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Abstract

The motivation of this paper is to find formulations of the local rigid-
ity theorems for centro-affine curves and hypersurfaces that are amenable to
direct application to problems in control theory. Elie Cartan’s method of mov-
ing frames develops the solutions in a natural way. The case of centro-affine
curves has previously appeared only for certain low dimensions. This is the
first time a theory for curves in arbitrary dimensions has appeared.

Preliminaries

The method of moving frames is a technique that is well suited to the study of
submanifolds of a homogeneous space. In [Cal, Cartan shows that when a Lie group
acts transitively and effectively on a manifold, one can construct a bundle of frames
over the manifold. Cartan develops this theory to study two submanifold problems:
the problem of contact and the problem of equivalence. The first problem involves
determining the order of contact two submanifolds have at a point. The second
problem involves determining when there exists an element of the given Lie group
that translates one submanifold onto another. Cartan devotes most of his book to
specific geometric examples of these problems. Another source for examples is a
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book by Favard [Fa]. A more recent description of the method of moving frames can
be found in [Gn] and [Gs]|. Green’s paper [Gn] carefully points out subtle features
in the theory and includes many examples.

Cartan proves two lemmas in [Ca] that are central to many applications of moving
frames. We will state them in a form adapted to our applications.

Lemma 1. Let N be a smooth connected manifold, let G be a Lie group and let
7 be the right-invariant Maurer-Cartan form on G. Suppose that we are given two
smooth mappings X and X' from N to G, then there exists a fized element g € G
such that X'(p) = X(p) - g for every p € N if and only if X"*(7) = X*(m).

Definition. Let G be a Lie group, N a smooth manifold and w a 1-form on N
taking values in the Lie algebra of GG. For each p € N, we define the rank of w at p
to be the rank of the linear transformation w : T, N — T.G.

Lemma 2. Let G be a Lie group and let m be the right-invariant Maurer-Cartan
form on G. Let N be a smooth manifold and let w be a 1-form on N taking values in
the Lie algebra of G. If the exterior derivative of w satisfies the structure equation

dwo=wAw

then at every point p € N there exists a neighborhood U C N about p and a unique
smooth mapping X : U — G such that X(p) is the identity element in G and
w = X*(m). Moreover, X is an immersion if and only if w|y has constant rank
equal to the dimension of N.

Speaking informally, lemma 1 says that two maps into a Lie group differ by a
right multiplication if and only if their respective pullbacks of the right-invariant
Maurer-Cartan form agree. Lemma 2 says that a Lie algebra valued 1-form on
Nsatisfying the necessary structure equation is always (locally) the pullback of
the right-invariant Maurer-Cartan form. For our applications, G will be the gen-
eral linear group GL(n + 1,R) and the right-invariant Maurer-Cartan form will be
dSS™! = (w;?). The proofs of the lemmas are straightforward. The if part of lemma
1 follows from the fact that a function is constant when its derivative is identically
zero. One can prove lemma 2 using the technique of the graph, which is described
in Warner [Wa).

We will also need the following standard result:

Lemma 3 (Cartan’s lemma). Let {w!,... ,w"} be a set of pointwise linearly in-
dependent 1-forms. The 1-forms {01, ...,0,} satisfy the relation

WAOL W AD, =0

if and only if
Oy = horw' + -+ hapw", 1<a<n,

where the n? functions hag satisfy the symmetry relation hga = hag.
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The notion of semi-basic differential forms will be important in the following
sections. Let p : B — M be a surjective submersion. The kernel of p, : TB — TM
determines the subbundle V' C T'B of vertical tangent vectors. Its annihilator
VL C T*B generates a family of subbundles A? (Vl) C AP (T*B).

Definition. Let 6 be a differential p-form on B. We say that 6 is semi-basic for
p: B — M if 0 is a section of AP (Vi).

To get a feel for semi-basic forms, pick a system of local coordinates (z!, ..., x™)
on M. Lift these functions to B and complete them to a system of local coordinates
(x', ..., 2™ y' ..., yY) on B. In this system of coordinates, a semi-basic 1-form
is represented by 0 = ¥, a;(z,y)dz® and, using multi-index notation where I =
{i1,...,ip}, a semi-basic p-form is represented by 0 = 3, a;(z,y) dx’. Notice that
the pull-back p*6 of any p-form 6 on M is semi-basic, but not every semi-basic p-form
is the pull-back of a p-form on M. This will be true exactly when the coefficient
functions ay(z,y) are functions of = alone. It is easy to show that a differential form

6 on B is a pullback if and only if both 6 and df are semi-basic.

1 The centro-affine frame bundle on punctured Rt

We define punctured (n + 1)-space to be the set of nonzero row vectors in R"*!
and we will denote it by R{™. Since the group GL(n + 1,R) acts transitively
and effectively on Rj™, we can use the method of moving frames to study the
GL(n + 1,R)-invariants of curves and hypersurfaces in punctured space. A centro-
affine frame on Ry will consist of n + 1 linearly independent vectors in R,
(eg,€1,...,€,). We define the centro-affine frame bundle, F, to be the set of all
frames on R§™. We may also think of the frame (eq, ey, .. .,e,) as the GL(n + 1,R)
matrix (e;/),0 < 4,7 < n, where e; is the row vector e; = (¢;°,¢;!,...,¢;"). Now
GL(n + 1,R) is an open subset of the (n + 1)?>-dimensional vector space L(n + 1,R)
of all (n 4 1) x (n + 1) matrices. The projections e; : L(n + 1,R) — R""! onto
the i** row of the matrices are linear maps, and therefore their restrictions to any
open subset are differentiable. In particular, we have n + 1 differentiable mappings
e; : F — RIT!. Expressing the derivatives of these mappings relative to themselves
gives the structure equations on F:

dei:Zwijej 0<i<n (1.1)
=0

dw;’ = Z Wik A wy? 0<i,j7<n. (1.2)
k=0

In these equations we view e; as a function from F to R5™ . The structure equations
merely express the derivatives of these maps in terms of the given frame. The set of
(n+1)? 1-forms {w;? | 0 < 4,7 < n} forms a basis for the 1-forms on F.
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2 Centro-affine hypersurfacesin  R""!

