Comparison of some notions of C*-maps in
multi-variable non-archimedian analysis

Helge Glockner*

Abstract

Various definitions of C*-maps on open subsets of finite-dimensional vector
spaces over a complete valued field have been proposed in the literature. We
show that the C*-maps considered by Schikhof and De Smedt coincide with
those of Bertram, Glockner and Neeb. By contrast, Ludkovsky’s C*-maps
need not be C* in the former sense, at least in positive characteristic. We
also compare various types of Holder differentiable maps on finite-dimensional
and metrizable spaces.

1 Introduction

Various concepts of C*-maps on subsets of finite-dimensional vector spaces have
been used in the literature on non-archimedian analysis. Schikhof’s textbook [18]
gave a comprehensive discussion of the single-variable calculus of C*-maps over a
complete ultrametric field K, and suggested a definition of multi-variable C*-maps
(in §84), which was then elaborated by De Smedt [4]. Ludkovsky introduced a
notion of C*-map between open subsets of locally convex spaces over a finite exten-
sion K of Q, (see [13, Definition 2.3] and [14, Part I, Definition 2.3] for the case of
Banach spaces, [14, Part II, Remark 4.4] for the general case). Recently, Bertram,
Glockner and Neeb [2] introduced a notion of C*-map between open subsets of arbi-
trary (Hausdorff) topological vector spaces over a (non-discrete) topological field K.
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While the definition of C*-maps by Schikhof and De Smedt is based on the exis-
tence of continuous extensions to certain partial difference quotients, the definition
of Bertram et al. and Ludkovsky’s definition are based on continuous extendibility
of certain iterated directional difference quotients. The primary goal of this paper is
to compare these notions of C*-maps, and some related concepts. To describe our
main results, let £ and F' be topological vector spaces over a topological field K,
k € Ng, and f: U — F be a map on an open set U C E. We start with a special
case of Theorem 3.1, which generalizes a result for functions of a single variable
obtained in [2, Proposition 6.9].

Theorem A. If E = K% for some d € N, then f is C* in the sense of Bertram et
al. if and only if f is C* in the sense of Schikhof and De Smedt.

If K is a valued field, then variants of the two approaches just discussed can be
used to define k times Holder differentiable maps with Holder exponent o € 0, 1]
(C*k2-maps, for short). As a special case of Theorem 3.1, we have:

Theorem B. If E = K¢ for some d € N, then f is C%° in the sense of Bertram et
al. if and only if f is C*7 in the sense of Schikhof and De Smedt.

By contrast, the mappings introduced by S. V. Ludkovsky differ from the preceding
ones, if his definition is used for fields of positive characteristic. We show by example
(see Theorem 4.7):

Theorem C. For each local field K of positive characteristic, there exists a map
[:O0—-KonO:={zeK:|z| <1} which is C* in Ludkovsky’s sense, but not C*?
in Schikhof’s sense.

We also provide alternative characterizations of C*?-maps (in the sense of Bertram
et al.) on open subsets of metrizable spaces, for o € |0, 1]. Theorem 5.1 establishes
the following characterization. It is our technically most difficult result, and its
proof relies heavily on a tool of convenient differential calculus [12], which has been
adapted to non-archimedian analysis in [8].

Theorem D. IfK is R or an ultrametric field and E is metrizable, then f is C*°
if and only if fory: KM — F is C*7, for each smooth map v: KF! — U.

Note that neither F nor F' need to be locally convex here. An analogous char-
acterization of C*-maps was given earlier in [2, Theorem 12.4]. As a consequence
of Theorem D, the simplified description of C*°-maps on finite-dimensional spaces
via partial difference quotients can also be used to deal with Hoélder differentiable
maps on metrizable spaces. This may be useful on the way towards ultrametric (and
non-locally convex) analogues of Boman’s Theorem (cf. [3, Theorem 2] and [12, The-
orem 12.8]), which characterizes C*“-maps on open subsets of finite-dimensional (or
metrizable) real locally convex spaces as those maps which are C*° along smooth
curves. While the preceding result provided a reduction to finite-dimensional do-
mains, our next result (Theorem 6.6) reduces to the case of a one-dimensional range.

Theorem E. If K # C is locally compact, E is metrizable and F is locally convex
and Mackey complete, then f is C*7 if and only if f is weakly C*°, i.e., of: U — K
is C*7, for each continuous linear functional \: F — K.
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We remark that yet another approach to C*-maps of several variables has been pro-
posed by De Smedt in [5]. The C'-maps in the sense of [5] coincide with the strictly
differentiable maps defined in [9]. It is known that strictly differentiable maps on
open subsets of K" coincide with C'-maps in the sense of Bertram et al., for each
complete valued field K (see [9, Proposition C.1]).

The present studies are part of a larger project, the goal of which is to transfer
the main ideas of infinite-dimensional real differential calculus and non-linear func-
tional analysis into non-archimedian analysis (and analysis over arbitrary topological
fields). A survey of the results obtained so far, with applications to Lie groups and
dynamical systems, can be found in [7].

2 Main concepts, terminology and notation

In this section, we compile terminology and notation concerning differential calculus
over topological fields, together with basic facts. Most of these facts are easy to take
on faith, and we recommend to skip the proofs on a first reading. If desired, the
proofs can be looked up in Appendix A.

All topological fields occurring in this article are assumed Hausdorff and non-discrete;
all topological vector spaces are assumed Hausdorff. Given a field K, as usual we
write K* := K\ {0} for its group of invertible elements. A valued field is a field K,
equipped with an absolute value |.|: K — [0, oo[ which defines a non-discrete topol-
ogy on K. If || satisfies the ultrametric inequality, we call (K, |.|) an ultrametric
field. Totally disconnected, locally compact topological fields will be referred to as
local fields. 1t is well known that each locally compact field admits an absolute
value defining its topology. We fix such an absolute value, and thus consider K as
a valued field. On R and C, we shall always use the usual absolute value. We write
N={1,2,...} and Ny := NU {0}.

C’k-maps in the sense of Bertram, GI 6ckner and Neeb

We recall the approach to C*-maps between open subsets of topological vector spaces
over a topological field developed in [2] (and its extension to maps on non-open
domains from [9]). More information concerning this approach can be found in the
survey [7]. Cf. [1] for applications of the corresponding differential calculus over
topological rings in differential geometry. We are mostly interested in mappings on
open domains, but some results will hold more generally.

Let E and F' be topological vector spaces over a topological field K and f: U — F
be a map, defined on a subset U C FE with dense interior. Then the directional
difference quotient

flx+ty) — f(z)

fl(@,y,t) = p

makes sense for all (z,y,t) in the subset

UM = {(z,y,t) eUx ExK*: z+tye U}
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of £ x E x K. To define directional derivatives, we need to allow also the value
t = 0. Hence, we consider

UM = {(z,y,t) eUXxExK:x+tyeU}.

Then UM = UMy (U x E x {0}), as a disjoint union. If U is open, then UM is
an open subset of the topological K-vector space El = F x E x K. In the general
case, Ul € E has dense interior. Recursively, we define U = (U!)F=1 and
Ukl .= (URD)F=1l for 2 < k € N. Then U* is dense in Ul (see [9, Remark 1.6]).

Definition 2.1. The map f: U — F is called Cpqy if f is continuous (i.e., C°, or
CY%an), and there exists a continuous map fI1: Ul — F extending f1: UM — F.
Given k € N with k > 2, we say that f is Ckoy if f is Ohgy and fU: UM — F
is Chcly. We define fH .= (fIDE=1: I — F in this case. The map f is C%y if
it is Ckey for all k € Ny.

Since Ulll'is dense in UM, fIU is unique if it exists (and likewise each fI¥l).

2.2. For example, every continuous linear map A\: £ — F'is Cg,y with A (x,y,t) =
A(y) for all (z,y,t) € E x E x K (whence also A'l is continuous linear). Also each
continuous multilinear map is Cg,y (see [2]).

2.3. (Chain Rule). If E, F and H are topological K-vector spaces, U C F and
V C F are subsets with dense interior, and f: U — V C F, g: V — H are C§oy-
maps, then also the composition go f: U — H, z + g(f(x)) is Chay. If k> 1, we
have (Tf)(z,y,t) == (f(x), fN(z,y,t),t) € VI for all (z,y,t) € UM and

(g0 ANz, y.t) = g"(f (@), Mz, y,1),2). (1)

Thus (go f)Y = gl o Tf with Tf: UM — VI (see [2, Proposition 3.1 and Propo-
sition 4.5], also [9, §1]).

We recall from [2, Lemma 4.9] and [9, § 1] that being C* is a local property.

Lemma 2.4. Let E and F' be topological K-vector spaces, and f: U — F be a map,
defined on a subset U C E with dense interior. Let k € No U {oc}. If there is an
open cover (U;)ier of U such that fly.: Uy — F is C%.y for each i € I, then f
is Chan- [

C’“-maps in the sense of Schikhof and De Smedt

In this section, we give a definition of C*-maps of several variables based on continu-
ous extensions to certain partial difference quotient maps, which generalizes special
cases considered by Schikhof [18, §84] and De Smedt [4]. Our notation differs from
the one used in [4] and [18], because we find it more convenient to use multi-indices
in higher dimensions.

