Products of composition and differentiation
operators on the weighted Bergman space

Stevo Stevié

Abstract

Motivated by a recent paper by S. Ohno we calculate Hilbert-Schmidt
norms of products of composition and differentiation operators on the Bergman
space A2, « > —1 and the Hardy space H? on the unit disk. When the conver-
gence of sequences (¢,) of symbols to a given symbol ¢ implies the conver-
gence of product operators C,, DF is also studied. Finally, the boundedness
and compactness of the operator Cq,Dk : A2 — A2 are characterized in terms
of the generalized Nevanlinna counting function.

1 Introduction and an auxiliary result

Let D be the open unit disk in C, dm(z) = %rdrd@ the normalized Lebesgue area
measure on D, dm, (z) = (a+1)(1— |z|*)*dm(z), « > —1, (note that m, (D) = 1),
and H(ID) the class of all analytic functions on DD.

The Bergman space Ay = AL(ID), p > 0, > —1 consists of all f € H(ID)
such that

I£la = [ 1F@)IPdma(z) < o

With the norm || - ||« the weighted Bergman space becomes a Banach space,
when p > 1. If p € (0,1), it is a Frechet space with the translation invariant

metric
d(f,8) = I f - 8llpa-
The Hardy space H? = HP(ID), p > 0 consists of all f € H(ID) such that

1 2r .
£l = sup o [ |f(re?)Pdo < o

O<r<i
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Since for every f € H?

"
aﬁThﬁV

px = ||f||HPr

H? can be viewed as A;il.

Let D be the differentiation operator, i.e., Df = f/, Df = f®) k € N and
C, the composition operator induced by a nonconstant analytic self-map ¢ of
ID. For some classical results on composition operators, see, e.g., [2]. For some
recent results, see, e.g., [1, 3, 8,9, 10, 15,17, 18, 20, 25, 28, 32, 33] and the references
therein. Products of integral, differentiation and composition operators on spaces
of analytic functions are studied in [4, 5, 11, 12, 13, 14, 16, 19, 29, 31, 34, 35].

The paper is organized as follows. Motivated by [19, Theorem 3.3] which stud-
ies products of composition and differentiation on H?, in Section 2 we calculate
the exact value of Hilbert-Schmidt norms of products of composition and differ-
entiation operators C,D¥, k € N and DC, on the Bergman space A2, a > —1 and
the Hardy space H?.

In Section 3 we investigate when convergence of sequences (¢, ) of symbols
to a given symbol ¢ implies the convergence of product operators C,, D*.

In the last section we characterize the boundedness and compactness of the
operator C,D¥ : A2 — AZ in terms of the generalized Nevanlinna counting func-
tion.

We need the following lemma:

I'(nt+a+2) )1/2

Lemma 1. Let cpp = ( , 0 > —1. Then for |x| < 1, the following

T+ (a+2)
formula hold true
o T ' £k (k)
Zk(”(n_1)"'(”_k+1))2ci,ﬂx k | 0(0&+2+]) <m) . (1)
n= i=
Proof. Let
oo k-1 20 g
f(X) = Z ( (1’1 _])) CrnaX . )
n=k j=0

It is easy to see that f(")(x), n € Z exists for |x| < 1 (when for n < 0 it denotes
the nth antiderivative of f). Integrating (2) k times, we have that for |x| < 1

00 k—

/Ox/oxl"'/Oxk_lf(xk)dxk"'dxl:r;(‘

1
(n—j))char" = x'2(x), @
j=0

and
/x /x1 /Xk—l ( )d p i > 1 ki:l 2 @
Xp)dxg - - -dx; = cr X' =—--—=—Y (7 x.
o Jo 0 8\ Xk k 1 = n,u (1 _x)pH_z = La
Differentiating (4) k times we obtain

T (w +2+ )
glx) = (1 — x)* 2tk




Products of composition and differentiation operators 625

Replacing this in (3) and differentiating such obtained formula k times, (1) fol-
lows. ]

Remark 1. By using Leibnitz’s formula and some simple calculations, (1) can be
written in the following form

i (ﬁ(” _j)>2C2 K = Yo G s yas ¥/ (1 =) 'T(a+k+1+2) )
n=k ~ j=0 nu T(a+2)(1 — x)at2+2k .

