a global
solution of (1.1)—(1.2). We take I'y > 0 such that

1
Ck pk—l (2 Fk) = E , (7.31)
then we select 7 > 0 so large that
H(t) <Ty for t>7Tg, (7.32)
® —2t ﬁ
2Ck/7_k pk(H(t)—i—e rk)dtg 1. (7.33)
Finally, we take p; > max {1, ‘%} such that
&(T) _ Ty
< = > Ok - .
£ =73 for Vp > px (7.34)

Then, using (7.26)—(7.27), we can proceed on the estimation of Elf (t) for t > Ti by
repeating almost the same proof of § 6.

8 Proof of theorem 1.3

The idea of the proof is essentially due to Yamada [9]. Given an integer k > 1, let
u € CI([0,00); H1+§_j(IR”)) (j = 0,1,2) be a global solution of equation (1.1). By
Lemmas 2.2 and 2.3, we know that

t
sup { £([uff + [wlf) + [ (Juf +7luelf) dr } < eo. 6.1)
>0 0
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Hence (1.9) holds with r = 0. Then, to prove (1.9) for 0 < r < k/2, we pro-
ceed as follows. By partial Fourier transform in space variables, we consider the
equivalent equation

e +m(s(t) |EPa+2y2 =0, GeR", t>0, (8.2)

where, as usual, s(t) = || |¢]4(t) ||>. Besides, we introduce the auxiliary functions

x(@)o(t) and  w(Z)y(t), (8.3)

where ¢(t), ¥(t) € C[0,00) and x(¢&), w(¢) are suitable weights that we shall fix
in the following. Multiplying equation (8.2) by x(&) ¢(t) i} and integrating other
R% x [£,t), with 0 < £ < t, we get

#(0) [ x@) (il + migPlaP) | +av [ [ox(@)ufagar
= ¢(0) [ (&) (el + mle? ) de], 54)
[ X @@+ o micR 1 + oo e laR]dg e,

/

where, as usual, m = m(s(t)), m" = m'(s(t)). Similarly, multiplying (8.2) by

n

w(¢) P(t) i and integrating over R x [£, ), we have
) [ w@ Re(ain)de| + (29p(t) - (1) [wl@) laPde|,
t
JF/E /W(C) 21Pm!€|2!12]2+(1p —2qy') |2 ]dgdr

) (8.5)
— [ (29w (@ Re(aii) + (2yy — ) (@) ) e
2 [ [pe@afagar.
Now, adding (8.4) and (8.5) with
w=x,
some elementary calculations give
[ omx@ lel af e,
+ [ @1 +29Re(iii) + (299 — ') [012] x(6) e
| 419 =29 = ¢'| X(©) [ dZ d
[ oo

i [ [ [20m - g'm—gm's'| x(@) 162 P dg ax
+//( —299') x(2) 4] dg dr
— [ [ 10+ 29 Re(ads) + (mp |52 + 29 — ') [0 x(&) ] .

In order to proceed in the proof of (1.9), it is convenient to deal with the cases
k > 2 even, k > 3 odd and k = 1 separately.
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Case k > 2 even

First of all, we apply the identity (8.6) with

X@Q =12k, ¢t)=t, y(t)=

Considering the terms in (8.6), we immediately see that

t. (8.7)

=

m¢ >t and @' —2yyp = —*/2, Vt>0. (8.8)

It is also easy to verify that, whent > 2/,

2
o101 1° + 29 Re(31l2) + 27y — )| G2 * > é 161 + %t 021, V1,0 €C,
(8.9)

dyp — 29 — ¢’ > 3qt. (8.10)

Furthermore, since we are assuming the first of (1.8) holds and, by (i)—(iii) of

Lemma 2.2, sup,-, (1 + £)2 ||lug]| < oo, it follows that sup;~q(1 + B |s'(t)] < oo.
Consequently, we deduce the inequality -

2gm— gm— puls' > (’Y?f_ >5_Ct%, VE> 2/, (8.11)

with a suitable constant C > 0. Then, taking account of (8.8)—(8.11) and recalling
that f;° [u|?dt < co, we apply the identity (8.6) with f = t; > 0 large enough. It
readily follows that

t
sup {#uff+ ¢ (uff + [usl?) + [ v+ [uf)dr} < oo, (8.12)
t>0 0
which in turn implies that

S' (0] < 2[u®)s () <CA+H7T, Vi>0, (8.13)

for a suitable constant C > 0. To continue, for j > 1, we set

xi(@) =1E%, o) =t yt)=At, (8.14)

where A; are suitable positive parameters. More precisely, taking account of
(8.13), it is not difficult to see that we can fix A; > 0 such that, for t > ¢; (with
t; > 0 large enough), the following hold:

me > ottt (8.15)
i+1 ,
PI01[* + 29 Re(Cado) + (219 — ¢)[5af* > ’”T P+t 0P, (816
4yp—2p — @' > 3y, (8.17)
2pm — p'm — pm's' > A, t, (8.18)

" —29y'| < 2yA; T (8.19)
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Then, fixed A >0, for j > 1, such that (8.15)-(8.19) hold, we proceed to prove by
induction (1.9) forr =0,1,..., % .