2.5. Until Remark 2.16, let K be a topological field, d € N, U C K? be an open
subset (where K? is equipped with the product topology), and F' be a topological
K-vector space. As usual, for i € {1,...,d} we set ¢; :== (0,...,0,1,0,...,0) € K¢,
with i-th entry 1.
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2.6. As usual, given a “multi-index” a = (ay, ..., aq) € Nd, we write || := X%, a;.
The definition of a C*-map f: U — F in the sense of Schikhof and De Smedt will
involve a certain continuous extension f<®> of a partial difference quotient map
f7o<, for each multi-index o € N¢ such that || < k. It is convenient to define the
domains U<®> and U>*< of these mappings first. They will be subsets of K+l
It is useful to write elements z € K4l in the form x = (2, 2® ... 2@), where

2@ e Ko for i € {1,...,d}. We write 2@ = (2, 2{), ... ,zl)) with x§-i) € K for
j S {0,...,0@}.

2.7. Given a € N¢, we now define U<®> as the set of all z € K4*lel such that, for all
i€ {0,1,...;a1},...,iq € {0,1,..., a4}, we have

@D, eU.

’i17

We let U”*< be the set of all z € U<*> such that, for all i € {1,...,d} and
0 <j<k<aq; we have xy) #+ a:,(;). It is easy to see that U<*> and U~*< are open
in K4l and U>*< is dense in U<,

Example 2.8. If U = U; x --- x Uy with open sets U; C K, then simply
U<e> = e s gltoe s gyt (2)
Only this case (in fact only special cases thereof) was considered in [4] and [18].

Remark 2.9. A simple induction on |a| shows that the sets U<* can be defined
alternatively by recursion on |a|, as follows: Set U<%> := U. Given « € N¢ such
that |a| > 1, pick 8 € N¢ such that o = 3 + e; for some i € {1,...,d}. Then U<*>
is the set of all elements 2 € K%*l®l such that

(W, .. 2D, x((f), S ,xﬁf}_l, gD @Dy e U<h>

holds as well as

(W, 2t 20 2. ,xfi_)_l, DDy e b

» o ! i

We now define certain mappings f~*<: U”*< — F and show afterwards that
they can be interpreted as partial difference quotient maps.

Definition 2.10. We set f>< := f. Given a multi-index o € N& such that |a| > 1,
we define f7*<(z) for x € U< as the sum

SR . 1 1 1) (@)
ZZ(H O RS 11 @) (d))f(le""’xjd)’ (3)
J1=0 Ja=0 \ki#j L5, — Tgy ka#ja Tji — Tiy

using the notational conventions from 2.6. The products are taken over all k, €
{0, ..., a} such that k, # j,, for £ € {1,...,d}.

The map f~“< has important symmetry properties.
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Lemma 2.11. Assume that « € N&, i € {1,...,d} and 7 is a permutation of

{0,1,...,04}. Then (x(l),...,m(ifl),arff()o),..., 5:()(1) g 2 @) e Uzes< for
each v € U<, and
f>°‘<(x(1),...,x(i_l),mf:()o),..., 5:()%) D@Dy = (g (4)

The next lemma shows that f~*< can indeed be interpreted as a partial difference
quotient map.

Lemma 2.12. Foralli € {1,...,d} andx € U”%<, the element f>%<(x) is given by

fla® ) =) x(()i), g @y — fa® ) xﬁ“, 2D (@)
ONG :
a € Nj such that |a| > 2, let § € e a multi-index such that « = 3+ e; for
If o € N such that |a| > 2, let § € N¢ b lti-index such that o = 3 + ¢; f
some i € {1,...,d}. Then f>*<(x) is given by

1 ) )
i f>ﬁ<( (1)7 e 7x(7/ 1) x(())7 xg.l)7 AR | $3_17 x(l+1)7 M 7x(d)>
NORNG
0 Qg
— <M 2D, a:(()fl), ajgi), . S}_l, A N ,x(d))) (5)

for all x € U~<,

Definition 2.13. We say that f is C2,g if it is continuous, and define f<0> := f
in this case. Recursively, given an integer k > 1 we say that f is CEpg if f is C’SDS
and, for each multi-index v € N& such that |a| = k, there exists a continuous map
f<*7: Us*> — F such that f<°‘>|U>a< = f7*<. As usual, f is called C35)¢ if f is
Ck g for each k € Nj.

Since U~?< is dense in U<*”, the continuous extension f<“> of f~“< is unique
whenever it exists. We readily deduce from Lemma 2.11:

Lemma 2.14. Let f be a C*-mapping for some k € N, a € N with |a| =
ie{l,...,d}, and 7 be a permutation of {0,1,...,a;}. Then

(W, 20D, 5:()0) Y D@Dy e e (6)

m(ag)’
for each x € U<*”, and

fa> (1,(1), gD, 29 0 LD 7$(d)) = fe>(a). (7)

w(0)? ) 71‘(042)
The following variant of Lemma 2.12 is available for f<®~.

Lemma 2.15. Let f be a C&pg-map for an integer k > 2, o € N¢ such that |o| = k,
and 3 € N& such that o = 3+ ¢; for some i € {1,...,d}. Then f<°>(x) is given by

; N e S iCa :c(()l),wgl), 2 , (D)
o0 T
0 a;
_f<ﬁ><x(1)7"-ax(i_l)axgi)?xgi)w“a 241)717 (i+1)7--'ax(d))) (8)

for all x € U<*> such that x(()i) #+ ngz)
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Remark 2.16. If U C K% is a subset (possibly with empty interior) of the form
U=U; x---x U,y where U; C K is a non-empty subset without isolated points for

i € {1,...,d}, then Definition 2.13 can be used just as well to define C%,¢-maps
f:U—F.

If d = 1, we also write f</> in place of f</*> asin [2, §6].

Seminorms and gauges

Gauges on topological vector spaces over valued fields were introduced in [9] as a
substitute for continuous seminorms when dealing with a general topological vector
space, the topology of which need not come from a family of continuous seminorms
(cf. [10, §6.3] for the real case). We only recall some essentials here; see [9] for
further information.

Definition 2.17. Let E be a topological vector space over a valued field (K, |.|). A
gauge on E is amap q: E — [0, oo[ (also written ||.||, := ¢) such that ¢(tz) = |t|q(z)
for all t € K and = € FE, and which is continuous at 0. Thus B4(0) is a zero-
neighbourhood for each r > 0, where Bi(z) :={y € E: ||y —z||, <r} forallz € £
and 7 > 0. We also define B (z) := {y € E: |ly — z||, < r}. If (E,]|.||) is a normed
space, we relax notation and write BF(z) := Blll(z).

In [9], only upper semicontinuous gauges g were considered, i.e., it was required
that BZ(0) is an open 0-neighbourhood, for each r > 0.

Remark 2.18. Typical examples of gauges are Minkowski functionals py of bal-
anced, open 0-neighbourhoods U in a topological vector space E over a valued
field K; these are upper semicontinuous (see [9, Remark 1.21]). Here U C E is called
balanced if tU C U for all t € K such that [t| < 1. The Minkowski functional is
pu: E—[0,00], x — inf{|t|: t € K* with = € tU}.

Remark 2.19. Note that gauges need not satisfy the triangle inequality. But we
still have a certain substitute: Given a gauge ¢: F — [0, 00|, there always exists a
gauge p: E — [0, 00[ such that

lz+ylly < llzllp+ |yll, foralz,yeE (9)

(cf. [9, Lemma 1.29]). We shall refer to (9) as the fake triangle inequality.

As in the case of continuous seminorms, it frequently suffices to consider a suffi-
ciently large set of gauges:

Definition 2.20. A set I' of gauges on a topological K-vector space E is called a
fundamental system of gauges if each 0-neighbourhood in E contains some finite
intersection of balls of the form BY(0), with ¢ € ' and r > 0.

Cf. [9, Lemma 1.24] for the next lemma, which is useful to determine fundamental
systems of gauges.
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Lemma 2.21. Let p,q: E — [0,00[ be gauges on a topological vector space E over
a valued field K. If there exist r,s > 0 such that B(0) C BP(0), then

p <rs'al'q,
for each a € K* such that |a| < 1. In particular, p < Cq for some C > 0. ]

Remark 2.22. Combining Remark 2.18 and Lemma 2.21, it is easy to see that
upper semicontinuous gauges form a fundamental system of gauges, for each topo-
logical vector space over a valued field (cf. also [9, Remark 1.21]). In the real case,
continuous gauges form a fundamental system (cf. [10, §6.4]).

Examples 2.23. Given r € ]0,1], a gauge ¢: E — [0, 00] is called an r-seminorm
if gz +y)" < q(x)" + q(y)" for all z,y € E. If, furthermore, ¢(z) = 0 if and only
if z = 0, then ¢ is called an r-norm (cf. [10, §6.3] for the real case). For examples
of r-normed spaces over R and more general non-locally convex real topological
vector spaces, the reader is referred to [10, §6.10] and [11]. For K a valued field,
the simplest examples are the spaces (P(K) of all x = (x,)neny € KN such that
]|, == >0 |za|P < oo, for p €]0,1[. Then ||.||, is a p-norm on ¢*(K) defining a
Hausdorff vector topology on this space (and thus {||.||,} is a fundamental system
of gauges).

Bounded sets and bounded maps

Let F be a topological vector space over a topological field K. Recall that a subset
B C F is called bounded if, for each O-neighbourhood U C FE, there exists a 0-
neighbourhood V' C K such that VB C U. If K is a valued field, we can test
boundedness using gauges.