Note also that the polynomial in the numerator is positive on the interval [0, 1).

2 Hilbert-Schmidt norm of C,D* (or DC,) : A2 — A2

If H is a separable Hilbert space, then the Hilbert-Schmidt norm ||T||ys of an
operator T : H — H is defined by:

0 1/2
ITls = ( 5 ||Ten||2) , ©®)
n=1

where {e,} is an orthonormal basis on H. The right-hand side in (6) does not
depend on the choice of basis. Hence, it is larger than the operator norm || T||,, of
T.

Let

(f8)e = [ F2)3@dma(2),

a > —1, be the scalar product on A2 and e, (z) = ¢ 42", n € Np.
Since for o« > —1

lenlBe = (@+1)ka [ P(1= [22)dm(z)
1
= (oc—i—l)c‘;zl,,x/o p"(1—p)dp =1

and (ey, em)a = 0 when m # n, it follows that (e, ),enN, is an orthonormal basis
for Ai. The proof of this fact, for the case & = —1, is simpler.

Theorem 1. The Hilbert-Schmidt norm of the operator C(PDk on A2, a > —1is

2 1/2
ICoD s = (04 1) | m B = kP Pan() ), )

where

1 k k

Py(x) = Ta12) lg Cf‘(sl;[rl s) (1= T (w4 k+1+2). (8)
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Proof. By using the definition of the Hilbert-Schmidt norm, the monotone con-
vergence theorem, Lemma 1 and formula (5), we obtain

—1 2
ICoDH s = 3 lICoD e = Zcm(n n=) lg" 13,
j=0

n=0

[e0]

k—1
= @) S (T D) [ o) 2~ ) dm(e)

n=k j=0

P, 2 .

from which the result follows. n

Corollary 1. The Hilbert-Schmidt norm of the operator CoD on A2, & > —1s

2
ICoDlns = ((@+1)(a+2) [ TTLEEED

Moreover, the operator CoD : A2 — A2 is Hilbert-Schmidt if and only if

1/2
(1- rz|2>“dm<z>) o

1— 2\«
/D a E |¢(E)’|Z))a+4dm(z) < oo, (10)

Proof. Theorem 1 and Lemma 1 with k = 1, imply formula (9). Since
1 <1+ (a+2)|p(z)]*> < a+ 3 we get that the integrals in (9) and (10) are com-
parable, from which the second statement follows. n

The next corollary can be proved in the same way. Hence we omit its proof.

Corollary 2. The Hilbert-Schmidt norm of the operator C(,)D2 on A2, & > —1is

1 Z 062 14 z 2 1/2
ICyDP s = (o [ 2RI L OO g )

where Cp = (a +1)(a +2)(a + 3).
Moreover, the operator C,D? : A2 — A2 is Hilbert-Schmidt if and only if

1— 2\
/]D ) E |¢(|;)||2))a+6dm(z) < o, (11)

Similarly, by Lemma 1 with the case « = —1, we can prove the following
theorem (for the case k = 1 the proof is close to the proof of Theorem 3.3 in [19]):
Theorem 2. The Hilbert-Schmidt norm of the operator C(pDk on H? is

. 1/2
L 27 Poal|e(re®)?)
T 1P
ICpD || s = (SUP Zn/ (1 — [@(rei®)|2)2+1 46 ’

0<r<1
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where P_1(x) is polynomial (8) with x = —1.
Corollary 3. The Hilbert-Schmidt norm of the operator C,D on H? is
. 1/2
L7 14 ple?)p
CoD = | su / . do .
|CoDllas <o<£1 27 o = |g(re) 2P
Moreover, the operator C,D : H?> — H? is Hilbert-Schmidt if and only if

27 4o
sup . < oo.

