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Abstract

It is proved that if k¥ and d are positive integers such that the product of
any two distinct elements of the set

{Fop, 5Foy, 4Fo, 19, d}

increased by 4 is a perfect square, than d = 4 Loy Fyr12. This is a generalization
of the results of Kedlaya, Mohanty and Ramasamy for k = 1.

1 Introduction

Let n be a given nonzero integer. A set of m positive integers {ai, as, ..., a;} is
called @ D(n)-m-tuple (or a Diophantine m-tuple with the property D(n)) if a;,a; +n
is a perfect square for all 1 <7 < j < m.

Diophantus himself found the D(256)-quadruple {1, 33, 68, 105}, while the first
D(1)-quadruple, {1, 3, 8, 120}, was found by Fermat (see [5, 6]). Using the theory
on linear forms in logarithms of algebraic numbers and a reduction method based on
continued fractions, Baker and Davenport [1] proved that this Fermat’s set cannot
be extended to a D(1)-quintuple. The same result was proved by Kanagasabapathy
and Ponnudurai [18] using the quadratic reciprocity law.
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There are several formulas for Diophantine quadruples with elements given in
terms of Fibonacci and Lucas numbers, defined by

FOZO, F1 :17 Fk+2:Fk+1+Fk7
Lo=2, Li=1, Li2=Lr1+ Ly

The numbers 1, 3,8 in Fermat’s set can be viewed as three consecutive Fibonacci
numbers with even subscripts. In 1977, Hoggatt and Bergum [17] proved that for
any positive integer k, the set

{F2k7 F2k+27 F2k+47 4F2k+1F2k+2F2k+3}

is a D(1)-quadruple. They also conjectured that the fourth element of this set is
unique. This conjecture was proved in [9].

A famous conjecture is that there does not exist a D(1)-quintuple. The first
author proved recently that there does not exist a D(1)-sextuple and that there are
only finitely many, effectively computable, D(1)-quintuples (see [10, 12]).

The question is what can be said about the size of sets with the property D(n)
for n # 1. Let us mention that Gibbs [15] found several examples of Diophantine
sextuples, e.g. {3267, 11011, 17680, 87120, 234256, 1683715} is a D(255104784)-
sextuple.

Considering congruences modulo 4, it is easy to prove that if n = 2(mod 4),
then there does not exist a D(n)-quadruple (see [4, 16, 21]). On the other hand, if
n % 2(mod 4) and n & {—4, =3, —1, 3, 5, 8, 12, 20}, then there exists at least one
D(n)-quadruple (see [7]). These results were generalized to Gaussian integers in [8].

In [11] and [13], bounds for the size of sets with property D(n), for arbitrary
nonzero integer n, were given.

In the present paper we consider the sets with property D(4). The first result on
nonextendability of D(4)-m-tuples was proved by Mohanty and the second author
[20]. They proved that D(4)-quadruple {1,5,12,96} cannot be extended to a D(4)-
quintuple. Later, Kedlaya [19] proved that if {1,5,12,d} is a D(4)-quadruple, then
d has to be 96.

As a consequence of results on sets with property D(1), we prove that there does
not exist a D(4)-8-tuple. We formulate much stronger conjecture, that for every
D(4)-triple {a, b, ¢} there exists a unique positive integer d, such that d > max(a, b, ¢)
and {a,b,c,d} is a D(4)-quadruple. We will prove this conjecture for a parametric
family of D(4)-quadruples

{For, 5Fok, 4 Fop 0, 4 Log Fap 0}

Since for £ = 1 this set becomes {1,5,12,96}, our result generalizes results from
[19, 20] in the same way as the above mentioned result from [9] generalizes the result
of Baker and Davenport on the Fermat’s set.