Lemma 2.24. Let E be a topological vector space over a valued field K. Then a set
B C E is bounded if and only if ¢(B) C R is bounded, for each gauge q on E.

It suffices to show sup ||B||, < oo for ¢ in a fundamental system of gauges. In
Section 5, C*-maps with bounded difference quotients will play a vital role.

Definition 2.25. Let E be a topological vector space over a topological field K.

(a) If X is a topological space, then BC(X, E) denotes the set of all continuous
maps 7: X — FE whose image y(X) is bounded in E. Then BC(X, FE) is a
vector subspace of EX.

(b) If £ € Ny U {oco} and U C K is a subset without isolated points, we let
BC*U,E) be the space of all Ckpg-mappings v: U — FE such that
v<i> € BC(U*Y E) for all j € Ny such that j < k.

We mention that BC*(U, E) can be made a topological vector space [8, Defini-
tion 1.2], but we shall not use this topology. If K is a valued field, j € Ny with j < k
and ¢ a gauge on F, we define

||'7<j>||q,oo = Sup{l|7<j>(x)||qi x € Uj+1} for v E BCk(U, E) (10)
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Hdélder continuity

Using gauges, we now define a version of Holder continuous maps and record their
basic properties.

Definition 2.26. Let E and F' be topological vector spaces over a valued field K,
and U C E be a subset. A map f: U — F is called Hélder continuous of exponent
o € )0,00[ (or C%9) if, for every xy € U and gauge q on F, there exists a gauge p
on F and a neighbourhood V' C U of x4 such that

IF@w) = F@lg < (ly—all,)” forall z,yeV. (11)

C%!-maps are also called Lipschitz continuous.

We remind the reader that Holder exponents o > 1 are meaningful in non-
archimedian analysis (see [18, Exercise 26.B] for an instructive example). We are
mostly interested in Holder exponents o € ]0, 1], but some of the results are valid
also for o > 1.

Lemma 2.27. Let E, F and H be topological vector spaces over a valued field K,
UCFEandV C F be subsets, f: U —-V C Fandg: V — H be maps, and o, 7 > 0.
Then the following holds:

a) If f is C%, then f is continuous.

(
(b) If f is C%° and o > T, then f is also C°7.

)
)

(¢) If f is C% and g is C°7, then go f is C*77.
)

(d) If U has dense interior and f is Chay, then f is Lipschitz continuous.

In connection with Part (d) of the preceding lemma, note that id: K — K, z — «
is C%, but not C%7 for any o > 1.

If f is not Holder continuous, then pairs of points with pathological behaviour can
always be chosen in a given dense set. This will become essential later.

Lemma 2.28. Let E and F' be topological vector spaces over a valued field K,
f:U — F be a continuous mapping on a subset U C E, D C U be a dense subset,
and o > 0. If f is not C%°, then there exists vy € U and a gauge q on F such that,
for each neighbourhood V- C U of xy and gauge p on E, there exist x,y € V N D

such that || f(x) = f(y)llq > ([lz = yllp)".

Two approaches to H dlder differentiable maps

We define k times Holder differentiable maps and record some properties.

Definition 2.29. Let K be a valued field, £ and F' be topological K-vector spaces,
U C FE be a subset with dense interior, and f: U — F be a mapping. Let k£ €
No U {oo} and ¢ > 0. We say that f is CpSy if fis Chgy and fU: UV — F is
C% for all j € Ny such that j < k (where fl% := f).
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Remark 2.30. Note that, if o € ]0,1], then fUl is Cksy for 5 < k and hence
automatically C%?, by Lemma 2.27 (b) and (d). In particular, if o € ]0, 1], then f is
Chely if and only if f is O3, y. And if k is finite, then only f*! requires attention.

Remark 2.31. k times Lipschitz differentiable mappings (C*!-maps) form a par-
ticularly nice class of maps (see [9]). Notably, [9, Theorem 5.2] provides an implicit
function theorem for C*!'-maps from arbitrary topological vector spaces to Banach
spaces, for each valued field and k € NU {oc0}.

We need some basic information on mappings into direct products.

Lemma 2.32. Let E be a topological K-vector space over a valued field K, (F});er be
a family of topological K-vector spaces and f: U — F be a map into F := [];cr Fi,
defined on a non-empty subset U C E with dense interior. Let k € Ny and o > 0;
forie I, let pr,: ' — F; be the projection. Then f is O,’;gN if and only if each of
its components f; == pr;of: U — F; is Cf;’gN.

The Chain Rule is available in the following form.

Lemma 2.33. Let K be a valued field, E, F' and H be topological K-vector spaces,
UCFE andV C F be subsets with dense interior, o € 10,1], 7 >0, f: U — V be
Cpin, and g: V — H be Chhy. Then go f: U — H is Cpan.

The following variant even holds if o > 1:

Lemma 2.34. Let K be a valued field, E, F' and H be topological K-vector spaces,
A F — H be continuous linear, U C E be a subset with dense interior, o > 0 and
f:U — F be a CESy-map, where k € No. Then Ao f: U — H is CpSy, and
(Ao Y = Xo fIK,

Lemma 2.35. Let E and F be topological vector spaces over a valued field K,
and f: U — F be a mapping, defined on a subset U C E with dense interior.
Let k € NgU{oo} and o €]0,1]. If there exists an open cover (U;)ier of U such that
flu,: Uy — F is 52y for each i € I, then f is Cay.

Holder differentiable maps can also be defined using the approach of Schikhof
and De Smedt.

Definition 2.36. Let K be a valued field, d € Ny, F' be a topological K-vector
space and f: U — F be a mapping, where U C K¢ is open or U = U; x --- x Uy for
certain sets Uy, ..., U; C K without isolated points. Let k € Ng U {oo} and o > 0.
We say that f is O if f is Ckpg and f<>: U<®> — F is 0% for all a € N¢
such that |a| < k (where f<9 := f).

We mention that for maps from open sets into real or complex locally convex
spaces, a simpler description of C’]]_f;g y-maps is available.

Theorem 2.37. Let K € {R,C}, F be a locally convez topological K-vector space,
ke NguU{x}, 0 €]0,1] and f: U — F be a map, defined on an open subset U of a
topological K-vector space E. Then f is Cf;’gN if and only if f is C%, the iterated
(real, resp., complex) directional derivatives

#f(z,v1,...,05) = (Dy -+ Dy, f)()

exist for all j € N such that j <k, v € U and vy,...,v; € E, and furthermore all
of the maps d’ f: U x E¥ — F so obtained are C%°. ]
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The proof of Theorem 2.37 can be found in Appendix C of the preprint version
of this article.

3 Cpen-mapsand C¢pg-maps coincide

In this section, we show that the approach of Bertram, Glockner and Neeb and the
approach of Schikhof and De Smedt give rise to the same classes of C*-maps and
C*?-maps on open domains (and more generally). Throughout the section, K is a
topological field, d € N and f: U — F a map to a topological K-vector space F',
where U C K is open or of the form U = U; x- - - x Uy for certain sets Uy, ..., U; C K
with dense interior.

Theorem 3.1. The following holds for each k € Ny U {oo}:
(a) f is Ok if and only if f is Choy.
(b) IfK is a valued field and o €10,1], then f is C&s if and only if f is CEgy-
Various lemmas are useful for the proof of Theorem 3.1.
Lemma 3.2. Let k € Ny.

(a) If fr RIDU — Fis Clpg and f<4> is C¥pg for each i € {1,...,d}, then f
is Chhk.

(b) Let K be a valued field and o > 0. If f: K¢ D U — F is Cgjs and f<4> is
CEss for each i € {1,...,d}, then f is C&E7.

Proof. Given a € N4 such that 1 < || < k + 1, there is i € {1,...,d} such that
a; > 0. Then 8 :=a—¢; € Nd and |3| = |a| — 1 < k. Write 8 = (84,...,04) and
set = (B1,...,5:,0,Bi1,...,34) € NS™'. For € U><, using the notational
conventions from 2.6, we have

Fos(z) = (£ (20 ;x(z’—l);x[()i),xgi)7 . x(i).x(li);x(z’-&-l); @),

(e TR

as 1s clear from the definitions. Thus

<o (z) = (f<e¢>)<ﬂ’>(x(1); . ;x(i—l);x(()i)’xgi)’ . x(i),xgi);x(ﬂrl); o ;x(d))

s V)

for z € U<*> defines a continuous (resp., C'%?-) extension f<*>: U<*> — F of
f7e<, whenever |a| < k+ 1. Therefore, f is C@B}g (resp., C;Eé’a). .

The next lemma establishes one implication in Theorem 3.1 (a) and (b). Note
that o need not be <1 here.