As already remarked, see (8.1) above, (1.9) holds for r = 0. Suppose that it
holds when r = j — 1, for some integer j with1 <j < % . In particular, we have

/ 0 u(t) 2 dt < oo (8.20)
0

Then, setting x = x;j, ¢ = ¢; and ¢ = 9, as in (8.14), we apply the identity (8.6)
with £ = t;. Taking account of (8.15)—(8.19) and (8.20), we derive that

‘ . . to ‘
g1 |u|]2+1 +t]+1|ut|]2+t]|u|]2+/0 (T]|u|]2-+1 +T]+1|1/lt|]2-) dt <K;,  (821)

for all + > 0, for a suitable constant K; > 0. By induction, this proves that (1.9)
holds for all integers r, 0 < r < % Finally, using a standard interpolation argu-
ment, we obtain (1.9) for all real valuesr, 0 < r < %

Case k > 3 odd

We set k = k — 1. Then u € Ci([0,00); H*5/(R")) (j = 0,1,2) where ¥ > 2 in
an even integer. By the previous case, this implies that (8.13) holds and that the

statement (1.9) is verified for 0 < r < % In particular, setting r = % — % = % -1,
it follows that

/ BT ()2 dt < oo (8.22)
0 2

Now, we define

N>

@O = e, g =1, F) = A, (8.23)

where A > 0 is a suitable parameter such that, by replacing j with % and A; with
A, conditions like (8.15)—(8.19) are verified for t > F (with f > 0 large enough).

Then, we put x = X, ¢ = ¢, = ¢ and f = fin (8.6). Using condition (8.22), we
obtain that (1.9) holds also for r = % Finally, by interpolation, we deduce that

(1.9) holds for all real values 7, 0 < r < %

Casek=1

Since
' ()] < 2 [u(®)]5 lue(B)]y (8.24)

by the second assumption of (1.8) it follows that (8.13) holds. Since sup, |u |% <
oo (see Proposition 2.5) and sup;. (1 +1) [u|? < oo, by interpolation we get

sup (1 + t)% ul3 < co. (8.25)
£>0 2
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This implies that
/ 1+ 0)f uldt<eo if B<—1/2. (8.26)
0 2

Then, given a real number o, 0 < a < 1/2, we define

XHE) =&, o (t) =T, yr(t) = A*t", (8.27)
where A* > 0 is a suitable parameter such that, by replacing j with « and A; with
A*, conditions like (8.15)—(8.19) are verified for ¢t > t* (with t* > 0 large enough).
Then, weput x = x*, ¢ = ¢*, = ¢* and = t* inidentity (8.6). Using condition
(8.26), we readily obtain

t
””W@+Wﬂmﬁ+/(ﬂmﬁ+ﬂ“mﬁ)M§Kﬁ (8.28)
2 2 Jo 2 2
for all t > 0, with K* > 0 a suitable constant. Finally, by interpolation, we derive
(19)for0<r < 1.
9 Appendix|

In this appendix we shall derive a suitable quadratic form for the solutions of the
damped wave equation

ug —a(t)Au+2yu; =0 in R"x[0,T), 9.1)
where 0 < T < 400 and
a(t) € C?[0, T), a(t)>0, 4>0. (9.2)

By Fourier transform in the space variables, we are led to consider the infinite
system of linear oscillating equations with dissipative terms

wy +a(t) |EFw+2yw; =0 for te[0,T), &e€R". (9.3)

For the solutions of (9.3) we introduce the quadratic form

1E1) = sa(t)a(®) el [wl? + 5 (6) G [l + a(t) |G Re(@awr), (9.4

where we suppose a1 (t), ax(t) € C1[0, T). Deriving with respect to ¢, using (9.3)
and collecting like terms, we obtain

d
L@t =[5 @a) —ara] 2* 0P

1
+ [3 - 270 + a2 16 fwil?

+ [ah — 2y ay] |&]* Re( we)? .

