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Introduction

The aim of this paper is to introduce an endomorphism based upon the Eisenstein

homology. The Galois homology was previously well worked out and the Eisenstein
cohomology was extensively studied, but it seems that the Eisenstein homology was
never taken up.

Considering that the Galois homology results from a Galois antiautomorphism, it

is proved that every endomorphism, generated from a Galois antiautomorphism, can
be decomposed into the direct sum of a Galois homology and of its complementary
Galois cohomology.

All developments are initiated from a polynomial ring A[x1, ..., xm] in m indeter-
minates whose specialization is compelled to generate a sequential and graded sheaf

of rings θm.

Part I gives algebraic basic notions necessary to generating a graded sheaf of
rings from a Galois extension, i.e. essentially a specialization, called emergent, from
a ring of polynomials A[x1, ..., xm] giving rise to a set of compact connected algebraic
subgroups which correspond to the different sections of the sheaf of rings θm.

Part II refers to the introduction of the Eisenstein homology based upon a Galois
antiautomorphism.
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Part III gives the conditions of an endomorphism generated from a Galois antiau-
tomorphism.

1 Graded sheaf of rings from Galois extension

Preliminaries.

Let A[x1, ..., xm] be a ring of polynomials fµ[x1, ..., xm] in m indeterminates over
a field K of characteristic zero. The polynomials fµ ∈ A[x1, ..., xm] are supposed

to have the same general form : fµ =
∑r
i=0 aix

k1
1 ...x

km
m , where kj ∈ N, 1 ≤ j ≤ m,

with the same set of kj , i.e. with the same degree over each variable x
kj
j of the

monomials aix
k1
1 ...x

km
m . They thus only differ by the set of coefficients {ai}. Note

that this hypothesis is only required at first stage from proposition 9 in order to
define a homogeneous sequential valuation.

If fµ(α1, ..., αm) = 0, then (α1, ..., αm) is said to be a root of the polynomial fµ
and is algebraic over K.

Definition 1. Let α = (α1, ..., αm) be a root of a polynomial fµ ∈ A[x1, ..., xm]

supposed to be irreducible.
The specialization of the ring A is a homomorphism A0 of A into some ring from
the ring A[x1, ..., xm] with values in a field L which is a finite extension of the field
K such that the specialization of the ring A is completely determined by its kernel

p = A−1
0 (0) which is a prime ideal of A [1] or a subring of A.

Definition 2. The Galois group Γ can be defined [1] by means of a homomorphism

ν of the group K∗ (i.e. the group of non-zero elements of K) into a totally ordered
group Γ. Such a homomorphism ν is called a valuation of K∗ if it satisfies

ν(α+ β) ≥ inf[ν(α), ν(β)], ∀α, β ∈ K∗.

Let b1 ⊂ ... ⊂ bn be a chain of distinct prime ideals of the discrete valuation ring

B obtained under the action of the Galois group Γ.
If bi, 1 ≤ i ≤ n, is a non-zero prime ideal of B and if p = bi ∩A, bi is said to divide
p or to be above p, written bi|p. Then, B is the integral closure of A in L and is a
free A-module of rank n = [L : K].

Definition 3. Let fµ ∈ A[x1, ..., xm] be a polynomial over a field K. An extension

field Lµ of K is said to be a splitting field over K if Lµ is generated by all the
roots of fµ. The Galois group Γµ of a polynomial fµ is the group AutKLµ. So, we
consider the specialization A0µ of the subring Aµ of the ring A from the subring
fµ ∈ A[x1, ..., xm]. We denote by Bµ the integral closure of Aµ into Lµ (i.e. the set

of elements of Lµ which are integral over Aµ). Then, the field of fractions of Bµ is
Lµ and the subring Bµ is a finitely generated Aµ-module.
The subring Aµ is a discrete valuation ring because it has a unique non-zero prime
ideal pµ taking its values in Lµ. Then, the subring Bµ/pµBµ is an Aµ/pµ-algebra of

degree nµ = [Lµ : K].
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Remark 4. If we consider the specialization of the subring Aµ, the resulting prime
ideal pµ is not necessarily compact in Lm. For this reason, the specialization ATµ,

called emergent, is introduced.