Lemma 3.3. If f is Ckqy for some k € Ny (resp., CpSy if K is a valued field and
o >0), then f is Ckq (resp., C&J5).
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Proof. The proof is by induction on k € Ny. The case &k = 0 is trivial. If £ > 1, let
i €{l,...,n}. For each x € U”%<, we then have

Fe<(@) = M@, 20D g0 gD @ g0 g0y
Thus

f<8i>(x) = f[l] (x(l); Ce 7x(i_1)7 ng)a x(i+1)7 R 7x(d); €i; x(()l) - 'rgZ)) (12)

for x € U<%> defines a continuous extension of f>%< and hence f is Cipg, with

f=¢> as just described. Note that the right hand side of (12) expresses f<¢~

a composition of the CE L -map (resp., Cpgy’-map) fI and the restriction of a
map K4 — K9 x K¢ x K which is continuous affine-linear and hence C$% . By
the Chain Rule (resp., Lemma 2.33), f<¢> is C%Y (resp., Cron?) and hence CELL
(resp., C4ps”), by induction. Hence f is CEEL (resp., C&1§7), by Lemma 3.2. m

Lemma 3.4. If f is Ckpg for some k € Ny (resp., if K is a valued field and f is
CE0s for some o > 0), then f<> is Cg;lg‘ (resp., C’g;‘gl’g) for each a € N¢ such
that |a| < k.

Remark 3.5. The proof of Lemma 3.4 will give the following formula for (f<®>)<#>
if « € N such that |o| < k and 3 € NiHel such that 18] <k —|al:

(f<a>)<[3> _ f<a+B>7 (13)

where 3 € N¢ is defined by 3; := 3 8”1 "6, for j € {1,...,d}, with s; =+
and Sgy1 :=d + |a| + 1.

Proof of Lemma 3.4. Given a € NI, we first show by induction on
¢e€{0,...,k—|a|} that

(f>a<)>5< _ Jc>a+,§<7 (14)

for each 3 € Ngﬂ‘l' such that | 3| = ¢, where 3 (and sy, .. ., 5441) are as in Remark 3.5.
The case ¢ = 0 being trivial, let us assume now that (14) holds for some [ with
18] < k — |a|. For each i € {1,...,d + |a|}, we have to show that (14) holds
with 3 replaced by v := 3 + ¢; and 3 replaced by the corresponding 7. There is
a unique j € {1,...,d} such that s; < i < s;;;. Then ¥ = 3+ ¢;. Given z €
(U>a<)>’y< — (U>a<)>ﬁ+ei< C (Kd+\o¢|)>ﬁ+ei<7 we abbreviate y = (l’(l), o ,I(Sj_l))
and z := (2, ... 2@FeD). Define ¢ := 2 — x(ﬂ?ﬂ. Then t - (f>*<)>7<(x) is
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given by

(F7o<)>P<(zM; 20D $(()')7$§z)7'“’xgi);x(i-&-l);“.;x(d+|a|))

— (fPe)P<(zM; 26D x(ﬁ)Jrl’xgz)"._’$(ﬂli);x(i+l);_”;x(d-‘r\od))
= f>a+B<(9;(1); Y AR :U((]) a:?), . ,.Clﬁ(ﬁ,); D, gldtlad)y

— f>a+5<(;1:(1); Y AR x(ﬁZ)H, x@, . ,x(ﬁ?; A ;x(dﬂo“))
_ f>a+B<(y; x(sj); o 21, 93(()), azgi), o 7:B(5i-)§ (i+1) o 7$(sj+1—1); z)

_ f>a+B<(y. x(sj). o ’x(z 1). 93/(3)“, xgz)’ N x(ﬁ’) (H—l); o ;x(sm—n; 2)
= f>o“+g<(y7 :vg), xﬁ”, . >$g35 A L G Gt G AR )

— f>°“+ﬁ<(y7 x(ﬁl)ﬂ, ;n§ ), . ,xgi); g); gl gD (s )
=tf7t<(y; :1:(()1), xﬁ”, o ,x(ﬁ?; ). gD 0D, (s ). x(ﬁ)ﬂ, 2)
= tf7ON (g 2B); Ll ) = et ()

using (14) for the first equality and the symmetry properties of f>*+#< and f>o+7<
(as in Lemma 2.11) for the third and penultimate equality. This completes the
inductive proof of (14).

As a consequence of (14), the continuous (resp., C%?-) map f <a+B> extends the map
(f72<)>P<. Tt hence also extends (f<*>)>P< for each 3 € NEH! with 18] < k—lal.
Hence f<*~ is Cﬁ,}'gf‘ (resp., C’SDla| ) and (13) holds. ]

Proof of Theorem 3.1, completed. It remains to show that if f is C&,g
(resp., CE2. with o € ]0,1]), then f is Chay (resp., CSy). We assume first that
U =U; x---x Uy for certain subsets U; C K. The proof is by induction on k£ € N,.
The case k = 0 being trivial, assume now that f is Ckpg (vesp., C&ig) for some
k > 1. For each (z,y,t) € U, we have

f}l[(x’y’t):f(x—’_ty)_f( ifx—i_tzz 1ylel) f(x+t21 1yl€z>
t = i
d
= Z yjf<ej>(271 —I—ty1; R —l—tyj_l; Zj, l’j+tyj; Tjt1s--- ,ZL’d), (15)
j=1
because a; 1= flattd s yiei);f(1+tzz;1l yie) _ Ui f(x+th:1yiei)y;{(x+tzz;11 yies) coin-

cides with b, :=y,; <%~ (x1 +tyr;. . .;xjo1 +ty;—1; 25, 5 +Hty;; Tjga, - - -, xq) i y; # 0,
while both a; and b; vanish if y; = 0. Since the right hand side of (15) defines a
continuous (resp., C%-) map on all of Ul we see that f is Chay (resp., Cpdy)
with

d
fU(@,y,t) = Zyjf<ej>($1+ty1;---;$j—1+tyj—1;$j,95j +ty; 1, ..., xq) (16)
i=1

for all (z,y,t) € UM, Here f<%> is a Cipk-map (resp., a Cé5¢7-map) on

U<ej> = U1X"~XUj_1XUjXUjXUj+1X"-XUd
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by Lemma 3.4 and hence a O -map (resp., a C' B’fé}\}a—map), by induction. Formula
(16) now shows that f[! is built up from f<%> and various smooth maps, whence f!!
is C&-L. (resp., Cpo’), by the Chain Rule (resp., Lemma 2.33). Hence f is Clh,y
(resp., Cp5y). This finishes the proof if U = Uy x - x Uy,

If U is open but not necessarily of the form U; x --- x Uy, then every point x € U
has an open neighbourhood V' of the form V' = V; x - - - x V}; for certain open subsets
Vi,..., Vg C K. It is clear that f|y is Ckpg (vesp., C&95) if so is f. Thus fly is
Chon (resp., CpSy) by the case already settled, and thus f is Cly (resp., Cpan)
as these properties can be checked locally (see Lemma 2.4, resp., Lemma 2.35). =

In the following, we shall often refer to C%y-maps as C*-maps, and to Cygy-maps
as C*7-maps.

We mention that both the definition of C&,y-maps and the definition of C% -
maps suggest a natural definition of a vector topology on the space C*(U, F) of all
Ck-maps U — F: We write C*(U, F)pan for C*(U, F), equipped with the initial
topology with respect to the maps C*(U, F) — C(UVL, F), f +— fUl for j € Ny such
that j < k, where C(UV!, F ) is equipped with the compact-open topology. We write
Ck(U, F)sps for C¥(U, F), equipped with the initial topology with respect to the
maps C*(U, F) — C(U<*>|F), f — f<*>, for a € N¢ such that |a| < k. Then the
following holds:

Theorem 3.6. C*(U, F)paon = C*(U, F)sps as a topological K-vector space.

The proof of Theorem 3.6 can be found in Appendix B of the preprint version
of this article. It exploits that f<®> can be expressed in terms of fV! with j := |a|,
while fU! can be expressed in terms of the maps f<%> with 3 € N¢ such that |3| < j.

4 Comparison with Ludkovsky’s concepts

In this section, we give a definition of C*-maps following an idea of Ludkovsky, and
show that such maps need not be Cky (nor Ck,g) in the case of ground fields of
positive characteristic.

4.1. To define C*-maps in Ludkovsky’s sense, we find it useful to introduce the
following notations for U an open subset of a topological vector space E over a
topological field K: We define ®;(U) := Ull and ®,(U) := UM, Given an integer
k> 2, we let ®(U) be the set of all (z,&,...,&,t1,...,tx) € U x E* x K* such
that (z,&1, ..., &—1,t1,-- -, 1) € Px_1(U) holds as well as

(x4 6k, &1y oo, Ebm1y b1y ooy tim1) € D1 (D).

Finally, we let ®,(U) be the set of all (z,&,...,&,t1,..., 1) € ®x(U) such that
—

Definition 4.2. Let F and F' be topological vector spaces over a topological field
K, and f: U — F be a map on an open subset U C E. We say that f is C},
if fis Chay, i-e., if the directional difference quotient map ®;(f) := fI'l admits
a continuous extension ®,(f) := fl! to ®,(U) = U!. Recursively, having said
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when f is a C§-l-map and having defined a map ®;_i(f): ®,_1(U) — F in this
case, we say that f is CF,, if fis C5—1 and if the map ®(f): ®(U) — F taking
($7€1a"'7€k7t1a"'7tk) to

Dy (z+ iy &1y oo Sty by t1) — Ppn (1,60, Ee by s )
Ly

admits a continuous extension ®(f): ®,(U) — F. We say that f is C, if f is
Ck , for each k € N.

Remark 4.3. Initially, Ludkovsky defined C*-maps only for certain ultrametric
fields of characteristic 0 and E, F' locally convex, but of course the preceding def-
inition is meaningful in the stated generality.! Furthermore, he only required the
existence of @ (f) locally on a neighbourhood of (z,0,0) for each given point x € U
(and similarly for @, (f)). We find it more convenient to define @, (f) globally on
@, (U) (which is equivalent to the local existence). This is also the approach in [15].