0<r<170 (1 —|g(rei?)|2)3

3 Hilbert-Schmidt norm of DC,, : A3 — A3

Here we consider the operator DC,. We will not consider the general case D*Cy,
k € IN since the corresponding formulae are not written in a simple way.

Theorem 3. The Hilbert-Schmidt norm of the operator DCy on A3, o > —1 s

1+ (a +2)|g(2)
- Tp@R)* *

1/2
IDCyllns = (x4 D)0 +2) [, ¢ @R~ P)nG) )

Proof. We have

IDCyllHs = Z IDCy(en) I3, = ZCM 79" 9|13,
n=0

= (a4 1)7;)0%,94”2 /D 9(2)]*" 219" (2) *(1 — |2]*)"dm(2).

From this, by using the monotone convergence theorem and Lemma 1 with k =1
the result follows. ™
For the case &« = —1, the following result holds true.

Theorem 4. The Hilbert-Schmidt norm of the operator DC, on H? is

) 1/2
27 i0y]2 ]
||DC(P||H5 _ < sup 1 / 1+ ’qo(re )| . |q0/(1’619)|2d9> ]

0zre1 27 Jo (1= |g(re®)[2)

Proof. We have

(o) (e9)

27
2 2 02 2n—2
IDCyllFis = ) IDColen)llfp = ). sup 5— / [p(re®)> =2 (g (re'®))? d6.
n=0 n= 00<1’<1

From this, since the supremum and sum can interchange their positions (in view
of the positivity and continuity of the integral means appearing there), using the
monotone convergence theorem and Lemma 1 (case « = —1) the formula follows.

m
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4 Continuity with respect to symbols of composition operators

By Theorem 1, similar to the proof of Theorem 1 in [27], the following theorem
can be proved. We omit the proof.

Theorem 5. Let & > —1, Qu 1 (%) = Py(x)/ (1 — x)*T2+2, ¢ be an analytic self-map of
D and suppose that (@,)neN is a sequence of analytic self-maps of ID such that ¢, — ¢
a.e onD,

/Q!qo 2)dimy () < oo, (12)

and
lim [ Qllgu@P)dma(z) = | Qlp(z)P)ima (). (13)

Then the sequence (C(an JneN of Hilbert-Schmidt composition operators converges in
Hilbert-Schmidt norm to the composition operator C(pDk.

Remark 2. Note that in view of equation (7) Theorem 1 can be written in the
following form: Let ¢ be an analytic self-map of ID and suppose that (¢,),en is a
sequence of analytic self-maps of ID such that C(PDk and (C, D¥),.en are Hilbert-

Schmidt operators, ¢, — ¢ a.e. on D, and limy_.« |Cy, D¥||us = ||CoD¥| 1s-
Then limy .0 [|Cg, D* — CoD¥|| s = 0.

Theorem 6. If C(pDk is a Hilbert-Schmidt operator, then
- k koo
nlE}c}o 1C¢, D" — CoD|[ns =0 (14)
if and only if | Cp, D[ 1is — |CpD¥ | s and || @n — plloa — 0as 1 — oo,

Proof. If (14) holds, then clearly ||Cy, D*||gs — ||CyD¥||1s as n — co. On the
other hand,
lpn = ¢l = CII(Cy,D* = CuD*) ()20
ICy, D — CoD*|| ||z
Cl[Cy,D* — CoD* |5,

<
<

from which it follows that ||¢, — ¢||2« — 0.
Now assume ||Cy, D¥|| s — [|CpD¥|| s and ||¢n — @20 — 0 asn — oo, but

ICp, D* = CyD¥[| 115 7 0.
Then there are a subsequence (qunj D¥)jen and an gy > 0 such that

chvn,-Dk - quDkHHs >¢e9 >0, j€N.