Definition 5. The emergent specialization ATµ is a specialization such that the
prime ideal pTµ be generated by the emergent morphism γµ into the two step se-
quence :

a) The geometric points corresponding to the roots of the splitting field Lµ are
mapped onto the origin of Lm.

b) These geometric points are then projected symmetrically from the origin of Lm

in an affine connected compact algebraic variety pTµ which is a m-dimensional
torus Tm [4].

This emergent morphism γµ is completely determined by its representatives hµa =

{Pa, r(Pa), γa} defining an abstract compact variety in the sense of A. Weil [2].
A representative hµa , where a ∈ N labels the set of geometric points, is then defined
by :

1) Pa is a point of the connected algebraic variety pTµ

2) r(Pa) is the radius of “exjection” of a point Pa from the origin of Lm, called the
emergence point of the emergent morphism γµ (compare with the injectivity
radius of Γ\G/K introduced by De George and N. Wallach [3]).

3) γa is a one-to-one correspondence between each point corresponding to a root
and its geometrical localization on pTµ .

Lemma 6. Let Gµ be the affine algebraic group generated from all the automor-

phisms of the splitting field Lµ and Hµ a subgroup such that Xm
µ = Gµ/Hµ be the

symmetric space generated by emergent specialization.
If Pµ is a maximal connected resoluble subgroup of the algebraic group Gµ, then the

space SRµ = Pµ\Gµ/Hµ is a compact projective variety.
To the space SRµ is associated a valuation which corresponds bijectively to the radius
of exjection r(P ) of a point P ∈ SRµ.
Proof : Let K be a field of characteristic zero on which a discrete valuation ν is
defined having valuation ring Aµ. Let Z0

µ be the centralizer of G0
µ (the maximal

connected compact subgroup of Gµ) given by diagonal matrices.

Then, Gµ(K) =
∏
ν
GLm(Lµν) if Lµ is a finite extension of the field K.

For the algebraic subgroup Hµ of Gµ, we get : Hµ =
∏
ν
Hν with :

Hν = SO(m,R) · Z0(R) = SO(m,R) · R∗ if Lν = R
Hν = U(m) · Z0(C) = U(m) · C∗ if Lν ' C

and Xm
µ = Gµ/Hµ =

∏
ν
GLm(Lν)/Hν .

Let Z0
µ(Lµ) be the centralizer of Lµ in G0

µ such that Lµ be the maximal K-split torus
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of the radical of Z0
µ(Lµ).

Let Uµ be the unipotent radical of the parabolic subgroup P 0
µ given by the unitrigonal

group UTm(Lµ). Then, we have the Levi decomposition P 0
µ = Z0

µ(Lµ) · Uµ [5].

If Gµ is an algebraic group formed by unipotent matrices, Gµ is nilpotent and
can be triangularized. Furthermore, a connected resoluble group is direct product of
a maximal torus by the subgroup of its unipotent matrices, its maximal tori being

conjugated by interior automorphism. Consequently, Pµ is a resoluble subgroup of
Gµ.

Let (z1, ..., zm) be the set of coordinates of a point P ∈ SRµ and ||z||ν = |z|Nνν
where Nν is the order of valuation. Then, the height of a point P , H(P ), given by the

formula H(P ) =
∏
ν

supi ||zi||ν [6], corresponds bijectively to the radius of exjection

r(P ) of this point P . Indeed, the height H(P ) and the radius of exjection r(P ) result
directly from the emergent specialization ATµ and from the automorphism group

Γµ. Let us note that the symmetric space SRµ is also generated by an emergent
specialization since a valuation ring is always a specialization ring according to the
theorem on the extension of specializations in algebraic geometry [1].

Definition 7. Under the emergent specialization ATµ, each polynomial fµ of the

ring A[x1, ..., xm] generates a section sµ of a sheaf of ring θm on the space SRµ =
Pµ(ALµ)\Gµ(ALµ)/Hµ where ALµ is the ring of adeles.
As the subrings Aµ are discrete valuation rings, the sheaf of rings θm is quasi-compact
[7] and finitely generated according to the Mordell-Weil theorem [6].