The main tools used in the proof of our main result (Theorem 1) are the congru-
ence method, introduced by Dujella and Pethé in [14], and the theorem of Bennett
on simultaneous approximations of quadratic irrationals [3]. The special form of
our triples {a, b, c}, the property that b = 5a, makes our problem very suitable for
application of Bennett’s result. This was the additional motivation for consideration
of this particular family of quadruples.
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2 Sets with the property D(4)

Lemma 1. There does not exist a D(4)-triple consisting of three odd integers.

Proof. Assume that {a1, as, az} is a D(4)-triple with odd elements. From ajas+
4 = 1(mod 8) it follows ajas = 5(mod 8), and analogously aja3 = 5(mod 8),
asaz = 5(mod 8). Multiplying these three congruences we obtain

(a1aza3)* =125 =5 (mod 8),
a contradiction. =

From Lemma 1 and the main results of [12] we obtain immediately the following
result.

Corollary 1. There does not exist a D(4)-8-tuple. There are only finitely many
D(4)-T-tuples.

But, we believe that much stronger statement is valid.
Conjecture 1. There does not exist a D(4)-quintuple. Moreover, if {a,b,c,d} is a

D(4)-quadruple with a < b < ¢ < d, then

1
d:a+b+c+§(abc+rst), (1)
where r, s, t are positive integers defined by
ab+4=1% ac+4=s% bc+4=1t%

It is easy to check that the number d, defined by (1), really extends given D(4)-
triple {a, b, c}. First of all, d is a positive integer. Furthermore,

2 2 2
ad 44 — <at42rrs> C bd 4= (bs—;—rt) Cedtd= <c7’—2kst> .

The purpose of the present paper is to prove Conjecture 1 for an infinite family
of triples, given in terms of Fibonacci numbers.

3 A parametric family of D(4)-quadruples

Let us consider the quadruple {Foy, 5For, 4 Fop 19,4 Lok Fyrio}. It holds:
Fo, - 5Fy +4 = L3,
oy - 4Fo 00 +4 = ( )
Fop - 4LgpFipo +4 = (2Fu12)%,
5Fy, - 4Fop 0 +4 = ( )
5Foy - 4LopFapyn +4 = ( )
AFopyo - ALk Fiys +4 = (4F40 + 2)°.

Therefore { Fog, 5For, 4Fok 19, 4Lop Fuyyo} is a D(4)-quadruple. It has the form from
Conjecture 1. Indeed, in this case ¢ = a + b+ 2r and

a+ b +c+ abc/2 + TSt/Q =rst = Lgk . 2F2k+1 . 2L2k+1 = 4L2kF4k+2.

Hence, the following theorem is a special case of Conjecture 1.
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Theorem 1. Let k be a positive integer. If the set { Fog, 5For, 4Foy12,d} is a D(4)-
quadruple, then d = 4 Lo Fygyo.

Theorem 1 for £ = 1, i.e. Conjecture 1 for the triple {1,5,12}, was proved
by Kedlaya [19]. He also proved Conjecture 1 for the triple {1,5,96}. Previously,
Mohanty and Ramasamy [20] proved that the D(4)-quadruple {1,5,12,96} cannot
be extended to a D(4)-quintuple.

4 Systems of Pellian equations

Let {a,b,c}, where 0 < a < b < ¢, be a D(4)-triple and let the positive integers
r,s,t be defined by

ab+4=r% ac+4=5* be+4="t%

Assume that d > c¢ is a positive integer such that {a,b,c,d} is a D(4)-quadruple.
We have

ad+4=2% bd+4=y> cd+4=2° (2)

for some positive integers z,y, z. Eliminating d from (2) we obtain the following
system of Pellian equations

az’ —cx® = 4(a—c), (3)

b2 —cy® = 4(b—c). (4)

We will now describe the sets of solutions of equations (3) and (4). We will follow
the argumentation of Stolt [22, Theorem 2.
Lemma 2. There exist positive integers ig, jo and integers zéi), xéi), z%j), y%j), 1=
1,...,00, g =1,..., 70, with the following properties:

(i) (zo Ll ) and (zl ,y?)) are solutions of (3) and (4), respectively.