Since || @y, « — 0,as j — oo, there is a subsequence (¢u; )jen converging to
¢ a.e. By Theorem 5 we have

: k k —
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which is a contradiction. n

Theorem 7. Let ¢ be an analytic self-map of D and suppose that (@, )neN is a sequence
of analytic self-maps of D such that ||¢n — ¢||2,0 — 0as n — oo. If there is a measurable
function x : 1D — [0, 1] such that for every n € N, |@,| < |x| a.e. on D and

/ Qui(x(2) dmzx( ) < oo,

then the sequence (Cy, D) ,.en converges in Hilbert-Schmidt norm to Cq,Dk.

The proof of Theorem 7 is similar to the proof of Theorem 3 in [27] and is
omitted.
The next theorem is proved similar to Theorem 4 in [27].

Theorem 8. For every pair of distinct symbols ¢, ¢, let x = max{|¢|, |¢|}. Then the
following upper estimates hold

1/2
1CoD* = CyDHls < M ( [, Quilix@P)ms() " llg = vl

where the constant M is independent of ¢ and . Therefore, for each R > 0, the map
P — C(pDk is Lipschitz continuous on the set

SRz{ )/ Qui(lx() dm()gk}.

5 A characterization of the boundedness and compactness of
C,D*

Here we characterize the boundedness and compactness of C(pDk : A2 — A% in
terms of the generalized Nevanlinna counting function. Before we formulate the
main result in this section, we need some notation and an auxiliary result.

In view of the following asymptotic relationship

1—|z| xIn(1/]|z]), |z| — 1, (15)

it is easy to see that the Bergman space A} is equivalent with the space of all
f € H(D) such that

s = [ 17@P () dm(z) < co

The generalized Nevanlinna counting function Ny, v > 0 for ¢, is defined
as follows

Npq(w) =) [ln(1/|z|)]7, weD\{p(0)}

zeg~1(w)
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It is introduced by Shapiro in [21] to study composition operators from a
weighted Bergman space to itself.

By a well known characterization of the Bergman space (see, for example,
[22, 23, 30]) and the asymptotics in (15) it follows that

, 1 \at2
£ = 1FOP+ [ 1f@F (i) dm2)

2]

From this and by applying the Stanton’s formula

2
I£ 0 9llf = (9O + 2= [ 1) () PNpa (w)dm ()

with p = 2, on the dilations f,(z) = f(rz), r € (0,1), it follows that

If o ¢l% = 1£(9(0))[* + /]D £ (@) Ngacr2 (w)dm(w). (16)

It is also known ([21]) that if ¢ is an analytic self-map of ID with ¢(0) # 0,
a>1landif 0 <r < |¢(0)|, then

Npa(0) < . Nowl2)dm(z) (17)

The following result is proved in a standard way (see, for example, the proofs
of the corresponding results in [2, 6, 24, 25, 26]).

Lemma 2. The operator CoD¥ : A2 — A2 is compact if and only if CoD¥ : A2 — A2
is bounded and for any bounded sequence (fy),eN in A2 converging to zero uniformly
on compacts of ID as n — oo, we have lim, .« ||Co D f, | 42 =0.

Theorem 9. Let ¢ be an analytic self-map of D, k € N and « > —1. Then

(a) CyD*: A2 — A2 is bounded if and only if

Nopas2(w) = O([In(1/fw])]* ). (18)

(b) CyD¥: A2 — A2 is compact if and only if

Ny ut2(w) = o([ln(1/yw|)]“+2+2"), as |w| — 1. (19)
Proof. (a) For u € D set
(1—[uP)
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It is known that || fu | 42 = 1, for each u € ID. By using (16) we have

k
ICoDH 2 = [1CoD fulls; = I 0 9l

< AP+ [ 1A (@) PNpasa(w)dm(w)