θm is then called spec[A] and the locally ringed space (DTm , θ
m) with domain DTm

is a variety scheme or a group scheme.

Remark 8. It is possible to define a graded algebra on the set of sections sµ of the
sheaf of rings θm under the action of the Galois group Γ. Indeed, consider that the
valuation refers sequentially and gradually to each section sµ as follows :

Proposition 9. Let {s1, ..., sµ, ..., sq}, 1 ≤ µ ≤ q, be the set of sections of the sheaf
of rings θm on which a sequential valuation will be introduced.
Let b1

µ ⊂ ... ⊂ bnµ be a chain of distinct ideals dividing the prime ideal pTµ and denoted

bµ
∣∣∣pTµ .

Let nbµ ∈ N be the residue degree of bµ under the Galois extension : nbµ =
[Bµ/bµ;Aµ/p

T
µ ]. In the unramified case, i.e. when the ramification index ebµ = 1,

Bµ/bµ is separable over Aµ/p
T
µ and the degree nµ = [Lµ : K] of the Aµ/p

T
µ algebra

is :

nµ =
∏
bµ

∣∣∣pTµ
Bµ/b

ebµ
µ =

∑
bµ

∣∣∣pTµ
nbµ .

Consider that the valuation operates sequentially and gradually on each section of
the sheaf of rings θm in such a way that :

1) There is a graduation on the residue degrees nbµ of each section sµ such that if nbµ
is the residue degree of the section sµ and nbµ+1 is the residue degree of the section
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sµ+1, then :
nbµ+1 > nbµ .

2) There is topological embedding between sequential sections, i.e. that s1 ⊂ s2 ⊂
... ⊂ sµ ⊂ ... ⊂ sq.

Sketch of proof : If one has that nbµ+1 > nbµ , then sµ+1 ⊃ sµ. Indeed, if r(Pµ+1)
denotes the radius of exjection of a point P ∈ sµ+1 and if r(Pµ) denotes the radius of

exjection of the same point P ∈ sµ, it is evident that r(Pµ+1) > r(Pµ) with respect
to the sequential valuation given by the residue degrees nbµ+1 and nbµ corresponding
respectively to the sections sµ+1 and sµ.

Corollary 10. Let {s1, ..., sµ, ..., sq}, 1 ≤ µ ≤ q, be the set of sections of the sheaf
of rings θm on which a sequential valuation has been defined. Then, the q sections

of the sheaf of rings θm are generated by emergent specialization ATm if and only if
nbq > 0.

Corollary 11. Let nbµ be the residue degree of a section sµ ∈ θm. Then, the se-
quential residue degree of the graded sequence {s1, ..., sq} of sections of the sheaf of
rings θm is given by the set nθm = {nb1 ..., nbµ..., nbq} of residue degrees nbµ referring

to the sections sµ ∈ θm.
θm can then be considered as a free module with graded rank nθm = {nb1 ...,
nbq}.

2 Eisenstein homology

Definition 12. Let P (A) be the set of parabolic subgroups P (A) = {P1(AL1),
..., Pµ(ALµ), ..., Pq(ALq)} corresponding to the q sections of the sheaf of rings θm.

Let G(A) = {G1(AL1), ..., Gq(ALq)} be the set of q algebraic groups corresponding
to the q sections of θm and H = {H1(AL1), ..., Hq(ALq)} the set of q subgroups of G
as introduced in lemma 6.
The cohomology group H∗(SR, θ

m) is the direct sum of the cohomology groups of

its connected components [8] given by H∗(Γ\Xm) where Xm = G(A)/H is the
symmetric space, SR = P (A)\G(A)/H and Γ = {Γ1, ...,Γµ, ...,Γq} is a set of q
arithmetic subgroups given by P (A).