We begin by illustrating the method of moving frames for the case of hypersurfaces
in RA™. The centro-affine theory of hypersurfaces in R5™ is similar to the equi-
affine theory of hypersurfaces in R™. This was worked out in our setting in [Gal,
and makes a useful comparison to this section. Let X : N* — R be a smooth

immersion of the n-dimensional manifold N, and form the pullback bundle, F )(? ), of
the centro-affine frame bundle

FO —— F

n+1

By construction, FY) = {(u,eq,...,e,) € N x F | X(u) = ey}, and we think of
.7:)(?) as the set of frames (ey,...,e,) whose zeroth leg is the position vector of N.
From equation (1.1) we see that

dX =dey =wy'eg+woler + - +wy ey, (2.1)
and thus w?, ..., we" are semi-basic 1-forms for F )(? ) s N. The natural restriction
to frames with ey, ..., e, tangent to the image of the surface X (V) utilizes the first
order information. However, there can be an obstruction to this adaptation. Since
the vectors eg, eq, . .., e, must be linearly independent, it must be the case that the

position vector, X = ep, does not lie in its tangent space, or equivalently, that the
tangent space does not pass through the origin. From equation (2.1) we see that
this is equivalent to the condition wy A+ - Awy™ # 0. We will assume that we are in
this case. Let ]:)((1) denote the set of frames in ]:)(?) such that ey, ..., e, are tangent

to X(N). Restricting to FU equation (2.1) implies that wy’ = 0, and since
deg = Z wo”eq,
a=1

{wol,...,wo™} is a basis for the semi-basic 1-forms. (In this section we use the

following naming convention for index ranges: greek letters span the tangential

range 1 < «, 3,... <n and latin letters span the full range 0 <4,7,... < n.)
Differentiation of wy” yields

0= dwy’ = Z wo™ A wy, (2.2)
a=1
so using Cartan’s lemma we have by (2.2),

n
wao = Z hozﬂ wOﬂ Wlth haﬂ == hﬂa, 1 S « S n.
/=1

Differentiation of this last formula together with equations (1.2) yields

Z (dhay — waﬂhm — hagwyﬂ) ANwy? =0, 1<a<n. (2.3)
By=1
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Letting H = (hag), Q = (w,”) we may write this last equation in matrix form as
dH —QH — H'Q=0 mod (wo, ..., wo"), (2.4)

which is the infinitesimal action induced by conjugation. (See pages 40-43 of [Gal]
for a discussion of group actions and how to identify them from their infinitesimal
actions.) Equations (2.3) imply that H is the matrix of the quadratic form

n
IHea= Y hagwo®wi,
a,f=1

which by construction is well defined independent of frame and hence drops to the
hypersurface N. This form is called the centro-affine metric, and is the centro-affine
analog to the Blaschke metric in equi-affine geometry [Bl].

If we assume the hypersurface is convex, then H is negative definite and we can
use the conjugation to normalize H = —I. Then (2.4) becomes

1
A= 5(Q +'Q) =0 mod (wo',...,wo")
and utilizing (2.3) and Cartan’s lemma we see that
Aaﬂ = Z Saﬂ,y (,«JQ’y

is a tensor symmetric in all three indices. The cubic form

n
(e}
Poa= Y. Sapywo wo® wy?,
a,B,7=1

where Sapy = 3.5 Sa hop, is called the centro-affine Pick form.
Let ® = 1(Q —'Q) so that ‘® = —®, then

Q=>d+A.

If we differentiate the structure equations

©)-(L )
(L) e

and in particular the upper right blocks of (2.6) give

we get

dw=wANQ=wAP+WAA=wA, (2.7)

since w A A = 0 by the symmetry of the indices in S,”.,.
If ® were any other matrix of 1-forms satisfying

do=wA® and '® = -, (2.8)
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then subtraction of (2.8) from (2.7) gives

wA(®—®) =0,

and Cartan’s lemma with the skew symmetry of ® — ® implies that ® — ® is a
three-index tensor symmetric in one pair of indices and skew symmetric in the other
pair and hence is identically zero. Thus ® = ®, and (2.7) defines ® uniquely.
The forms in ® depend not only on coordinates on the hypersurface, but also on
group coordinates in SO(n,R) resulting from the frames satisfying the normalization
H = —I. In fact, this normalization simply means that wp!,...,wy" diagonalizes
the centro-affine metric, and therefore equation (2.7) shows that ® is the metric
connection determined by ¢ 4.

In addition to the metric connection of the centro-affine metric, we also have
the connection induced by the centro-affine normal, ey. Equation (2.5) shows this
connection is represented by ). Equation (2.6) implies that

dQ—QNQ=-"wAw,

which means that € is projectively flat. Since 2 = &+ A, we see that A is the differ-
ence tensor of the two connections. Thus, the centro-affine Pick form is determined
by the difference tensor of the connections and the centro-affine metric.

It is worth pointing out that the analysis is essentially the same even if the
hypersurface is not convex. The only condition we really need is that 1o, is non-
degenerate, i.e. det H # 0. If H is indefinite then ® will take its values in the Lie
algebra of some SO(p, q) determined by the signature of I1c4.

We may now state the fundamental theorems for centro-affine hypersurfaces.

Theorem 1. Let N be a smooth connected n-dimensional manifold and let X and
X' be two smooth immersions of N into Ry with respective non-degenerate centro-
affine metrics Iloa, 115, and respective centro-affine Pick forms Poa, Pf,. Then
X(N) and X'(N) are related by a centro-affine motion if and only if [1ca = 11},
and Poa = Pl 4.