Remark 4.4. If f is C% ,, we define

djf(l',gl, .. 76]) = 6](‘]0)(27,51, .. ,ﬁj,O, c. ,0)

for v € U, j € N with j < k, and &,...,&§ € E. We also write df(z,§) =
d' f(z,€). Then d’f: U x E? — F is continuous, being a partial map of ®;(f)
(i.e., a map obtained from ®,(f) by fixing some of its arguments). Furthermore,
f9(z) ;= df(x,): B? — F is a symmetric j-linear map, by a reasoning similar to
that used to prove [2, Lemma 4.8].2 We remark that Ludkovsky initially made the
j-linearity of the maps f)(x) part of his definition of a C*-map; by the preceding,
this requirement is redundant and can be omitted.

Remark 4.5. We mention that Definition 4.2 captures the basic idea of Ludkovsky’s
approach, but differs slightly from his original definition which imposes additional
boundedness conditions. In the example discussed in Theorem 4.7 below, the do-
main @ will be an open and compact set, whence these additional conditions will
be satisfied automatically. In his most recent preprints (like [15]), Ludkovsky also
omits the boundedness conditions.

Remark 4.6. It is clear that each C%y-map is also C},,; a suitable partial map
of fUl serves as the continuous extension ®;(f) of ®;(f), for each j € N such that
j < k. To make this more precise, let us write EVl = E x H ; x K, where H; collects
all factors in the middle. Explicitly, we have H, := E, H; := H; ; x K x EU=1 if
J = 2. Let Oy, be the zero element in H;. Then a simple induction on k € N shows
that, if f is Cay, then fis CF ., with

6k(xvgla v 7§k7t17 cee 7tk) = f[k}(xaghtl;f%oHl’tQ; s ;fk’Okautk‘)

for (z,&,..., &k, t1,...,t;) € ®r(U) giving the continuous extension of ®.(f) to a
map on @ (U).

n the meantime, Ludkovsky uses his approach also in positive characteristic [15].
%In the example discussed in Theorem 4.7 below, the j-linearity will be obvious.
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Let K be a local field of positive characteristic now. Thus, up to isomorphism,
K = F,(X)) is a field of formal Laurent series over a finite field F, with ¢ = p*
elements for some ¢ € N and prime p. We let O := F,[X] be the ring of formal
power series, which is an open, compact subring of K. Its elements are of the form
=372, ax X", where a;, € F,. Recall that if = # 0, then its absolute value is given
by |z| = ¢~*, where k € Ny is chosen minimal such that a; # 0. We define a map

f:0—=K, ZakaHZakX[%k}, (17)
k=0 k=0
where [r] denotes the Gauf} bracket (integer part) of a real number r > 0.

Theorem 4.7. The map f: O — K defined in (17) is C%2,, but not C%qy-

Proof. 1t is useful to note first that f is a homomorphism of additive groups, i.e.,
flx+y)= f(z)+ f(y) for all x,y € O. For z,y € O, we have

3 3
lz—y|2 < |flz—y)| < qlz—yl>,

where |f(z —y)| = |f(z) — f(y)]. As a consequence, f is C'kL,y with derivative
f'(z) =0 for all x € O (see [6, Lemma 2.1]; cf. [18, Theorem 29.12]). Furthermore,
[ is not C%y because it does not admit a second order Taylor expansion (see [6,
Lemma 2.2]). We now show that f is C§5,. First, we note that f is C],, because it
is Choy, With

D (f)(x,£,0) = df(z,€) = f/(x) =0 forallz € Qand £ € K. (18)

Using that f is a homomorphism, for all x € O, ¢ € K and ¢ € K* such that
x + t& € O, we obtain

B(f) (o, g,t) = L W) SO S S g

Since the right hand side of (19) is independent of x, we obtain for all z € O,
&1,& € K and tq,t, € K* such that ($,§1,fg,t1,t2) S (I)Q(@)

Dol F) (.6, 0. o t) = LD F tzézéhg) —3,(f)(x,6. 1)

By (18), we also have ®o(f)(x, &1, &2, t1,t2) =0 for all x € O, &,& € K, ¢, =0 and
to € K* such that (z,&;,&,0,ts) € $o(0). Thus

62(f): 62(@) — F, ($7§17527t1at2) =0

is a continuous map which extends ®,(f), and thus f is C%,, with ®5(f) = 0. It
now readily follows by induction that f is C¥ , for each k > 2, with ®,(f) =0. =

—0.  (20)

Remark 4.8. It would be interesting to clarify whether C¥,,-maps between locally
convex spaces over an ultrametric field K of characteristic 0 (as originally considered
by Ludkovsky) coincide with Cky-maps (for k > 2), notably for K = Q,. It is also
unknown whether C¥, -maps into real non-locally convex spaces are C%. . The
author conjectures that neither is the case, but has not found counterexamples so
far. [15, Corollary 20] claims that Cky = C¥,4 in the case of ultrametric fields of
zero characteristic, but the author was not convinced by the reasoning.



Comparison of some notions of C*-maps 893

5 Hdlder differentiable maps on metrizable spaces

This section is devoted to the proof of the following characterization of C’f—;é N-maps
on open subsets of metrizable spaces.

Theorem 5.1. Let (K, |.|) be R or an ultrametric field. Let E and F be topological
K-vector spaces and f: U — F be a map, defined on an open subset U C E. Let
(€ Ny and o €10,1]. If E is metrizable, then f is C* if and only if foy: K — F
is C'%%, for each C®-map v: K4 — U.

The proof of Theorem 5.1 heavily relies on tools developed in [8], which are
variants of standard methods of differential calculus in real locally convex spaces
(cf. [12]). To describe these tools, we need the auxiliary notion of a “calibration”
on a topological vector space E over a valued field K.

Definition 5.2. A sequence (g, )nen, of gauges on E is called a calibration if

(\V/n € NO)(vay € E) %z(x + y) S qn-‘rl(x) + %H—l(y) . (21)

If ¢ is a gauge on E, then there always exists a calibration (¢, )nen, such that ¢y = ¢
(cf. Remark 2.19); we then say that ¢ extends to (g,)nen,-

Remark 5.3. If (¢,)nen, is a calibration, then ¢, < g,.1 for each n € Ny because
0n(x) = gn(x +0) < goi1(2) + ¢us1(0) = gni1(2z) for each z € E. Also note that if
q: E — [0,00[ is a continuous seminorm, then (¢),en, is a calibration. If (¢, )nen, is
any calibration extending the seminorm ¢, then ¢, > ¢ for each n, by the preceding
remark. Thus (q),en, is the smallest calibration extending g.

The following two lemmas are the main results of [8]. They are variants of [12,
Lemma 12.2]. In the first lemma, O := E?(O).

Lemma 5.4 (Ultrametric General Curve Lemma). Let E be a topological vector
space over an ultrametric field K, p € K* with |p| < 1 and (yn)nen be a family of
smooth maps v, € BC®(p"O, E) which become small sufficiently fast in the sense
that, for each gauge q on E, there exists a calibration (¢, )nen, extending q such that

(Va > 0) (vk,m € No)  lim a3 [lgre = 0. (22)

Then there exists a smooth map v: K — E with im(y) = {0} U Upenim(v,), such
that y(p" L +t) = v,(t) for alln € N and t € p"Q. ]

Remark 5.5. Let E in Lemma 5.4 be metrizable and suppose that there exists a
calibration (py,)nen, such that {p,: n € Ny} is a fundamental system of gauges, and
C > 0 such that

(Vk € No) (Vn > k) [ Ilpano < Cn7". (23)

Then the hypothesis (22) of Lemma 5.4 is satisfied: Any ¢ extends to a suitable
calibration via g, := rpyin, for n € N, with » > 0 and ng € Ny sufficiently large.
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Lemma 5.6 (Real Case of General Curve Lemma). Let E be a real topological vector
space and (Sp)nen as well as (r,)nen be sequences of positive reals with 00 | s, < 00
and r, > S, + n% for each n € N. Furthermore, let (7,)nen be a sequence of smooth
maps Yn: [—rn, ] — E which become small sufficiently fast in the sense that, for
each gauge q on E, there exists a calibration (q,)nen, €xtending q such that

(Vhtom € No)  Tim 0’77 g0 = O (24)

Then there ezists a curve v € BC™®(R, E) with im(y) C [0,1] - Upenim(y,) and a
convergent sequence (t,)nen of real numbers such that v(t, +1t) = v,(t) for alln € N
and t € [—sp, sp). ]

Again, (23) enables to manufacture calibrations satisfying (24).

In our applications, the maps ~, are restrictions of affine-linear maps to balls. The
following simple lemma will help us to verify the hypotheses of the General Curve
Lemmas in this case.

Lemma 5.7. Consider the map ~: EF(O) — F, x — xa+b, where E is a topological
vector space over a valued field K, a,b € E andr > 0. Let q; and qo be gauges on E
with ql(x + y) S q2(ZL’) + Q2(y) fOT’ all T,y € E. Then “’YHQLOO S THaH% + ||b||(I27
17 las00 = llalley and |y [lgy,00 = 0 for k > 2.