(1 _ |u|2)1x+2

= ¢ D |1— ﬂw!2a+6+2k|”|2(k+1)Nqo,a+2(w)dm(w)-
By the change
u—z
©=gulz) = 1— iz

and (17) we obtain

c Dk 2 o c |1—ﬂz[2”‘+2+2k 2(k+1)N p
|| @ H = D (1 — ’uyz)a+2+2k|u| (p,DH-Z(GDM(Z)) m(z)

> C |1 — gz [2at2+2k e .
- /|z<1/z (1- |u|2)tx+2+2k|u| ga+2(Pu(2))dm(z)

|u|2(k+1)
> Co e [, Noar2(@u(z)dm ()
2(k+1)
ol o

(1- |u|2)06+2+2kN€"/“+2(u)’

when when |¢,(¢(0))| > 1/2, which holds for |u| sufficiently close to 1.
From (21) and (15) we obtain (18).
Now assume that (18) holds. Then for each r € (0,1), there is M > 0 such that

a+2+42k

S|u}|9 Ny t2(w)/ [In(1/]w])] < M. (22)
r<|w|<1
We have

IC,DXFI> =< |f ™ (9(0))* + /D F5HD (@) PNy acy2 (w)dm(w)

= OO+ ( [+ [ 0PN

(23)

By a well known estimate (see, e.g., [7]), we have that

C
’f(k)(qo(o))|2 < (1 _ ’q0(0)|),x+2+2k ||f||:fq§ (24)
Since Ny 42 is bounded on 7D, similarly we obtain

[ 15 @) PNy asa(w)dm(w) < Csup |F4) (@) 25)

rID \w\gr
- (26)

(1 — |@(0)])xt+a+2k Hf“ig
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Let f(z) = Y o anz", then we have

Jo UV @ Ny a2 (a0)m(w)

Ny pt2(w) 1\ a+2+2k
< sup A / D ()2 (mH) dm(w)
r<\w\<1[ln(1/ w)] D\rD w
a+2+42k
< M Z H n—j)?|ay ]2/ 2”_2k_1(1n1) dr
n=k+1j=0 r
a+2+2k
< M Z n2+2k’an| / #h k—1 1) dt
n= k+1
< M Z n2+2k’a | / (n—k)s zx—|—2+2kds
n= k+1
T(a + 3+ 2k) 2
- M Z n2+2k| n|2 (‘X+ + < CM Z |ap(n_ill (27)

ot ( k)oc+3+2k —

where we have used the changes t = r? and e~ = t.
On the other hand, by a direct calculation and Stirling’s formula, we have

2 2
1115 = 3 1o = 5 Il o9

From (24), (26), (27) and (28) the boundedness of C(PDk : A2 — A2 follows.
(b) Assume that |u,| — 1 as n — oo. Then it is clear that f,,(z) is a bounded
sequence in A2 converging to zero uniformly on compacts. Hence

lim chkafunH = 0.

n—oo
On the other hand as in (21) it follows that
. ) |un |2 (k+1)
||C(PD f“nH > C(l |1/ln|2)(x+2+2qu) DH'Z(MTZ) (29)
from which (19) holds.

Now assume that (19) holds and that (f;),eN is a bounded sequence in A2
converging to zero on compacts of ID. Then by Cauchy’s inequality it follows that
fr, — 0 uniformly on compacts of ID. We also have that for every ¢ > 0 there is
an r such that (22) holds where instead of M is ¢, whenever |w| > r. On the other

hand, we have that |fnkle (9(0))| — 0asn — oo, and from (25)

lim [ [f () 2Ny a2 (w)dm(w) < C lim max £ (w)| = 0.

n—oo J+D n—o0 ‘w‘<r

Applying (23) to the function f,, letting in such obtained inequality n — oo, and
using above mentioned facts, it follows that

lim sup ||C¢Dkfn||2 < Ce.

n—oo

Hence this limit is zero, and consequently the operator C(pDk : A2 — A2 is com-
pact. ]
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