The boundary ∂S̄R of the Borel-Serre compactification [9] i : SR → S̄R is strat-

ified by proper parabolic subgroups P (A) such that ∂pSR be a sequential module
defined over K and that ∂S̄R =

⋃
P ∂pSR. As developped by G. Harder in [10], let

ΞHf be the finite set of double cosets P (Af)\G(Af )/Hf for any place f in the adele
ring A. Then, we have the following decomposition for the Eisenstein Cohomology

[11] :

H∗(∂pSR, θ
m) = H∗(P (A)\G(A)/Hf , θ

m) =
⊕

ξ∈ΞHf

H∗
(
Sθ

m

H(ξ), H
∗(ũp, θ

m)
)

where H∗(ũp, θ
m) is the Lie algebra cohomology referring to unipotent algebraic

group U/K with U given as usual by the set U = {U1, ..., Uµ, ..., Uq}.
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Considering that the sheaf of rings θm is a module for the algebraic group GxKL,
after passing to the limit, it becomes a π0(G∞)xG(Af) module, and we get :

H∗(∂PS, θ
m) = Ind

π0(G∞)xG(Af )

π0(P∞)xP (Af )H
∗(Sθ

m

, H∗(ũp, θ
m))

for all induced representations of the cohomology.

Definition 13. Let λµν = (λµ1, ..., λµn)ν:K→L be an element in X(Tmµ ) =
Hom(Tmµ xKL,GL1) = ⊕

ν:K→L
X(Tm0µ) referring to the section sµ of θm which is

a m-dimensional torus Tmµ .
Similarly, let λν = {λ1ν , ..., λµν, ..., λqν} be an element in X(θm).

Considering the irreducible representation GxKL =
∏

ν:K→L
GLmxL =

∏
ν:K→L

GLm,

the sheaf of rings θm is a tensor product θm = ⊗
ν:K→L

θmν = θm(λν) where θmν is

determinated by the sequential weight λν .

Let ων = {ω1ν , ..., ωµν, ..., ωqν} be the action of the Weylgroup on λν ∈ X(θm)

and Φν = ωνλν be the corresponding algebraic Hecke character [12] on θm.
Then, the Eisenstein cohomology H∗(∂PS, θ

m) decomposes into one dimensional
eigenspaces according to a theorem of Kostant [10] :

H∗(∂PS, θ
m) =

⊕
ων

⊕
Φν

Ind
π0(G∞)XG(Af)

π0(P∞)XP (Af )H
∗(Sθ

m

, H∗(ũP , θ
m)(ων · λν)).

Definition 14. Let K be a field of characteristic zero, L an algebraic extension
of K and G(L/K) the corresponding Galois group. This group G(L/K) = AutKL

acts transitively on the right on the set of prime ideals b of B dividing a given prime
ideal p of the discrete valuation ring A (see definitions 2 and 3, [13] and [14]). The
ring B/pB is an A/p-algebra of degree n = [L : K].

From the Galois automorphic group G(L/K), it is possible to define a Galois
antiautomorphic group G∗(L/K) = ÃutKL acting transitively on the left on the set
of prime ideals b of B. A subring B ′ ⊂ B is then characterized by a descending

chain of distinct prime ideals :

bn ⊃ bn−1 ⊃ ... ⊃ bn−ρ, ρ < n

such that (n − ρ) be the retro-valuation degree corresponding to the considered
Galois antiautomorphism, noted antiaut.

Proposition 15. Let L be an algebraic extension of a field K of characteristic zero
and G∗(L/K) a Galois antiautomorphic group. Then, the space ∂S∗R, associated to

this Galois antiaut., is given by ∂S∗R = P ∗\G∗/H∗ where G∗ is the algebraic group
submitted to a Galois antiaut., P ∗ is a connected resoluble subgroup and H∗ is a
subgroup of G∗ referring to a decreasing valuation.

Proof : The antiautomorphism given by the Galois antiaut. G∗(L/K) leads to
consider a descending chain of ideals bn ⊃ bn−1 ⊃ ... ⊃ bη−ρ as described in definition
14.
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This implies that inverse elements of the connected resoluble subgroup P have
to be considered such that P 0∗ = Z0∗(L) ·U∗ where Z0∗(L) is the centralizer of L in

G0∗ given by the diagonal group D(L) and where U∗ is the inverse of the unipotent
radical U of the Galois extension L/K and is represented by the unitrigonal group
UT (M)−1.