Proof. Since [[y(z)lle, = lza + blle, < |2 lale, +[1Blle, <7 [lallq, + [1bllq, for cach
x € B, (0), the first inequality holds. The remaining assertions follow from the
observations that y<'>(z,y) = a for all z,y € B, (0) and v<*> =0 forall k > 2. m

Another simple observation will be used.

Lemma 5.8. Let (K, |.|) be either R or an ultrametric field. Let E and F' be topo-
logical K-vector spaces and f: U — F be a map, defined on an open subset U C E.
Let{,d € Ng and o € )0,1]. If fory: KT — F is C%°, for each C*-map v: K — U,
then also fo~y:V — F is C%, for each C®-map v: V — U defined on an open
subset V C K¢,

Proof. Given zy € V, there exists a smooth map x: K¢ — V such that x|y = idy
for some open neighbourhood W C V of zy. In fact, if K is ultrametric, we can
choose an open, closed neighbourhood W C V' of xy and define k(z) :=z if z € W,
k(x) == xo if x € V' \ W. In the real case, we can manufacture x by standard
arguments, using a cut-off function. Then n := yo rx: K — U is smooth and hence
fonis C%. Then (foy)|lw = (fon)|lw is C*?. Hence f o+ is locally C*° and thus
C*%. by Lemma 2.35. [

Proof of Theorem 5.1. If f is C%?, then f o~ is C*° for each C*™-map
v: KA — U, by Lemma 2.33 and Remark 2.30. To prove the converse direction,
we first assume that K is an ultrametric field. We start with the case £ = 0. If f is
not C%7, then the condition formulated in Definition 2.26 is violated by some zq € U.
Hence, there exists a gauge ¢ on F such that, for each neighbourhood V' C U of x
and gauge p on E, there are x,y € V such that || f(z) — f(y)lly, > (lz — yl»)°-
After a translation, we may assume that xy = 0. Pick a gauge ¢y on E such that



Comparison of some notions of C*-maps 895

B{*(0) C U, and extend it to a calibration (¢, )nen, on E such that {g,: n € Ny} is a
fundamental system of gauges. Also, pick p € K* such that |p| < 1. After replacing

q1,Q2, . .. by large multiples if necessary, we may assume that
-1
Qo =< (% + ﬁ) q - (25)
Applying the above property of ¢ for a given n € N to V = Eq%z;fi' o (0) and
p = nén”qgnﬁ, we find z,,y, € E such that
1 —n n
HantDm—sv Hyan2n+3 < 5” |P| (26)
and
1) = e > n-n7(l2n = gallmss) (27)

Case 1. If ||z, — Ynl|gon.o # 0, let k, be the unique integer such that

ol < ™20 = yallgpe < 1oI™7" (28)

Since 0|20 = Ynllgsn s < 0" 2nllgsn s + [Ynllgsnis) < lol™ by (26), we have &, > n.

Case 2. If ||xn, — Ynllgsn,. = O holds, we choose the integer k, > n so large that

1f (@n) = f(wn)llg = n(lp|*)7.

In either case, we define
=K
- B\p\"(o) —E, ) =z, + an(yn — Tn).

By Lemma 5.7, we then have ~*> = 0 for k > 2, furthermore

_ ”xn - yn||q2n ||In - yn||¢12n+2 n-"

[l | P < <
mo e || || |

by definition of k,,, and finally

_yan2n+l +Hanq2n+1 < %+%n—n|p|n< (%+ 1)n—n7

=
Hf)/nH%n,OO S |pn| - |p|k” lp m

entailing that ||7,]lg.00 < 1 (see (25)) and thus im~, C B{*(0) C U. In view of the
preceding, (23) in Remark 5.5 is satisfied by the calibration (g, )nen, With C' = %—i—ﬁ.
Therefore the General Curve Lemma (Lemma 5.4) provides a smooth map y: K — £
with v(K) C U such that v(t) = 7, (t — p"~!) for eachn € Nand t € Fﬁn(p”_l). In
particular, y(p" ') = 7,(0) = z,, and y(p"! + p*) = 7, (p*) = y, for each n € N.
Hence

1F(v(0™) = F (0" + 2Nl =1 (wa) = Fwallle > 10 (20 = Yallgansa)” (29)

o ||l‘n_yn|| n ’ o o
:n'nk‘< |pkn|q2 +2 |pk‘n| > n|pkn| (30)
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in Case 1, using (27) in (29) and then (28) for the final inequality. In Case 2, we
have

1 (0™) = FOr (0" + Nl = I (@) = Flua)lly = - (lp™)7 (31)

by choice of k,. Thus (31) holds for each n, and hence f o~ is not C%°. In fact, if
fov were C%?, there would be a 0-neighbourhood J C K and a gauge ¢g on K such
that || f(v(t)) — f(v(s))llq < (||t = s]4)7 for all s,¢ € J. As a consequence of Lemma
2.21, there is C' > 0 such that g < C|.|. Hence || f(7(t)) — f(7(9))|lq < C7|t — 5|7 for
all s,t € J, which contradicts (31).

The general case: Let ¢ be a positive integer now. If fo~yis C*“ for each smooth map
v: K41 — U, then fo~is Cf in particular and hence f is C*, by [2, Theorem 12.4].
To prove that f is C*“, it only remains to show that fl is C%?. We assume that
fl is not C® and derive a contradiction. Since Ul is dense in the domain U
of the continuous map f, Lemma 2.28 shows that there exists zo € Ul and a
gauge ¢ on F such that, for each neighbourhood V' C U of z, and gauge p on E,
there are x,y € V N UM such that || f¥(x) — f9(y)|l, > (llz — yll,)?. We now pick
Ty, yn € UMl as above in the case ¢ = 0, applied to f instead of f, and obtain a
smooth curve v: K — U such that v(p"~!) = z,, and y(p" ' + p") = y,. Applying
[2, Lemma 12.3] with m := 1,V :=K, D := {p"':n e NJU{p" ! + p": n € N}
and X, := {0}, we obtain a smooth map I'": W — U, defined on an open subset
W C K, an open neighbourhood Y of 0 in K, and a smooth map ¢: Y — W
such that

(vteDNY) fO) = (foD)(g(t)). (32)

There is N € N such that p"! € Y and p"~ ! + p" € Y for each integer n > N. The
hypothesis implies that f oI is C%“ (see Lemma 5.8). As a consequence, (f o ')l
is C% and hence also (f o) o g is C%?. However, by construction of v and (32),
for each n > N we have

1(f o D) (g(p" ) = (f o D) (g(p™ " + p™)lq
= 1M = A+ 0Dl = 1 @n) — )l

> nl|p"|”,

arguing as in (30) to pass to the last line. Hence (foI')l%og is not C%?, contradicting
the preceding. This closes the proof in the ultrametric case.

Now assume that K = R, and pick » € |0,1[. If f is not C%°, then there exists
xo € U and a gauge ¢ on F' such that, for each neighbourhood V' C U of z, and
gauge p on E, there are z,y € V such that ||f(z) — f(y)|l; > (||l — yl[,)7. After a
translation, we may assume that zo = 0. Take a gauge gy on F such that Eio (0) CU,
and extend it to a calibration (g, )nen, on F such that {g,: n € Ny} is a fundamental
system of gauges. We may assume that gy < %ql. Applying the above property of ¢

. 492 3
for a givenn € Nto V := B%;fnrn

that

(0) and p := nén”qgnﬂ, we find z,,y, € F such

||xn||q2n+3’||yn||q2n+3 S §n_"r”

and [[f(@.) — flla > n-n7 (2, — gallgns)
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Case 1: If ||z — Ynllgonso # 0, define s, == n™||z, — Ynllgonn < 7. Case 2: If
|zn — Unllgonrs = 0, choose s,, € ]0,7"] such that || f(xz,) — f(yn)llq = - (sp)7. In
either case, we define r,, := s, + % and

t
Yoi =Tyl = E,  (t) ==z, + S—(yn — Iy).

By Lemma 5.7, we then have 4> = 0 for k > 2, furthermore |71 |4 00 =

||yn_$n||q2n

- < n~" by definition of s, and finally || |g..c0 < 27" because

— X
e < g+ 2 Tl < o (g g 2y < 2,
n

entailing that ||9, |40 < 1 and thus im~, € B}’ (0) C U. In view of the preceding,
(23) in Remark 5.5 is satisfied with C' = % Therefore the General Curve Lemma
(Lemma 5.6) provides a smooth map v: R — E with v(R) C [0, 1]B7°(0) = B}’(0) C
U, and a convergent sequence (t,)nen of reals such that v(t, +t) = v,(¢) for each
n € N and ¢t € R such that [t| < s,. In particular, v(¢t,) = 7,(0) = z, and

Y(tn + $n) = Yn(sn) = yn for each n € N. Hence

1f(v(#a) = fF(y(En +sa)lle = [1f (@) = fya)lle > 707" (|20 = Ynllgznse)”
— n.nok <”xn — yn‘|q2n+2>g (Sn)a = n-(s,)°

in Case 1. In Case 2, we have

1f(v(tn)) = F(r(En 4 su))llg = I1f (2n) = fyn)llg = 7 (s0)” (33)
by choice of s,,. Thus (33) holds for each n, and hence f o~ is not C%7.