(i1) ZO , IL‘O , z%j), yy) satisfy the following inequalities

1<af) < /10
S p—
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(i1i) If (z,x) and (z,y) are positive integer solutions of (3) and (4) respectively,
then there exist i € {1,...,i0}, j € {1,...,Jo} and integers m,n > 0 such that

Vatave = (Va+ Ve ()" )
Y FONRNEN I NG (R L (10

Proof. 1t is clear that it suffices to prove the statement of the lemma for equation
(3). Let (z,x) be a solution of (3) in positive integers. Consider all pairs (z*, 2*) of
integers of the form

Va4 x*e = (z\/_+x\/_)(s+\/_) ., mecZ.

Since (zs — xc)(zx + z¢) = 4(2* + c¢(a — ¢)), we conclude that (2*, z*) is an integer
solution of (3). Also, from z*\/a + z*y/c > 0 and |x*\/c| > |z*\/a] it follows that z*
is a positive integer. Among all pairs (z*,2*), we choose a pair with the property
that x* is minimal, and we denote that pair by (zg, zo). Define integers 2z’ and 2z’ by

i+ oG = (v +ao/a) (Y,

where e = 1if 29 > 0, and ¢ = —1 if 25 < 0. From the minimality of xy we conclude
that 2/ = 1(szo — €az) > o and this leads to a|z| < (s — 2)zo. Squaring this
inequality we obtain

3< a(c —a)
s—2
Now we have
z§:%(aaz§+4(a—6))S%(%Jﬂ(a—@) :W' (11)

Hence, we have proved that there exists a solution (zo, zo) of (3) which satisfies (5)
and (6) (and accordingly belongs to a finite set of solutions) and an integer m € Z
such that

Vi ave = (ova+ rov) ()"

It remains to show that m > 0. Suppose that m < 0. Then (S‘L;/E) = Q*B‘/&,

where «, 3 are positive integers satisfying o? —ac3? = 4. We have z = %(azo — Bexy)
and from the condition z > 0 we obtain 25 > 43%c(c — a) > 4c(c — a) which clearly
contradicts (11). n

From (3) we conclude that z = v%)) for some index i and integer m > 0, where

i i RN i i i ;
v((]) = z(()), vp 2(32((]) + C$(())), U,(n)+2 = Svﬁn)qtl - Uﬁn) 5 (12)
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and from (4) we conclude that z = w() for some index j and integer n > 0, where
W =, o =L 1), W —wd e,

@ — @

It follows easily by induction that vy, = v’ (mod c), végl I v%i) (mod ¢),

ngn) = w(()j) (mod ¢), wéﬁ,{ = ng) (mod ¢).
From (2), it follows 22 = 4(mod c). Hence, the initial values satisfy (z{")? =

(2¥)2 = 4 (mod ).

Let us now consider the case {a,b,c} = {For, 5For, 4For42}. Note that in this
case b = Ha and 10a < ¢ < 12a. Therefore, Lemma 2 implies

(zéi))2 < s=2le=a) < (c— a)\/g < 3.18¢,

a

(292 < W <(c— b)\/g <091c.

Thus, we have 22 = 4 and 22 = 4, ¢ + 4, 2c + 4 or 3c + 4. We omitted the
superscripts (i) and (j), and we will continue to do so.

We have to consider four cases depending on parities of m and n in v, = w,.

1) If m and n are both even, then we have zy = 2; (mod ¢). Hence, zy = 23 = £2.

2) If m is odd and n is even, then we have %(sz £ czg) = z (mod ¢). Since
|(s20 4 cp)(s20 — cxp)| = 4e(c — a) — 4z¢ < 4c?, we have 3(szg — ecxg) = 21, where

e € {—1,1} and ezg > 0. But, |szo + ecxo| < 2cxy < 2¢4/2.75/ac < 2¢y/c, and
|s20 — ecwo| > 2.5¢?/2cr/c > 1.25/c > 4 = |z, a contradiction.