According to lemma 6, one has furthermore that :

H∗ = SO(m;R) · Z0∗(Rν−ν∗) if L = Rν−ν∗
H∗ = U(m) · Z0∗(Cν−ν∗) if L = Cν−ν∗

where (ν − ν∗) refers to a decreasing valuation associated to a Galois antiaut.

Definition 16. Consider that the retro-valuation, corresponding to a Galois anti-
aut., operates sequentially and gradually on the sheaf of rings θm such that if (n−ρ)µ
is the residue degree of the Galois antiaut. of the section sµ and if (n− ρ)µ+1 is the
residue degree of Galois antiaut. of the sections sµ+1 of θm, then (n−ρ)µ+1 > (n−ρ)µ.
The sheaf of rings θ∗m is then characterized under a Galois group G∗(L/K) by the
set (n−ρ)θm = (n1−ρ1), ..., (nµ−ρµ), ..., (nq−ρq)} of q difference of residue degrees

corresponding to the q sections of θm, where nµ refers to the residue degree of the
section sµ ∈ θm under a Galois extension G(L/K).

Proposition 17. Let G∗(A) be the algebraic group generated by a Galois group
G∗(L/K) and given by the set of algebraic subgroups : G∗(A) = {G∗1(A), ..., G∗µ(A), ...,
G∗q(A)} corresponding to the q sections of the sheaf of rings θ∗m.
Let P ∗ = {P ∗1 , ..., P ∗µ, ..., P ∗q } be the set of q connected resoluble subgroups of the q

sections of θ∗m corresponding to a Galois antiaut. and defined in proposition 15.
Let ∂S∗R be given by : ∂S∗R = P ∗(A)\G∗(A)/H∗.
Then, the homology group H∗(∂S

∗
R, θ

∗m) is the direct sum of the homology groups
of its connected components given by H∗(Γ

∗\X∗m).

Let Ξ∗H∗f be the finite set of double cosets P ∗(Af)\G∗(Af )/H∗f where P ∗(Af) is a
parabolic subgroup corresponding to a Galois antiaut.

Then, the Eisenstein homology, corresponding to a Galois antiaut., is given by

(in analogy with the Eisenstein cohomology) :

H∗(∂P∗S
∗
R, θ

∗m) = H∗(P
∗(A)\G∗(A)/H∗f , θ

∗m)

=
⊕

ξ∈Ξ∗
H∗
f

H∗(S
θ∗m
H∗(ξ), H∗(ũP∗ , θ

∗m))

where H∗(ũP∗ , θ
∗m) is the Lie algebra homology referring to unipotent algebraic

group U∗/K.

Proof : The proof is obvious by considering preceeding sections.

Corollary 18. Let λ∗µ(ν−ν∗) = (λ∗µn, ..., λ
∗
µ(n−ρ))ν−ν∗ :K→L be an element inX∗(Tmµ ) =

Hom(Tmµ xKL,GL1) = ⊕
ν−ν∗ :K→L

X∗(Tm0µ) referring to the section sµ of θ∗m. Let

λ∗(ν−ν∗) = {λ∗1(ν1−ν∗1 ), ..., λ
∗
µ(νµ−ν∗µ), ..., λ

∗
q(νq−ν∗q )} be an element in X∗(θ∗m).
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The sheaf of rings θ∗m is then a tensor product : θ∗m = ⊗
ν−ν∗ :K→L

θ∗mν−ν∗ = θ∗m(λ∗(ν−ν∗)),

where λ∗(ν−ν∗) is a decreasing sequential weight.