Theorem 2. Let N be a smooth connected n-dimensional manifold. Let Ilca be a
smooth non-degenerate quadratic form on N and let V* be its metric connection. Let
Pca be a smooth cubic form on N and let A be the tensor of type (1,2) characterized

by
Toa(A(v1,v2),v3) = Poa(v1, v2,v3), for all tangent vector fields vy, vo and vs on N.

If the connection V = V*+ A is projectively flat then for each point in N there is an
open neighborhood U containing that point and a smooth immersion X : U — Ry+!
such that the restriction of Ilca to U is the centro-affine metric of X and the
restriction of Poa to U is the centro-affine Pick form of X.

The proofs of these theorems are direct applications of lemmas 1 and 2. We will
sketch the proofs assuming that I/c4 and II}, are negative definite. The general
non-singular case is nearly identical.

For theorem 1, the GL(n + 1,R) invariance of the structure equations clearly
implies that the respective centro-affine metrics and Pick forms must agree if the
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surfaces are congruent by a centro-affine motion. It is sufficient to prove the if
part on connected neighborhoods of N which are small enough to have a basis of
orthonormal vector fields vy, ..., v,. We may associate a centro-affine frame to each
immersion. The frames associated to X and X' are respectively given by

e = X,e1 = Xi(v1),...,e, = Xi(vy)
ey =X, el = X.(v1),...,e, = X.(v,).

From this construction we see immediately that w)® = w®, 1 < a < n, where the
1-forms are defined by the equations

n
deg = Z wp® ey,
a=1

n
de), = wh® e’ .
0 0 «@
a=1

Since the basis vy,...,v, is orthonormal for both centro-affine metrics, the dual
1-forms wp' ..., wy"™ diagonalize both metrics. This implies that the structure equa-
tions for the two frame fields are

(LG = (LD e

with Q@ = ® + A and € = & + A’. Since ® and &’ are the respective centro-affine
metric connections relative to the same basis, they must be equal. Further, since
A and A’ are determined by the respective Pick forms, they must be equal and we
have that ' = Q. With ' = Q, equations (2.9) and lemma 1 imply that there is a
fixed GL(n + 1,R) matrix A transforming one frame to the other. In particular, we
have e = e; - A which is equivalent to X' = X - A. ]

To prove theorem 2 we begin as in theorem 1 by picking an orthonormal frame
field vy, . .., v, with dual coframe w = (wp?, ... we"). Let ® be the matrix of 1-forms
representing the connection V*®, then ® is determined by the equations

dw=wA ®, ‘D =—9. (2.10)

In this coframe the tensor A, which is determined by the cubic Pick form, can be
represented by a symmetric matrix of 1-forms A,? = 3 .5,°, wy?. The matrix of
1-forms representing the connection V. = V* + A is given by 2 = & + A. The
symmetries of the cubic form imply that w A A = 0, and from (2.10) this gives

dw=wA(P+A)=wAQ. (2.11)
The condition that V is projectively flat yields the equation

dQ=QANQ-"'wAw. (2.12)
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Equations (2.11) and (2.12) show that the (n + 1) x (n + 1) matrix of 1-forms

(_?w g) (2.13)

satisfies the structure equations

(8= ) ()

Lemma 2 then implies the local existence of a map from N into GL(n + 1,R) for
which the pullback of the Maurer-Cartan form on GL(n + 1,R) equals (2.13). If we
let X be the first row of this matrix valued function, then standard arguments show
that the matrix valued function gives an adapted centro-affine frame and therefore
X induces the desired centro-affine metric and centro-affine Pick forms. [

A proof in the context of relative differential geometry and vector fields can be
found in [SS-SV, §4.12.3]. The current formulation is better suited for applications
to control theory. One such application can be found in [GW].

Notice that the vanishing of the Pick form is equivalent to the vanishing of the
difference tensor A. In this case, we have that {2 = ® and the matrix of 1-forms
(2.13) is skew symmetric, so its values lie in the Lie algebra of O(n + 1). Lemma 2
then implies that the frame field itself is O(n+1) valued. This O(n+1) valued frame
allows us to define an inner product on R™, and relative to this inner product the
first row of the frame lies on the unit sphere. Therefore the image of the immersion
lies on a convex quadric centered at the origin. The converse is also clear. This
argument easily generalizes to the non-convex case as well, which gives the following
corollary.

Corollary 1. Let N and X be as in theorem 1. Then the image of X lies on a
central non-degenerate quadric if and only if Poa vanishes.

3 Centro-affine curves in  R"**!

Our goal in this section is to develop for curves in Rj*! the centro-affine analog of
the Frenet apparatus. The method of moving frames provides an iterative procedure
to use. This section gives a detailed discussion of the procedure, leading finally to a
centro-affine invariant framing of the curve. As one might expect, we will uncover an
invariant arc-length parameter and n invariant curvature functions. The surprising
result will be the order of these curvatures.

Let I C R be an open interval in R and let x : I — R{™ be a smooth im-
mersed curve. As in section 2, we form the zeroth order frame bundle, F{© =
{(u,ep,€1,...,e,) €I X F | eg =x(u) }:

FO —— F

n+1
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Using equation (1.1) we have
X' (u) du = dx = dey = wy" eg +wo' €1 + - - + woey,

which implies that the 1-forms wo®, wo?, . .., we™ are semi-basic and thus are multiples
of du. The natural restriction to frames with e; pointing in the same direction as
x'(u) utilizes the first order information, but this is not always possible. Since e
and e; must be linearly independent, and since ey = x(u), it will only be possible
to choose e; to be parallel to x’(u) if x(u) and x’(u) are linearly independent. Since

x(u) AX'(u)du = ey Adeg = wo' eg Aey 4 - +wp" e A ey,

we see that x(u) and x(u) are linearly dependent if and only if 0 = wp! = -+ = wp™.
In geometric terms linear dependence means that the tangent line to x(u) pass
through the origin. Suppose now that ey A deg = 0 for every u € I. Then the ray
through e is constant and therefore the curve x(u) lies on a fixed ray.