3) If m is even and n is odd, then we have $(tz + cy1) = 2 (mod ¢). Hence
2o = £t (mod ¢). It implies |z9| =t or |z0| = ¢ —t. But t > 0.4c and ¢ — t > 0.3¢,
and we obtained a contradiction with Lemma 2 (for £ > 3). For k =1 and k = 2
we can check directly that this case is impossible.

4) If m and n are both odd, then we have (szo + cxg) = 5(tz1 £ cyr) (mod c).
Hence |cxg — s|zo|| = 2t or 2¢ — 2t. Assume first that |z| # 2. Then |z9| > /c and
lexo + |szo|| > 2s|z0| > 2¢y/a. Tt implies |cxg — s|z|| < % < 6.93/c. Asin 3), this
leads to a contradiction (for k > 4, while the cases k = 1, k = 2 and k = 3 can be
checked directly). Therefore, it remains to consider the case |z9| = 2. Then zy = 2
and czg — $|zp| = 2t. However, in this case we have v,, = v;(mod 2¢), w, = w,
(mod 2¢) for odd m and n. It implies ¢ £ s = 0(mod 2¢), which is impossible since
st+t=c,and 0<t—s<ec.

Hence, we proved

Proposition 1. Let { Foy,, 5Foy,, 4For o, d} be a D(4)-quadruple and 4 Fop od+1 = 22,
Then there exist positive integers m and n such that

2 = VUam = Wop,

where the binary recursive sequences {vy,} and {w,} are defined by (12) and (13)
with zg = z1 = £2 and xo = y; = 2.
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5 Lower bound for solutions

In the previous section we proved that v,, = w, implies that m and n are both
even. In this section we will derive a lower bound for m and n satisfying the
equation vy, = wy,. Our main tool will be congruence consideration modulo c?.
The following lemma can be easily proved by induction.

Lemma 3.
Vom = 20 + %c(azom2 + szom) (mod ¢?),
Wop = 21 + %C(bzln2 +tyin) (mod ¢?).
Since in our situation |zo| = |z1] = 29 = y1 = 2, the equation vy, = wy, and

Lemma 3 imply
+am? + sm = +bn* +tn (mod c).

Inserting our concrete values for a, b, ¢, we obtain
For(£5n* +2n F m?) = 2mFy = —2mFy, (mod Fho)
and, since Fy, and Fy,o are relatively prime,
+5n% 4+ 2n = £m? — 2m  (mod Fhys). (14)

Assume that 6n? < Fy, . Then we may replace = by = in (14).
This implies
(bn+1)* —5(mF1)* = —4. (15)

It follows easily by induction that for a positive integer n it holds v, > w,.
Hence, vo,, = ws, implies m < 2n — 1. Inserting this in (15), we obtain n = 0 for
"+7 sign, and n = 0 or n = 1 for 7~ 7 sign. If n =0, then d = 0. If n = 1 and
20 — 21 — —2, then z = Vo = W9 = 4F2k+2 + 2 and d = 4L2kF4k+2.

Hence we proved

Lemma 4. If {Fo, 5Fo, 4Fok10,d} is a D(4)-quadruple and d # 4LoyFypyo, then
4Fy0d + 1 = 22, where z = vy, = W, and

F2k+2
> .
L

6 Simultaneous Diophantine approximations

In this section we will derive an upper bound for solutions of the system (3) and (4),
using a theorem of Bennett on simultaneous Diophantine approximations of square
roots of two rationals which are very close to 1.