Let ω∗(ν−ν∗) = {ω∗1(ν1−ν∗1 ), ..., ω
∗
µ(νµ−ν∗µ), ..., ω

∗
q(νq−ν∗q )} be the action of the Weylgroup on

λ∗(ν−ν∗) ∈ X∗(θ∗m) defining the corresponding algebraic Hecke character Φ∗(ν−ν∗) =

ω∗(ν−ν∗) · λ∗(ν−ν∗) on θ∗m. Then, the Eisenstein homology H∗(∂P∗S
∗, θ∗m) decomposes

into one dimensional eigenspaces :

H∗(∂P∗S
∗, θ∗m) =

⊕
ω∗

(ν−ν∗)

⊕
Φ∗

(ν−ν∗)

Ind
π0(G∗∞)XG∗(Af )

π0(P∗∞)XP∗(Af )H∗(S
∗θ∗m, H∗(ũP∗ , θ

∗m)...

...(ω∗(ν−ν∗) · λ∗(ν−ν∗))).

3 Endomorphism from Galois antiautomorphism
group

Definition 19. Let ∂S∗R = P ∗(A)\G∗(A)/H∗ be the space generated by the Galois

group G∗(L/K) with retrovaluation residue degree (n−ρ)θ∗m applied to the sheaf of
rings θ∗m generated from an initial sheaf of rings θm of residue degree nθm . The sub-
space H∗ of G∗(A) will be defined for L = R(ν−ν∗) by H∗ = SO(m,R) ·Z0∗(R(ν−ν∗)).
The corresponding Eisenstein homology H∗(∂P∗S

∗, θ∗m) decomposes into one di-

mensional eigenspaces as described in corollary 18 from algebraic Hecke characters
Φ∗(n−ρ) = ω∗(n−ρ) · λ∗(n−ρ).

Let ∂SR(I) = PI(A)\GI(A)/HI be the space complementary of ∂S∗R and corre-

sponding to a Galois group GI(K/L) conjugated to the Galois group G∗(L/K), as
resulting from the definition 14 of a Galois antiautomorphism.
The complementary automorphic space ∂SR(I) will be characterized by a sequential
residue degree ρI counted from the sequential retrovaluation residue degree (n− ρ).

The subspace HI of GI(A) will parallely be defined for L = R by HI = SO(m,R) ·
Z0
I (R).

The Eisenstein cohomology H∗(∂PSI , θ
m
I ) corresponding to the generation of this

complementary space ∂SR(I) will also decompose into one dimensional eigenspaces

as described in definition 13 and will be characterized by complementary algebraic
Hecke characters ΦρI = ωρI · λρI .

Proposition 20. Every smooth endomorphism of an algebraic group G(A) on an

automorphic space ∂SR of Galois group G(L/K) with residue degree n can be gen-
erated by means of a Galois antiautomorphism and can decompose into the direct
sum of two connected algebraic groups G∗(A), corresponding to a Galois antiaut.
of group G∗(L/K), and GI(A), which is a complementary algebraic group of G∗(A)

and subgroup of G(A) given by a Galois extension of group GI(L/K).

We then have the following decomposition for the smooth endomorphism Et[G(A)] :

Et[G(A)] = G∗(A)⊕GI(A)t
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satisfying the conditions:
1) The subgroups H∗ ⊂ G∗(A) and HI ⊂ GI(A) are such that the groups SO(m,R),

from which they are defined, must have the same witt index (i.e., the same rank)
but different orders.
2) The Eisenstein homology H∗(∂P∗S

∗, θ∗m) and cohomology H∗(∂PSI , θ
m
I ), associ-

ated respectively to G∗(A) and GI(A), are varying oppositely in such a way that

H∗(∂P∗S
∗, θ∗m) “generates” H∗(∂PSI , θ

m
I ) according to the following equality on al-

gebraic Hecke characters :

Φ∗(n−ρ) = CH(ρ) · ΦρI

where CH(ρ) is a set of q parameters CH(ρ) = {CH1(ρ1), ..., CHµ(ρµ)...

CHq(ρq)} depending on the proper valuation ρ and measuring the variation in se-
quential degrees of ΦρI , related to H∗(∂PSI , θ

m
I ), in function of Φ∗(n−ρ), related to

H∗(∂PS
∗, θ∗m).

Proof :

1) The fact that every endomorphism Et[G(A)] (compare with the standard defini-
tions of endomorphisms [15]) of an algebraic group G(A) can decompose into the
direct sum of an algebraic group G∗(A), corresponding to a Galois antiaut. G∗(L/K)
and of its complementary algebraic group GI(A)t, which is a subgroup of G(A) and

thus an ideal of the affine variety given by G(A), results from the definition of a
Galois antiaut. given in definition 14.