We will now assume that ey A deg # 0 for all u € I. We define the first order
frames to be

FU = {(u,ep,e1,...,e,) € FY | e; points in the same direction as x'(u) }.

For the first order frames we have that x'(u) du = dey = wp' e, which implies that
wo! is a nonzero multiple of du and

Differentiating these relations gives
0=dw’ =wo' Awi® and 0=dwy’ =wo' Awi? (2<j<n).
Thus we have n functions, hy, H,2, ..., H;", defined by
wi® = hiwe! and w? = Hy? wt (2<j<n). (3.0)

In matrix form, equations (1.1) take the form

€o 0 CUQl 0 e 0 €o
h 1 1 H 2 1 H n 1
€1 1Wo w1 1w .. 1 Wo €1
0 1 2
dle|=| wo' w w2 W e |. (3.1)
e, wl owrt Wy L. wp™ e,

From this point on we will use successively higher order derivatives of x(u) to
refine the centro-affine frame. The details of this process are given in the proof of the
following lemma. Before stating the lemma, we will need an additional definition.

Definition. Let I be an open interval and let x : I — RA™ be a smooth curve.
We say that x is substantial if for every u € I

(S1) x(u),x'(u),...,x™(u) are linearly independent, and
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(S2) x'(u),x"(u),...,x"*(u) are linearly independent.

Lemma 4. Let x : I — RI™ be a substantial curve. Then there is a reduction of
the centro-affine frames F") for which the Maurer-Cartan matriz in equation (3.1)
has the form

0 C«JQI O
0 w11 C«JQI O
0 WQl 2&)1 wWo 0
0 ws! 3w 3wt wy 0
0 W41 4W3 6Cd2 4W11 wWo 0
0 wWno1t (n—Dw, ot (n—Dwit wo!

By wol  wpt Wil W™

and the last row determines n functions hy, 0,2, ..., £,™ where £,77" is defined by the

relation
. n .
wn”l = (]) wn_jl—i—fn”lwol (1 S] <n-— 1)

Using the Maurer—Cartan equations (1.2) and equations (3.0) we can compute
the infinitesimal action on the functions in (3.1). We calculate the action on hy in
the following way. From (1.2) we have that

dw® = w0’ Awe + it A+ Aw + o+ w " AW,
thus using equations (3.0) and the fact that wy” = 0 this equation becomes

dwi® = hywt Awel + Hi2wot Aw® + -+ Hi"wol A w,,’. (3.2)
Since w1? = hy w! we also have

dw10 = d(hl CUOl)
= dhl A C«JQI -+ hl dWQl.

Once again, we use (1.2) to expand dwy', use our relations, and find that dwy' =
wol Awr!l. Thus we see

dw,® = dhy A we' + hywe! Awit. (3.3)
For the H,’s, we have the similar (and abbreviated) calculations
dwy? = Hi7wit Awet + HiZwo! Aws + -+ + H"wo A w,? (3.4)
and

dwy? = d(H' wo') = dHY Awo' + Hi wo' Awr',  (2< 5 <n). (3.5)
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Subtracting (3.2) from (3.3) and (3.4) from (3.5) we get

0= (dhl — 2h1 wll + H12CU20 4+ -+ Hlnwno) A\ CUQl (36)
0= (dHlj — 2H1j w11 + H12CU2j + -+ Hlnwnj) A WQI, (2 < j < n),

In matrix notation, the second equation has the form

0= d<H127 s 7Hln> - 2(H127 s 7H1n)w11

(,UQ2 e (,UQn
+ (H12,...,H1n) : : (mod wol)
W2 oo wp”
which shows that the vector (H;?, ..., H;") transforms by an arbitrary general linear

action and by a multiplication by a square. Suppose that this vector is zero for all
u € I, then from equation (3.1) we see that d(egAe;) = wi'egAe; =0 (mod egAe),
which implies that the 2-plane spanned by ey and e; is constant. Therefore the curve
x(u) lies in a fixed 2-plane.

Since x is substantial the vector (H;?,..., H;") # 0 for all u € I, so we may im-
pose the condition that (H,2, H,3,..., H,") = (1,0,...,0). Equation (3.6) becomes
0 = (dhy —2hy w1t +we?) Awp!, and we see that we may impose the condition h; = 0.
Equations (3.6) and (3.7) reduce to

0= (,UQO N C«JQI
0= (CUQ2 — 2w11) A\ CUQl

0=wy’ Awp! (3<j7<n).

This introduces n functions, hy, £22, Hy3, ..., Ho", defined by
(,UQO = hg C«JQI, CUQ2 — 2&)11 = 622 C«JQI, and CUQj = ng C«JQI (3 S] < n)

Equation (3.1) now has the form

€ 0 CUQl 0 0 e 0 €o
(S31 0 w11 C«JQI 0 e 0 (S31
d €9 hg C«JQI CUQl CUQ2 H23 C«JQI e H2n wol €9 33
es | C«J3O C«J31 C«J32 C«J33 S ws™ es |’ ( : )
e, W wpt W wRd L wp™ e,
where wy? = 2wt + l2%wyt. The functions he, 5%, and Hs3, ..., Ho" are all in row

two, and every column other than column 1 has one function. The infinitesimal
actions on hy and Hy’ are computed in the same way and result in equations similar
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to (3.6) and (3.7),