Let us mention that Bennett used this theorem in the proof of the fact that
systems of simultaneous Pell equations of the form

w2 — A =1, y* — Bz* =1,

where A and B are distinct positive integers, possess at most three solutions (x, y, 2)
in positive integers.
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Lemma 5 ([3]). If a;, pi, ¢ and N are integers for 0 < i < 2, with ag < a; < az,
a; =0 for some0<j<2,¢g>1 and N > M?, where

M = ggggg{laz\},
then we have
@ p g
ggaé{'m ; } > (130N7) g
where 1 N
A=1+ 08(33N7)
log <1.7N2 [To<icj<2(ai — aj)2>
and

2a2—ag—al
(az—ap)?(a1—ap)?
a1+az—2ag

_ 2 _ 2 .
(az—a0)*(az—a1)” if ag — a1 > ay — ay,

Y= )
if as —a; < a; — ag.

We will apply Lemma 5 to the numbers

0, =2 /% and QQZE\ﬁ.
aV c b\ c

Note that in our case b = 5a and c is divisible by 4, say ¢ = 4¢. It holds

4 5
0y = /14+—=4/1+—
! \/+ac \/+bc”

4 1
02 \/+bc \/+bc’

Lemma 6. . 5
Sx c
max(@l——,HQ——y)<—-22.
az bz a
Proof. We have
Sx s [a sz s
0 — — | =|—y/—-——| = |2va — zv/c| =
az aVc azl azyc

s 4(c —a) _ 4s(c —a) _ 2¢ 2

axn/e Ja+ae  2a2Jac a

and analogously

2c 2c
<22
b a

ty
0y — L
27 b

We apply Lemma 5 with ag = 0, a1 = 1, aa =5, N =bd, M =5, ¢ = bz,
p1 = bsx, po = ty. The condition N > M? becomes 5Fy,Fo o > 5°, which is
satisfied for £ > 8. In order to obtain an upper bound comparable with the lower
bound from Lemma 4, we now assume that £ > 9, i.e. a > 2584.
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We have | b . 400
33hc - 400
)\ — Og( 2012 91) :2_>\1’
log(1.70%c” - 155)
where . /
log (7500000 0¢)

' log(0.0042502¢2) °

Lemma 5 and Lemma 6 imply

2c 1 =2
This implies
M < 14445072

and
log (52002000a%) 1 .95624a*
log - 0g (52002000a") log (0 a’) (16)
10g(0.000043465942)
Since a > 2584, (16) implies
1 6.2613) | 4
logz < og (a )10 (a') < 34.71 loga. (17)

log(a0-7217)

We have z = wy, for a positive integer n. By Lemma 4, if we assume that n > 1
(i.e. d # 4LogFoki2), then n > %. From

Wy, > 2F2k+1(2L2k+1 — 1)n—1 > (2&)”,

it follows
log z > 2nlog(2a) > 41.5log a, (18)

which is in contradiction with (17).

Hence, we proved Theorem 1 for k& > 9.

7 Thecasek <8

In remains to consider the case & < 8. This can be done by some of standard
methods for solving systems of Pellian equation, e.g. by Baker-Davenport method
[1]. In the standard way (see e.g. [1] or [10, Lemma 5], we transform the exponential
equation v,, = w, into the following logarithmic inequality:

0 < mlog (25 ) — miog (5 10 VAVERVE) (32 ac)™

2 2 Va(ve V) 2
Then we apply Baker’s theory of linear forms in logarithms of algebraic numbers
(e.g. a theorem of Baker and Wiistholz [2]). This gives us (large) absolute upper
bound for m (for k < 8 we obtained m < 2-10'). Then we apply Baker-Davenport
reduction ([1], see also [14, Lemma 5]), which reduces this large upper bound to
m < 19. The next step of the reduction reduces further this bound to m < 2. It is
easy to check directly that for k& < 8 the only solutions of the equation v,, = w,, which
satisfy m < 2, correspond to trivial solution d = 0 or to solution d = 4 Lo Fyxy2, as
claimed in Theorem 1.
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Remark 1. Another possibility in the case of small &k is to apply the Mohanty-
Ramasamy method [20], which is an elementary method based on theory of quadratic
residues. The method is implemented in MATHEMATICA by Kedlaya [19]. Using
Kedlaya’s program we were able to solve the cases k = 1,2, 3,5 and 6.
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