An alternate proof of Hall's theorem on a
conformal mapping inequality

R. Balasubramanian S. Ponnusamy*

In this note we give a different and direct proof of the following result of Hall
2], which actually implies the conjecture of Sheil-Small [3]. For details about the
related problems we refer to [1, 3].

THEOREM. Let f be regular for |z| <1 and f(0) = 0. Further, let f be starlike
of order 1/2. Then

[ 17/ e™ dp < 17 (re”)
0

for every r < 1 and real 6.
Proof. Asin [2, p.125] (see also [1]), to prove our result it suffices to show that

J=1t,7)+I(r,t)<m—2 for 0<t<T<m (1)
where
I(t7) = L 2lsin(t/2)] 1 _ l—pcost J
o JT=2pcost+ p? | V1 —=2pcosT +p2 1 —2pcosT + p> &

To evaluate these integrals we define k by

2 _ sin?(7/2) — sin?(t/2)
cos?(t/2) sin(7/2)
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so that _
cos T + k*sin®(7/2)
t= 2
o8 1 — k2sin?(1/2) )
and , )
) 1 — k?)sin(7/2)
2(t/2) = ( .
S (t/2) = sin?(r/2)
Further we let g
sin T—T
= 0<< —. 3
sin(0+7)" ~— T 2 3)

(The idea of change of variables already occurs in [2, 3]). Then, from (2) and (3),

we easily have
sin 7

dp = ———db

P sin?(0 + 1)
|1—pe”|2:§ini:1—2pcos7'+p2

sin”(6 + 7)

sin? 7[1 — k? sin?(0 + 7/2)]

1 — )2 _
1=l = S D Psn?(r2)

and
sin[cos — k? sin(7/2) sin(0 + 7/2)]

sin(f + 7)[1 — k2 sin?(7/2)]

1 —pcost =

After some work we find that

(m—7)/2
J=1I(t,7)+1(r,t) = / H(k,r,0)do (4)
0
where
H(k 0) . 1 1 —kQSin2<T/2) B COS@—k2Sin(T/2) Sln(0+T/2)
PO sl (NIt - R0+ 7/2)
(1 —k2)(1 — cosf)

V1 — k2sin®(6 + 7/2)

We put
T—T
2

to obtain

)d

= ["[F(k. ). 0) + G(k, X\, 0)]do

where F' and G are defined by
F(k,\,0)
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1 |1 —k2cos2 X cos(\ — 0) — k? cos Acos 6
~sinA |V 1 —k2cos?d 1 — k2 cos?6

1 (1 — Kk?)sin*(\ — 0)
sin A | (1 — k2cos?0)[v1 — k2 cos? A\V/1 — k2 cos? 0 + cos(\ — 0) — k2 cos A cos ]

and
—12(1 — _
G\ 0) = \/1. k2(1 — cos(\ 9))
sin \/1 — k2 cos? 0
Therefore
AOF A
0J _ / OF(k, \.6) 4o +f OGN O) 1o Bk A N) + Gl AN,
o\ 0 o\

Since F'(k,A\,\) = 0= G(k, A\, \) the above becomes

A A
oJ 8F9 /%dG
0

N

A simple calculation shows that

OF (1 —k*)sin(\ —0) [ 1 — k2 cos?0 . .
I 1 R co )2 T 7T oo {cos(A — @) sin A + sin 6

—k?cos Asin(\ + 0)} — k% cosOsin(\ + ) + cos(\ — ) sin 6 + sin )\]

where X is the denominator of the second expression in F'(k, A, 6).

Since the right hand side of the above expression is a decreasing function of &
for each k in (0,1) and since the square bracketed term in this expression for k = 1
is positive, we have

8F oF
= 0. 6
8)\ )N 1 (6)
Similarly we have
8G oG _0
8)\ = oA 1

Thus to prove (1), by (5), (6) and the above, it is sufficient to prove that
/2
/ (F(k,7/2,0) + Gk, 7/2,0)]d8 < 7 —2,
0

or equivalently

w/2 _ 2 20 _ o} :
/ V1 —kZcos20 sm@de m/ —sind d9§7r—2. (7)
0

1 —k2cos?26 1 —k2cos?0

(Note that this corresponds to 7 = 0 in (4) or (5) ). In the first of the above integrals
we put tan § = y+/1 — k? so that it becomes

/00 Vity -y
0 (1+y2)y/1+ (1— k)2

dy
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which, by substituting y = tan @, yields
w/2 1 —sinéd
)
0 V1 —Ek2sin?6

Put

zxme):(1—sm9)l ! Vi ].

_l’_
V1—k2sin20 /1 —k2cos?26

Therefore (7) is now equivalent to

/2 w/4 /2
/ L(k, 0)do :/ Mmmw+//mew
0 0 /4

::[f“UXh9)+zxmﬂyz—eﬂd9
<m-2.
Note that /2
A L(0,6)d0 = 7 — 2.
It is therefore suffices to prove that

9, 9,
— — — <
akL(k,@) + akL(/’fﬂr/Q 0) <0, (8)

for all 0 < 6 < /4. For this we easily find that
OL(k,0) N OL(k,7/2 —0)
ok ok
= k(1 —sin0)(1 — cos0)[(1 — k?sin? ) ~>/2{/1 — k2(1 + cos ) — (1 +sind)}
+ (1 — k% cos? 0)3/2{\/1T — k2(1 +sin0) — (14 cos 0)}](1 — k?)~1/2,

Since the inequalities
(1 —k?cos? )22 > (1 — k?sin? )3/

and

1+cos —vV1—Ek2(1+sinf) > —(1+sinf) + V1 — k?(1 + cosf)

hold for 0 < 0 < /4, (8) follows easily. This finishes the proof of the theorem.
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