0= (dhg — 3hy C«J11 + Z ng ij) A WQl
=3

0= (ngj—3H2jw11+ZH2kwkj)/\w01 (3 S] Sn)
k=3

We compute the infinitesimal action on £, by differentiating the relation 52wy =
wo? — 2wy t. First
d(£22 CUOl) = 0%22 N C«Jol + 622 WQl A w11

and next
d(WQ2 — 2w11) = dWQ2 — dell

n
= CUQl N C«Jol + ZHQJ C«JQI N wj2 — 2&)01 N CUQl
J=3

n
= 3(,«)21 N C«JQI -+ Z ng C«JQI N ij.
j=3

Subtracting the first and last equation gives

0= d£22 — 622&)11 — 3(,«)21 + ngw? A\ C«JQI.
J
j=3

Once again the vector (Hy3, ..., Hy") plays the key role. If this vector vanishes
for all u, then d(ey A e; Aey) =0 (mod ey A e; A ey) and the curve x(u) lies in a
3 dimensional subspace. Since x is substantial this vector never vanishes. Thus we
may use the general linear action to restrict (Hy3, ..., Ho") = (1,0,...,0). We may
also restrict hy to 0 and £52 to 0.

These restrictions induce n new functions, all in row three, hs, €32, (53, Hs*, ...
Hj". The Maurer-Cartan matrix from (3.8) takes the form

0 wol 0 0 0 0
0 w11 wWo 0 0 0
0 CUQl 2&)1 1 wWo 0 0
hswo! ws' ws® wy® Hi'wp' H3"wo' |
W' wt w? ow wt wy"
Wl wpt wp? wr? wt W™

where ws? — 3wy = l5%2wt and ws® — 3wyt = l53wpt.

Rather than compute the action on these terms, we will now go to the inductive
step of the calculation. The Maurer-Cartan matrix will have a certain structure.
There will be n functions all in the same row, say row p (e.g., p = 3 in the above
matrix). One function will be in column 0, and there will be one function in each
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of columns 2 through n. Below row p, all the 1-forms will be independent group
forms. The 1-forms in column 1, starting with the form in row 1 and continuing to
the last row, are group forms. Above row p, each band above the superdiagonal is
zero. The remaining bands that are parallel to the diagonal form a “left justified”
Pascal’s triangle, with the relations linking a 1-form up the band to the 1-form in
column one.

For the inductive step, we assume that we have restricted the curve’s frames
so that for a fixed p < n — 1 the Maurer-Cartan matrix satisfies the conditions in
the following list. Our goal will be to show that we can further restrict the choice
of frames so that the Maurer-Cartan matrix satisfies the listed conditions with p
replaced by p + 1.

A. For each row m, with 0 < m < p

Al w,'=0=w,""2=--=w," (column 0 is 0 and bands 2 or more above
the diagonal are zero).

A.2 w, ™ =Wyl (the superdiagonal equals wy').

A.3 w, /1! = (’;‘) wm—;' for 1 < j < m—1 (the binomial coefficients from the
left justified Pascal’s triangle.)

B. For row p, there are n functions hy, £,2, ..., 0,F, H,P™ ... H," such that

B.1 w,’ = h,w' (small & in column 0).
B.2 w,/t — (f) wp—jt =L, we! for 1 < j < p—1 (Pascal from column 2 to
the diagonal.)

B.3 w,’ = Hy wy! for p+1 < j < n (the H vector, running from the super-
diagonal to the right edge).

To achieve our goal, we need to show that we can restrict our choice of frames so that
the function H,P** = 1 and all the other functions, hy, ¢,%, ..., 6,2, HPY2 .. H,™,
equal 0.

We will compute the infinitesimal action on the functions H,?. Fix j with p+1 <
J < n, so that w, = H,’ wy'. We have

n
dwy’ = wpF A wy?
k=0

= (Z wpm/\wm3> + wp Aw,? + ( > wp’“/\wkj) (3.9)
m=0

k=p+1

In the first term of (3.9), we have that m < p—1and p+1 < j, so by (A.1) wy,/ =
for each m and the first term vanishes. In the second term, w,’ = H,’ wy' and by
(B.2) wpy? Awp' = pwr! Awp! (pick j = p — 1 and wedge the equation in (B.2) by
wo'). We see that wy? Aw,’ = pH,? w1’ Aw!. In the last term, we use (B.3) to
replace w,® with H,* wy!. This gives the equation

n
dw,’ = p Hy’ wit A wel F Z Hpk wol A wi?.
k=p+1
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We also have that dw,” = d(H,? wy') = dH,’ Awo' + H,wo' Awr . Subtracting these
two equations we find that

0= (dej — (p+ V)H 7wt + Z Hpkwkj> Awe', (p+1<j<n)
k=p+1

which in matrix form is

0 =d(H*, ... H") — (p+ D(H, . H !

+1 n
Wpy1” Wp+1

H,") : : (mod wp!).

n

+ (HT

Y

wPtL L wy,

We see that the H vector transforms by an arbitrary general linear action and by
a multiplication by a p + 1 power. If the vector (H,P*!, ..., H,") equals 0 for all
u € I, then

p .
dlegN---Nep) = (Zwﬁ)eo/\---/\epzo (mod ey A -+ Aey),
i=1

thus the (p + 1)-plane spanned by {eo,...,e,} is constant and the curve x(u) lies
in this plane.

Since x is substantial the vector (H,»™ ... H,") never equals zero. Hence we
may restrict our frames so that (H,*™', ..., H,") = (1,0,...,0), which implies the

relations
wpP™ =wy'  which is (A.2) for m = p,
0=wlt?=...=w,™ which is all but 1 equation in (A.1) for m = p,

0= (wp+1p+1 — (p + 1) wll) A C«JQI
Ozwp+1j/\w01 (p+2<j<n).