The general case: If / is a positive integer and f is not C*° although f o v is
C%? for each smooth map ~v: K*' — U, we reach a contradiction along the lines
of the ultrametric case. First, applying the case £ = 0 to f instead of f, we
find a gauge ¢ on F and z,,y, € UYL, positive reals s, such that Yo Sy < 00,
a smooth curve v: R — UM and a convergent sequence (t,)nen of reals such that
Y(tn) = Ty Y(tn + 80) = Y and || f(2,) — f(yn)|lq = n(s,)? for each n € N. Let
too = lim, . t,. Applying [2, Lemma 12.3] with m := 1, V :=K, D := {t,: n €
N}U{t,+s,: n € N} and X := {t}, we obtain a smooth map I': W — U, defined
on an open subset W C R an open neighbourhood Y of ¢, in R, and a smooth
map ¢g: Y — WH such that (32) holds. There is N € N such that ¢, € Y and
t, + 8, € Y for all n > N. The hypothesis implies that f o' is C%° (Lemma 5.8).
As a consequence, (f o T') is C% and hence also (f o Il o g is C%?. However,
by construction of v and (32), we have ||(f o ) (g(t,)) — (f o D) (g(t, + 5.))|l4 =
1A (t) = [t + sa))llg = 1/ (@) = f9(Ya)llq = n(s,)” for each n > N,
whence (f o)l o g is not C%?, which is absurd. ]
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6 Weakly Hdlder differentiable maps

If K is a topological field and E a topological K-vector space, we let E’ be the space
of all continuous linear functionals A\: £ — K.

Definition 6.1. Let E and F' be topological vector spaces over a valued field K and
f: U — F beamap on asubset U C E. Let 0 > 0. We say that f is weakly C%° if
Ao f: U — Kis C% for each A € F'. If U has dense interior and k¥ € NU {oo}, we
say that f is weakly C* if Ao f: U — K is C*“ for each A € F".

Remark 6.2. Note that each C*?-map is weakly C*? (cf. Lemma 2.34).

Remark 6.3. Let f: U — F be a weakly C*°-map on a subset U C E with
dense interior and g: V — U be a C®!-map on a subset V with dense interior of a
topological K-vector space H (e.g., a C¥*l-map). Then Ao (fog) = (Ao f)og is
Ck for each X € F' (by Lemma 2.33) and thus f o g is weakly C*°.

Recall that a topological vector space over an ultrametric field is called locally
convez if its vector topology can be defined by a family of ultrametric seminorms
(cf. [16] for further information).

Lemma 6.4. Let (E,||.||) be a normed space over a locally compact field K, F be a
locally convex space over K and f: K — F be a map on a compact set K C E. Let
o > 0. Then the following conditions are equivalent:

(a) f is a C*7-map.

(b) For each continuous seminorm q on F, there is C' € [0, 00[ such that

1f () = f@llg < Cly—=l)” forallz,yeK. (34)

(c) [ is weakly C°7.

Proof. (a)=-(b): Let ¢ be as in (b). If f is C%?, then for each z € K there exists an
open neighbourhood U, C K of z and a gauge p, on F such that

1f () = f@)llg < (ly —llp.)” forallz,y € U..

Let V. be an open neighbourhood of z in K with compact closure V, C U,. There
exists a finite subset ® C K such that K = J,ce V.. For each z € @, there exists
r, > 0 such that p, < r,||.| (cf. Lemma 2.21). Let r := max{r,: z € ®}. The sets
V. and K \ U, being compact and disjoint, we can define

s = sup{lly—=z||7:2€®,2eV,,yec K\U.} € [0,00].

Then (34) holds with C' := max{r?, 2smax || f(K)||,}. In fact, given =,y € K, there
exists z € ® such that x € V,. If y € U,, then ||f(y) — f(2)|l, < (lly — z||,.)7 <
(r2)ly—2ll” < Clly—z||”. Ity & U, also || f(y) — f(x)]l, < Lltlf®la g —gjo <
25 ma | f(F)lly — 7 < Clly — ]

(b)=(a): Given a gauge g on F, by local convexity there exists a continuous
seminorm ¢ (which can be chosen ultrametric if K is a local field) such that g < ¢
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(cf. Lemma 2.21). Let C be as in (b). Then p := C7||.|| is a gauge on E such that
17 () = F@)llg < W) = F@)llg < (lz = yll)” for all 2,y € K. Thus (a) holds.

(a)=(c): See Remark 6.2.
(c)=(b): Pick p € K* with |p| < 1 and define 3(r) := p* for r € ]0, o[, where
k € 7 is the unique integer such that |p[**! < r? <|p|*. Then
ol - 18(r)] < r7 < [B(r)] for all r €]0, 0ol (35)

If f is weakly C%7, define
B = {f(y)—f(a?) x,y € K such that x # y.}
Blly = «ll)

We claim that B is bounded. If this is true, then M := sup ||B||, < oo for each
continuous seminorm (or gauge) ¢ on F' (see Lemma 2.24) and hence

il = W= 1@l
1)~ @l = 250 =]

for all z,y € K such that z # y, using (35) for the final inequality. Hence (34) holds
with C' := M|p|~".

Bllly—=l < MIB(ly—=)l < Mlp|™ ly—=]

[t remains to show that B is bounded, or equivalently, that \(B) C K is bounded
for each A € F’ (see [17, Theorem 3.18] for the real case (from which the complex
case follows) and [19, Theorem 4.21] for the case where K is a local field). However,
for each A € F’, the map Ao f: K — K is C% and hence, by (a)=>(b) already
established, there exists C' € [0, oo such that

AU @) = A(f (@) < Clly =27 forallz,ye K.
But then sup |A(B)| < C (whence A(B) is bounded), since

F) = F@)N] _ IMEW) =A@ _ MNF®) = Af ()]
P(mm—xm>w‘ By =D~ o =¢ 9

for all z,y € K such that = # y, using (35) to obtain the first inequality. ]

Remark 6.5. If K is a local field in the situation of Lemma 6.4, it suffices to consider
ultrametric continuous seminorms in (b) (as the proof shows).

Recall that a topological vector space E over a topological field K is called se-
quentially complete if every Cauchy sequence in E is convergent. We say that F
is Mackey complete if every Mackey-Cauchy sequence in F is convergent. Here, a
sequence (T, )nen in E is called a Mackey-Cauchy sequence if there exists a bounded
subset B C E and elements (i, ,, € K such that z, — z,, € iy, B for all n,m € N
and [t , — 0 in K as both n,m — oo.

Note that every Mackey-Cauchy sequence also is a Cauchy sequence; hence every
sequentially complete topological K-vector space is Mackey complete. In the real
locally convex case, Mackey completeness is a (particularly weak) standard com-
pleteness property, which is of great usefulness for infinite-dimensional calculus (see
[12, notably §2] for an in-depth discussion).
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Theorem 6.6. Let K # C be a locally compact field, E and F be topological K-
vector spaces, f: U — F be a map on an open set U C E, k € Ny U {oc} and

€ 10,1]. If E is metrizable and F is both Mackey complete and locally conver,
then f is C*° if and only if f is weakly C*°.

Proof. The other implication being trivial, we only need to show that if f is weakly
C* then fis C*°. As a consequence of Theorem 5.1, f will be C* if we can show
that g := fo~vy: K — F is C*? for each £ € N and each smooth map v: K¢ — U.
Note that g is weakly C* since so is f (see Remark 6.3). Hence, after replacing f
with ¢, we may assume that U = E = K’ for some ¢/ € N. We may assume that
k € Np; the proof is by induction on k.

If k=0and f: B =K’ — F is weakly C%%, let z € £ and K C E be a compact
neighbourhood of . Then f|x is C% by Lemma 6.4. Hence f is C%° locally and
hence f is C%?, by Lemma 2.35.

Induction step. If k > 1 and f: E = K* — F is weakly C%°, given x,y € E choose
a sequence (t,)nen of pairwise distinct elements in E]F(O) \ {0} with ¢, — 0. Set

L f]l[(x7y>tm) _ f]l[(x>y7tn)
B = { ﬁ(|tm _tn‘)

where (: ]0,00[— K* is as in the proof of Lemma 6.4 (as well as p used to
define 3). Then A\(B) C K is bounded for each A\ € F’ and hence B is bounded (by
[17, Theorem 3.18], resp., [19, Theorem 4.21]). In fact, since Ao f is C*7 it follows
that (Ao f)1 is C%. Applying now Lemma 6.4 to the restriction of (Ao f) to the

compact set {x} x {y} x E?(O), we find C' € [0, oo[ such that

:n,mEN},

|((Xo Yz, y,t) — (Ao )z, y,s)| < C|t —s|° forall s,t e E]F(O).

Repeating the calculation in (36), we find that sup |A\(B)| < C. Hence B is indeed
bounded.

Since fM(z,y,t,) — Uz, y,t,) € B(|tm — ta|)B, where B is bounded and
B(|tm — ta|) — 0 as both n,m — oo, we deduce that (f'l(z,y,t,))nen is a Mackey-
Cauchy sequence in F and thus convergent; we let g(z,y,0) be its limit.
Then A(g(z,y,0)) = lim,_.eo(X o )z, y,t,) = (Ao f)(z,y,0) for each .
Furthermore, trivially A(g(z,y,t)) = (A o /)(z,y,t) for g(z,y,t) = Iz, y,t) =
N (f(z+ty)— f(2)) if (z,y,t) € Ex ExK*. Thus Aog = (Ao f)1 is C*~17 for each
A, whence g is C*~17, by induction. Hence f is C17, with fl! = g a C*"L7-map.
Thus f is C*7. n

A Details for Section 2

In this appendix, proofs are provided for the lemmas of Section 2.