(9.5)
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Now, considering (9.5), we require that the coefficients of |¢|*|w|? and |¢]?|w;|?
vanish. Namely we search a1 (), ax(t) satisfying the conditions:

{

An easy computation shows thata; = ¢ f - and a, = c et (\Z— + 15 /2> where

L(Zal a) —aya =0 ©.6)

1—27a1+a =0

NI—= N—=

c € Ris an arbitrary constant. Taking ¢ = 1, from now on we set:

2yt !
def e def oy (Y a
a = i’ a =e (\/_ 4a3/2> 9.7)
Taking account of the previous calculations, we define
Definition 9.1. Let w({, t) be a solution of equation (9.3), we set
def a 1
Q1) e (et o + 5 - 6 )
y o (9.8)
+ e2“rf(7 + 3/2) &2 Re(@ w;) .
From (9.5)—(9.7), it is immediate that
T 9@ = (=+ i >/|<§|2Re(ww) 9.9)
T Va  4a3/? v '
Besides, introducing the energy
def 2t ﬁ 4 2 1 2 2
£ S (el fwlt+ 5= 16 ). 9.10)
we easily have the estimates:
a | E(G )
)&t , 9.11
(@-&)E )f Mm) H ©O.11)
A \'| €@ 1)

forallt € [0,T) and || > 0. Finally, applying these inequalities, we prove:

Lemma 9.2. Assume that (9.2) holds. Besides, let w(¢, t) be a solution of (9.3). Then for
all T € (0, T) there exists ¢ = o(T) > 0 such that

cl>e = £&(Gt) <2€(0) for tel0T]. (9.13)
Proof. In the interval I = [0, T] we have
irllfa(t) >0,

sup [a'(t)| < oo, sup|a’(t)]| < oo. (9.14)
I 1
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Hence, by (9.11) and (9.12), there exists C = C(T) > 0 such that:

C e
|Q—€|§@6, }Q!gméf, (9.15)

forall t € [0,T] and || > 0. Then, using (9.9) and (9.15), it is easy to derive
the estimate (9.13). In fact, integrating (9.9) with respect to ¢, for || > 0 and
0 <t < T, we find the inequality

E(,t) (1—£><5(§0) (1—F£)+£ tE(CT)dT (9.16)
' g, = T4/ [ '
From this, applying Gronwall’s lemma, we can estimate £(¢,t) if |¢| > C. In
particular, taking |¢| large enough, we obtain (9.13). ]
10 Appendix I

Let us consider the ordinary problem

w" + (a, +b(t)) |EPw+2yw' =0, t>0, (10.1)

w(,0) = wo(8), wi(g,0) =wi(), (10.2)

with a parameter ¢ € R” and coefficients a,, 7, b(t) such that
a,, v >0, b(t)€L}.[0,0). (10.3)
Here, we will estimate |w(¢, t)| for |¢| small enough.

Lemma 10.1. For the solution w(t,&) of (10.1)-(10.2) for all t > 0 there holds

2 2 t
wit, ) < W@ exp {-2L5 4 EE Mpojac), a0

forall |E| < &7, where W(&) = [2 |wo ()] + 7! ’wl(g)’] :

Proof. By putting

w(E ) e 2(E 1), (10.5)

the Cauchy problem (10.1)-(10.2) is transformed to
z" + (ao + b(t)) &z — %2 =0, (10.6)
2(0,8) = wo(§) 2'(0,8) = ywo(§) +wi(Z). (10.7)

To estimate z(¢, t), we rewrite (10.6) in the form
2" — A2z = —b(1)|Ez, (10.8)

with A € C such that
A2 =% —a,|E. (10.9)
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Assuming A # 0, by the Lagrange’s method of variation of parameters, we easily
obtain that z(¢, t) satisfies the relation

2(& ) :Z"OT(C)(eAt+e_Af)+’ywo(€)+w1(§) (M — =)

e
2A
|‘:|2 t (10.10)
— Sy (e)‘(t_T) — e_A(t_T)> b(t)z(& 7)dT.
0
Besides, setting
pr(5)E1T—e? for seR, (10.11)
we have also
At 1+e M A(t)
e M2(g, 1) =wo(§) ———+ [ywo(@) +wi (@) | B
(10.12)

|C|2/ or(t —T)b(T) e M2(E,T) dT

Now let || < 4/ ﬁ 7 as in the statement above, thus 7% — a,|¢|> > 7?/4. Choos-
ing A as the positive square root of the right side of (10.9), we easily see that

o |€’2
29

Furthermore, having A > 0, ¢,(s) is increasing and 0 < ¢, (s) < 1for s € [0, c0).
Hence, applying Gronwall’s lemma to (10.12), we get

N[

<A< y— (10.13)

e Mg ] < [|wo(§)|+|’7w0( )+ (¢ )|¢A—(t)}

p (10.14)
- exp{ / da(t — ) |b(T )|dr} .
Finally, taking account of (10.11) and (10.13), for w(¢, t) we have
w(g,1)| = e Mle M |z(g, 1)
< W) eXp{—%z'(izt N |‘°;|2 /Ot|b(r)|d’r} , (10.15)
for |¢] < \/% v and t > 0, with W(¢) defined as in the statement above. ]
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