Therefore, we must have functions ¢,17** and H,,?™, ..., H,;1" defined by

+1 1 _ +1 1
wpr” =P+ Dwr = 6™ w

and  wp! = Hyp'wo'  (p+2<j <n).

This shows that (B.3) is true for p + 1 and that (B.2) is true for j = (p+ 1) — 1.
By an almost identical calculation, we arrive at the equation

0= (dhp —(p+ 1) hyw'+ > Hf w,ﬂ) A wo' (3.10)
k=p+1

= (dhp —(p+ 1D hyw' + wp+10> Awp'.

The function h, transforms by a multiplication by a p+1 power and by a translation.
We may therefore further restrict the frames so that h, = 0, which implies the
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relations w,® = 0 and w,41° A we' = 0. Thus there is a function h,.; such that
wp1? = hyy1wo! and we see that (A.1), (A.2), (B.1) and (B.3) all hold for row p+1,
as well as (B.2) for the case j = p. All that remains is to verify (A.3) for 1 < j <p
and (B.2) for 1 <j<p-—1.

To do this, we need to compute the infinitesimal action on the functions £,7**,
(1 <j<p-—1). Thus, we must differentiate the relation

J

to find the infinitesimal action. There is one important observation we can make.
Since dwy! = wp! Awi!, the exterior derivative

d(gpj—’—l CUOl) = dgpj—’—l A C«Jol + gpj—f—l C«JQI N wll (312)

6wt = Wt - <p> wp—j  (1<j<p-1) (3.11)

must be linear in wp!. Therefore, when we differentiate the right hand side of
(3.11) and reduce our equations as much as possible using (A.1), (A.2), (A.3), (B.1),
(B.2)=(3.11) and (B.3) we know that all of the terms that are independent of wy'
must cancel out one another. Thus we only need to keep track of the terms that
introduce a factor of wp!.

We will begin by differentiating the first term on the right hand side.

n
df,upj+1 = Z wpk A wi

k=0
7—1 p—1

_ koo g+l iAo, LA koo g+l

—<pr A wy, )—irwp Awi T+ w7 A wig —|—<Z wp® A wy
k=0 k=j+2

n
+1 K +1
+ w,” Awyt —|—< > W, /\wk”>
k=p+1

In the first term, all the wp/*! = 0. In the second term,
j+1 1 i_ p 1 i o1
w; ' = wy and wy’ = (j B 1>wp_j+1 + 0,7 wo .

The third and fifth terms have a common factor of w,’™ and can be combined into
a a single term (w,? — wj117™) A w,?t. We can express this combined term as

(ot ]

In the fourth term we have w,* = (kfl)wp_kﬂl + 6% wol and wyitt = (’;)wk_jl. In
the sixth term we have wp"“ = Hp"“ wo'. Recall that with the current choice of frames
H,k equals 1 for k = p+ 1 and equals 0 otherwise. Combining these relations we get

A

l(p —j — 1)w11 + gppwol

dw, = (j f 1>wp—j+11 Awor + (p—j— D wt Awet + (:2;) GF wol Awp-j!
(3.13)

p—1 k ‘
+ Z ( )EPI’“ wol A Wk_jl + wol A wp+1j+1 + terms independent of wy®.

k=j+2 \J
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For the second term on the right hand side, we compute
n
dwp—j' =Y wp—i" Nwi!
k=0

P—j
L, 01 koo 1 P+l 1
=wp_;° Awo' + (Z Wp—i" A wy, ) + Wy Awp_ji1
k=1

+ ( Z wp_jk /\w;ﬁ).

k=p—j+2

In the first term, w,_;° = 0. In the second term w, ;* = (Z:{)wp—j—k—i—ll. In the
third term w,_;#~7*! = we! and in the fourth term each w, ;¥ = 0. Combining these
relations gives

P—Jj ;

=7

dwp_jl = E (k _ 1>wp_j_k+11 A wkl + C«Jol A wp_j+11
k=1

=wo' Awpy_jy1' + terms independent of wp'.

(3.14)

We see from (3.11) that 0 = d(£,7 " wo') — dw,”™ + (f) dw,—;'. If we substitute
(3.12), (3.13) and (3.14) into this equation and collect some terms we have for each
1<j<p-1

. . p k
0= (depj—l—l _ (p _ j)gpj-f-l wll + Z (])gpk‘ wk,‘—jl

k=j+2

: +1
+wp+lj+1 — (pj )wp+1_j1> /\(,dol. (315)

From this equation we observe that each ¢,7*! is translated by the 1-form positioned
in the same column and in the row directly below it, w,;17T. We also observe that
£,7** depends only on £,71 ... ¢,>. Working from equation p— 1 down to equation
1 we see that each £, can be set to 0. After restricting the frames so that all the
£, = 0, the equations from (B.2) reduce to

ij+1 = (?)wp—jla (1<j<p-—-1),

and equations (3.15) simplify to
0= <Wp+1ijl - (pj 1>Wp+1—j1> Awp', (1<j<p-1).
This shows that there are p — 1 functions, £,41%, ..., {117, defined by
wppr? T — (p;.r 1>wp+1—j1 =l W, (1<j<p-—-1).