Proof of Lemma 2.11. The assertions are obvious from our definitions of U~<
and f~o<. [

Proof of Lemma 2.12. The 1-dimensional case of this lemma is well known (see
[18, Exercise 29.A]). Having done this exercise (or not), the reader should not have
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difficulties to work out the details of the following sketch: We start with formula (3)

for f>*<(z), and split the sum >°7"_, occurring there into the sum ij:h plus the
two remaining summands with j; = 0 and j; = «y, respectively. In the sum ijzl,

rewrite the factor —; L ORENO] L @y of the product involved in the summands as
xX . —mo I‘]’L —XT

Qg

i

1 1 1
W=\ )

Finally, take —7-—; out of the sum and combine the summands to
Ty T

< (a®, ,x(i_l),xg), o ,x(ﬂ?,x(”l), Lz @)
—f>ﬂ<($(1)7 .. ,x(i_l),xy), . ,ngi),x(i“), o ,ZL‘(d)) .

After a reordering of the arguments in the second term with the help of Lemma 2.11,
we obtain (5). ]

Proof of Lemma 2.14. The validity of (6) is clear from the definition of U<*~.
Since U~< is dense in U<*”, if suffices to check (7) for z € U>*<. But then (7)
holds by Lemma 2.11. [

Proof of Lemma 2.15. We let W be the set of all x € U<*> such that xgi) -+ xg),
and define h(z) by (8) for x € W. Then both f<*7|y and h: W — F are continuous
and coincide with f~*< on U~*<, by Lemma 2.12. Since U~*< is dense in W, it
follows that f<*|y = h. ]

Proof of Lemma 2.24. If B C E is bounded and ¢ is a gauge, then there exists
t € K* such that ¢tB C B{(0). Thus [t| - ||z]|; = |[tz], < 1 for all x € B and thus
supq(B) < |t|~!. Conversely, suppose that ¢(B) is bounded for each gauge ¢. If
U C FE is a 0-neighbourhood, there exists a gauge ¢ on E such that B{(0) C U.
Choose r > 0 such that rsupg(B) < 1. Then BX(0)- B C B}(0) C U, showing
that B is bounded. [

Proof of Lemma 2.27. (a) Given xy € U, a gauge ¢ on F, and ¢ > 0, we choose
a gauge p on E and a neighbourhood W C U of z, such that ||f(y) — f(z)|l, <
(lly — z|,)° for all 2,y € W. Define § := . Then f(W N B%(x0)) € BL(f (o)) =
BI(f(x0)), as ||f(y) — f(xo)llq < (lly — z0l|p)? for all y € W. Hence f is continuous
at o (see [9, Lemma 1.27 (b)]).

(b) Since f is C%°, given zy € U and a gauge q on F, we find a gauge p on F
and a neighbourhood W C U of z, such that || f(y) — f(z)|l, < (Jly — z||,)7 for all
x,y € W. Let s be a gauge on E such that p(x+y) < s(z)+s(y) for x,y € E. After
replacing W with W N By (7o), we may assume that ||y —z||, < 1 for all z,y € W.
Then [|£(5) — F@lly < (g — 2,)° = (ly — 21, (ly = 2l < (ly — allp)” for
all z,y € W, whence f is C°7.

(c) Let zg € U. Given a gauge ¢ on H, there exists a gauge p on F and a
neighbourhood R C V of f(xzg) such that |g(y) — g(z)||; < (|ly — z||,)” for all
z,y € R. There exists a gauge s on E and a neighbourhood S C f~!(R) of zy such

that [|f(y) — f(@)ll, < ([ly —2[:) for all 2,y € S. Then |g(f(y)) — g(f(2))llq <

Uf () = F@)lp)™ < (ly = z[|s)77 for all z,y € S.
(d) See [9, Lemma 2.5 (c)]. ]
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Proof of Lemma 2.28. If f is not C%°, then there exists 2o € U and a gauge ¢
on F' such that, for each neighbourhood V' C U of xy and gauge p on F, there are
z,y € V such that || f(y) — f(2)|l4 > (lly — z||,)7. Let ¢ be a gauge on F such that
qo(u+v) < q(u) + q(v) for all u,v € F. After replacing ¢ with a larger gauge, we
may assume that ¢ is upper semicontinuous (cf. Remark 2.18 and Lemma 2.21). We
now verify that zy and ¢ have the desired properties. To this end, let V' C U be a
neighbourhood of x4 and py be a gauge on E. Let p > pg be an upper semicontinuous
gauge. Then there are z,y € V such that € := || f(y) — f()|l4 — (lv — z|l,)7 > 0.
Choose 1 > |ly — x|, such that r* < (|ly — z[|,)” + §. Since BP(0) and B, (0)
are open and the relevant maps are continuous, we find z’,4’ € V N D such that
ly' — ||, < r and ||f(y) — f(x) — f(y) + f(a")]l; < 5. Using the fake triangle
inequality, we now obtain

1F@) = F@)le = 1 w) = f@)ll = 1 (y) = F&) = f() + f(@D)lg

€ o . €
> @) = f@ =5 = g —2lh) + 5
> (Il =21p)7" = (Y = 2llp)"
as desired. -

Proof of Lemma 2.34. If k = 0, then Ao f is C%° by Lemma 2.27 (c), exploiting
that A, being continuous linear, is C'3;y and hence Lipschitz continuous. If f is
CRel? then o f is CZy by induction, with (Ao ) =Aof k], Furthermore, Ao f is
CrEly, by 2.3, Now (Ao £+ = (Ao f)HI = XMoo T (£ = Xo(fF)M = \o flk+1]
is C%7 using 2.3 for the second equality, 2.2 for the third (cf. also [9, Remark 1.7]).
Hence o f is Chii? with (Ao )1 = X o f-+1] of the desired form. ]

Proof of Lemma 2.32. If f is Oy, then also f; = pr;of is CpZy, since pr;
is continuous linear (Lemma 2.34). Conversely, assume that each component f; of
f:U—=TlierFi=Fis C,’;’gN. We proceed by induction.

The case k = 0. Given a gauge q on F', there exists a finite subset J C [ and bal-
anced, open 0-neighbourhoods W; C F} for j € J such that W := ¢, pr}l(Wj) -
B{(0). We let s := pw: F — [0,00[ be the Minkowski functional of W (see Re-
mark 2.18), and s;: F; — [0,00[ be the Minkowski functional of W, for j € J.
Then s(z) = max{s;(z;): j € J} holds for each x = (x;);e; € F. Furthermore,
q(z) < s(x). In fact, given x € F and t € K* such that x € tW, we have
q(z) = q(t(x/t)) = |t|-q(x/t) < |t| (using that W C B{(0)). Letting |t| — uw(z), we
see that ¢(x) < uw(x) = s(z). For each j € J, there is a gauge p; on E and a neigh-
bourhood Vj of zg in U such that || f;(y)—f;(z)[|s; < (|ly—z|p,)? forall 2,y € V}. Set
V= Njes Vjand p(z) := max{p;(x): j € J} forx € E. Then pis a gauge on £ such
that |£(0)— £ @)y < £ )~ F(@)lls = max{[Lf;()— fi(@) s, 5 € T} < (ly—all,)”
for all z,y € V.

Induction step. Assume that each component f; is C,’;’gN, where £ > 1. Then f is
Clay, with fIl = (fi[l])iel (cf. [2, Lemma 10.2]). The components # of this map
are Chok?, whence fl is Chok?, by induction. Hence f is Cygy. ]
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Proof of Lemma 2.33. We proceed by induction on k£ € Ny. If £ = 0, then
Lemma 2.33 is a special case of Lemma 2.27 (c).

Induction step: If f is Cpgy and g is Clhy with & > 1, then go f is Chay
and (go ) = g o Tf with Tf: Ul — VI € F x FxK, Tf(z,y,t) =
(f(x), fU(z,y,t),t) (see 2.3). Here the second component of Tf is Clhey’; the
final component is continuous linear and hence Cpiy (since o < 1); and the first
component is a composition of the C'ly%-map f and (a restriction of) the continuous
linear (and hence Cyyy-) mapping E x E x K — E, (z,y,t) — z, whence also the
first component is CZ_GINJ, by the case k — 1 (valid by induction). Now Lemma 2.32
shows that Tf is Chex’, and thus (go f) = ¢ o Tf is O™, by induction.
Hence g o f is CHZx. n
Proof of Lemma 2.35. We may assume that k € Ny; the proof is by induction. If
k= 0and f|y, is C% for each i € I, then f is C"7, as is obvious from the definition.
Induction step: If f|y, is ChERY, then f is CEZy by induction, and furthermore f

is Choy (by Lemma 2.4). The sets Uz-m together with U1l form an open cover for
UM, and fM] = (flo,)M is 52y for each i € I. For (z,y,t) € Ul we have

Uz, y,t) = w; since f is ChZy, we deduce with Lemma 2.33 from the
preceding formula that fIM|; . is C,’ggN. Applying the inductive hypothesis, we see
that fIU is C5gy. Hence f is ChEly. ]
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