2) The groups SO(2p,R) ∈ H∗ ⊂ G∗(A) and SO(2p + 1,R) ∈ HI ⊂ GI(A)t have
the same rank p but different orders given by m = 2p or m = 2p + 1 respectively.
Indeed, if the groups SO(m,R) had the same order, this should mean that the map
Et[G(A)] would be the identity map and that (G∗(A)⊕GI(A)t) would not be more

the direct sum of two distinct connected algebraic groups G∗(A) and GI(A)t but
would define a unique connected algebraic group G(A).

3) The fact that the spaces ∂S∗R and ∂SR(I) are defined respectively by means of the
groups SO(2p,R) ∈ H∗ and SO(2p+1,R) ∈ HI with different orders results directly
from the reduction steps of Hilbert irreducibility theorem [16] applied to the ring of
polynomials A[x1, ..., xm]. Indeed, via the Kronecker’s specialization, this theorem

tells us that a ring of irreducible polynomials in m variables can be reduced to a
ring of irreducible polynomials in n variables where n < m.

4) According to the Hilbert’s irreducibility theorem, it is obvious that the groups
SO(2p,R) ∈ H∗ and SO(2p+ 1,R) ∈ HI need not have peremptorily the same rank
but this is a prerequisite in order that there is not a breakdown of the endormophism
Et which is then called “smooth”.

5) The equality Φ∗(n−ρ) = CH(ρ) ·ΦρI results directly from the definition of the alge-
braic Hecke characters Φ∗(n−ρ) and ΦρI and from the definition of the endomorphism
Et[G(A)].

Note that the set of parameters CH(ρ) is the most closed to the unity {1, ..., 1, ..., 1}
when the degree of retrovaluation on the sheaf of rings θ∗m is equal to the degree of
valuation of its complementary sheaf θmI .
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Corollary 21. If the reduced algebraic group G∗(A) and its complementary alge-
braic group GI(A), obtained from the algebraic group G(A) by smooth endomor-

phism, are not connected, the smooth endomorphism E[G(A)] will be introduced :

E[G(A)] = G∗(A)⊕GI(A)

such that the subgroups SO(m,R) ∈ H∗ ⊂ G∗(A) and SO(m,R) ∈ HI ⊂ GI(A)
have the same ranks and the same orders. Then, there exists a unique emergent mor-

phism γ which maps the sheaf of rings θmI from the space δSR(I) = PI(A)\GI(A)/HI

into its orthogonal complement δS⊥R(I) on which is defined the resulting complemen-

tary orthogonal sheaf θm⊥I .

Proof : As the origin OS is the unique point of intersection between the space Σ∗R =
∂S∗R ∪OS and its orthogonal complement Σ⊥R = ∂S⊥R ∪OS , i.e. that OS = Σ∗R ∩Σ⊥R,
the envisaged morphism γ from ∂SR(I) to ∂S⊥R(I) may be decomposed in the two step
sequence :

1) mapping of the sheaf of rings θmI onto OS , called the emergence point of the
morphism γ.

2) Projection of θmI from OS into ∂S⊥R(I) such that ρθm⊥I = {ρ1, ..., ρµ, ..., ρq} of

the q sections of the complementary orthogonal sheaf θm⊥I be conserved, i.e. that
ρθm⊥I = ρθm

I
. This morphism γ is an emergent morphism according to definition 5,

and thus, is unique.

References

[1] A. Weil, Arithmetic on algebraic varieties, Ann. of Math. 53 (1951) 412-444.

[2] A. Weil, Foundations of algebraic geometry, Amer. Math. Soc., Colloq. Publ.
29 (1946).

[3] D. De George, N. Wallach, Limit formulas for multiplicities in L2(Γ\G), Ann.
of Math. 107 (1978) 133-150.
N. Wallach, Limit multiplicities in L2(Γ\G), Lect. Not. Math. 1447 (1990)

31-56.
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