Together, these equations verify (A.3) and the rest of (B.2).
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Having completed the induction, we see that when p takes on its maximum value
n, the Maurer-Cartan matrix will have the following form:

0 CUQl O

0 w11 C«JQI O

0 WQl 2&)1 wol 0

0 ws! 3w 3wt w0

0 W41 4W3 6Cd2 4W11 wWo 0

0 wWno1t (n—Dwp o o (n— 1wt wo!

hpwo' Wy Wil wp™

In this matrix, the 1-forms w;!,...,w,' are independent group forms, and the last
row determines the n functions h,,, £,,2, ..., £," where ¢, 7! is defined by the relation

wnj+1 = <n> wn_jl +£nj+1 C«JQI (1 S] S n — 1)
J

This completes the proof of lemma 3. [

The Maurer-Cartan matrix satisfies all of conditions (A) and (B), with the ex-
ception of (B.3) since there are no functions H,7. We easily see that the previous
calculations of infinitesimal actions are still valid, and thus we can use these calcu-
lations simply by setting all of the H’s equal to zero. For instance, from equation
(3.10) we see that

dhy, — (n + 1)h,wi' =0 (mod wy!)

which shows that h,, is multiplied by an n + 1st power. Suppose first of all that A,
is identically zero. Then from the above matrix we compute that

n
dlegNesN---Ney) = (Zwﬁ)el/\eg/\---/\enzo (mod e; Aea A+ Aep)
i=1

This shows that the hyperplane spanned by e, es,... e, is constant. Since this
hyperplane is the osculating n-plane of the curve x(u) = ey, a simple calculation
shows that the curve must lie in a fixed affine hyperplane parallel to the span of
e, €, ...,e,. The problem reduces to an n-dimensional one in general affine geom-
etry.

For a substantial curve x, h, never vanishes. In this case, we can restrict our
frames so that h,, = £1, and if n 4+ 1 is odd then we can always choose positive 1.
This reduction implies that there is a function x; defined by

1 1
Wi = RKiWwo,

and this new relation further implies that dwy' = wo! Aw;' = 0. This means that wp?
must be the differential of some function s(u) on the curve. Any two such functions
differ by a constant, and we will call any one of them a centro-affine arclength for
x. We will say a little more about this arclength function below. For now, we will
continue with the infinitesimal actions.
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A quick review of the derivation of equation (3.15) shows that only the w17
term involved the H functions, so that term will not appear in d¢,,’**. Since we also
now have wi! =0 (mod wp'), equation (3.15) reduces to

, n 1
RLEE 3 (]f)enkwk_ﬁ—(n* )wn+1_fzo (mod wy!) (1<j<n—1).
k=j+2 J

Working as before from equation n — 1 down to equation 1, we see that each £, *!
may be translated to 0 by an independent group form. For example, ¢," is translated
by wol, £,"71 by ws?, ete., and finally 4,2 by w,!.

Making these final restrictions on the adapted frames uses all of the remaining
freedom in the group. Every entry in the Maurer-Cartan matrix is a multiple of
the centro-affine arclength wy® = ds, which shows that the centro-affine frames are
uniquely determined. The matrix has the form

0 1 0
0 K1 1 0
0 ) 2:%1 1 0 .o
0 K3 3Ko 3K1 1 0O ........... ds.
0 R4 4:%3 652 4:%1 1 0
+1 Kk, nNkp_1 (g) Kn—2 (an) Ko M K1

The binomial coefficients of the “left justified” Pascal’s triangle appear clearly in
the above matrix when we imagine all of the x;’s are set equal to 1. The last row is a
little different. The final binomial coefficient (Z) appears in column 0 and may have
a minus sign. The above matrix also defines the centro-affine “Frenet equations” of
the curve,

e 0 1 0 e

e 0 K1 1 0 e
d ey 0 K9 2:%1 1 0 .o €y
—les| = 0 k3 3Ko 3K1 1 0 ... es | . (3 16)
ds ey 0 R4 4:%3 652 451 1 0 e ey

e, +1 K, NEp_1 (g) Kn—g ... (an) Ko M K1 e,

We can use the centro-affine Frenet equations to get a formula for the element of
arclength, ds. As a notational convenience, we will let v = ds/du. Then we clearly
have that ds = vdu and e; = v™'x'(u). From the Frenet equations we get that
de1/ds = ey (mod eq), but we can also calculate that

de dx’'(u
“e1 1 ( )

s 7 v 2 x" (u) (mod ey),

which shows that es = v 2x"(u) (mod e;). A direct generalization of this calcula-
tion shows that in addition to the equations
ey = x(u)

o1 — v x/(a) (3.17)
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we also have for each 2 < p <mn
e, = v P xP(u) (mod ey, ...,e,_1). (3.18)

From this equation with p = n and the Frenet equations we compute that

de,
% = D x( () (mod ey, ..., e,) (3.19)
=+ey (mod eq,...,e,) by the Frenet equations.
From (3.19) we get
de,
,—(n+1) det(x(n+1)(u), er,...,e,) = det(di, ey,...,e,) = tdet(eg,ey,...,e,)
s

which together with (3.17) and (3.18) implies

X (), ..., x™(u))
det(ep,ey,...,e,) det(x(u),x'(u), ..., x"(u))

(3.20)
We now have an explicit formula for computing a centro-affine arclength in terms
of an arbitrary parameter. An orientation preserving arclength is given by

=/ det (xD) (u), x/(u), . .., x" (w)) [/

det(x(u), x'(u),...,x"(u))
Notice that the 1-form under the integral is GL(n + 1,R)-invariant and invariant
under orientation preserving reparametrization. These two observations confirm
that the centro-affine arclength s has the desired invariance. We also see that the
plus or minus sign in (3.20) is determined by the equation

x"(s) = £x(s) (mod x'(s),...,x™(s)). (3.22)

<§>n+1— yn—I—l — idet(x(”""l)(u)’ €. - en) _ det(x(”+1)(u)
du) B

du. (3.21)

The Frenet equations also give an interesting interpretation of the first curvature,
k1. If we differentiate the volume element ey A --- A e, with respect to arclength,
we see

n+1

d
—(eo/\---/\en):(1+2+~--+n)/<;160/\---/\en:( 9

s )meo/\---/\en,

and if we observe that eg Ae; A---Ae, = x(s) Ax'(s) A--- Ax(™(s) we see that

(n; 1) K1 = % In | det(x(s),x'(s),. .. ,x(”)(s))|.

Formula (3.21) shows that s is well defined for substantial curves. We can now
state the fundamental theorem for centro-affine curves.

Theorem 3. Let I C R be an open interval, € = +1, and let ki(s),. .., Kkn(s) be
smooth functions on I. Then there is a smooth substantial immersion s — x(s)
from I to RY™ such that s is a centro-affine arclength, r1(s),. .., rn(s) are the
centro-affine curvatures, and

x"(s) = ex(s) (mod x'(s),...,x"(s)).

Moreover, X is uniquely determined up to a centro-affine motion of Ryt
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The proof of this theorem is standard. Use £1(s),. .., k,(s) and € = +1 to find a
solution of the Frenet equations (3.16) in GL(n + 1,R), then let x(s) = eo(s). The
remainder of the proof is a standard verification using the Frenet equations.

Equation (3.20) provides a reasonable way to compute ds/du, which therefore
allows one to compute derivatives with respect to arclength. We will use this fact,
along with the structure equations, to provide a method for constructing the centro-
affine frame and the centro-affine curvatures.

Assume that x is a substantial curve and s is an arclength parameter for x. By
condition (S1) and equation (3.22) there must exist unique functions c1(s), ..., ¢, (s)
satisfying

x(") (5) = £x(5) + ca(s) X' (5) + - - + c1(s) xV(5s). (3.23)

Using this equation, we can write

X 0 1 0 0 0 X
d x' 0 0 1 0 0 x'
% (n_l) el R R R I (n_l)
X 0 O 0 0o ... 1 X
x(™) +1 ¢, ¢l Cno ... 1 x(™)
If we let W(s) be the matrix with rows (X(s), x'(s), ... ,X(”)(s)), then we can write

the above equation as
W'(s) = C(s) W(s)

where C(s) is defined by the above equation. Since we are differentiating with
respect to arclength, v = 1 in equations (3.17) and (3.18), which shows that we can

write the frame in terms of x,x’,...,x™ as
€ 1 0 0 0 0 X
e 0 1 0 0 0 x’
€9 . 0 ™mo1 1 0 0 X”
(SR o 0 ms31 132 1 0 x|’
e, 0 Mpi Mnz Mpz ... 1) \x™
or as

E(s) = M(s) W(s),

where E(s) is the matrix representing the frames and M(s) is the lower triangular
matrix in the above equation. Differentiating this last equation and comparing with
the Frenet equations (3.16) we have

E'(s)= (M'M~'+MCM')E(s),

and we see that M’ M~ + M C M~ must be the matrix of centro-affine curvatures
in (3.16). We can use the relations among the entries of the curvature matrix to
uniquely solve for the m;;’s in terms of the ¢y, ..., ¢,. This will determine the matrix
M((s) and therefore E(s) in terms of ¢q, ..., ¢,. The centro-affine curvatures will be
expressed in terms of ¢y, ..., ¢, and their derivatives with respect to arclength.
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Suppose that we are working with a substantial curve in R* with x(4)(s) =
x(8) + c3(8)x(s) + c2(s) X" (s) + ¢1(s)x"(s). Then we can write

1 0 0 0 01 0 0 01 0 0
lo1 0 o0 loo 10 ok 10
M=\tg 0 1 ol@®C=1g ¢ o 1| 2@E=]y o 20, 1|

0 ms My 1 1 C3 Co (1 1 K3 3:%2 3:%1

where K is the matrix of centro-affine curvatures. We know that
K=MM"'"+MCM* (3.24)
The diagonal entries of this equation are

K1 = —MmM1
2:%1 =mMi1 — My

3k1 = ma + ¢,

which allows one to eliminate x; from the equations and solve for m; and ms in
terms of ¢;, giving

If we substitute these equations into (3.24) and consider the equations on the sub-
diagonal, we have

N
i T

G
352=m3—§+z+027

and we can eliminate ko from these equations and solve for

C% Co

T TR T L

Thus we have solved for the entries of M in terms of ¢;, co and c3. We get the centro-
affine curvatures in terms of the ¢;’s and their first derivatives by substituting the
values of my, ms and mg into (3.24).

Notice that when we solved for mg, the terms involving ¢] cancel. This will
happen in general, as long as one solves the equations along the diagonal first, and
then sequentially along each subdiagonal. From equation (3.21) we see that centro-
affine arclength depends on derivatives of order n + 1, thus the functions ¢y,..., ¢,
also depend on derivatives of order n + 1. Since we can solve for the matrix M
in terms of the functions ¢y, ..., ¢,, we see that the centro-affine frame depends on
derivatives of order n + 1. Since the curvatures depend on the functions cy, ..., ¢,
and their first derivatives, we see that the curvatures are of order n + 2.
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4 Closing Remarks

The plane version of theorem 3 goes back to at least 1933 [MM]. A discussion of
centro-affine plane curves, as well as a very brief discussion of centro-affine space
curves, can be found in [SS, §12 and §16]. Their invariants for curves in R? (see page
89) are exactly the coefficients in equation (3.23) for n = 2. A very detailed discus-
sion of the centro-affine plane theory of curves (n = 1) can be found in Laugwitz
[La]. An application of centro-affine curve theory in the plane to differential equa-
tions appears in Boruvka’s book [Bo]. We are able to apply a similar sort of analysis
to the lowest dimensional problem in control theory, and intend to generalize to
higher dimensional problems.

Various authors have studied other affine invariants of curves and surfaces. We
note Paukowitsch [Pa] developed an equi-affine invariant moving frame for curves
in arbitrary dimension. Pabel [P]] relates the equi-affine curve theory to a structure
from classical analysis.

Laugwitz also discusses the case of centro-affine hypersurfaces. He derives the
same invariants, but without using moving frames. His application to Finsler geom-
etry is very much in the spirit of our applications to control theory.
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