A cancellation theorem for 2-cones
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Abstract

The cone-length in spheres of a space X, clg(X), is the least integer n
such that there are homotopy cofibrations:

\/reRSnr — X; — X1 0<i<n

with Xy ~ x and X,, ~ X. We first prove a cancellation phenomenom for this
notion. Let p be a prime and X be a 1-connected p-local space. If X vV S™ is
the cofibre of a map between two wedges of spheres, then X is such a cofibre
as well. In particular clg(X VvV S™) < 2 is equivalent to clg(X) < 2. From
this property, we deduce two extensions of the result of Félix and Thomas on
spaces of Lusternik-Schnirelmann category two, first, for p-local spaces whose
loop space has a decomposition and second, for rational spaces of infinite type.

In this paper spaces and maps are always based. The Lusternik-Schnirelmann
category of a space X, catX, is the least integer n € N U {oc} with the property
that X can be covered by n 4+ 1 open subsets contractible in X. This homotopy
invariant is hard to determine and several approximations have been introduced.
Among them, the strong category, CatX of a space X [7]: CatX is the least integer
n € N U {oc} with the property that X has the homotopy type of a CW-complex
which may be covered by n + 1 self-contractible subcomplexes. Strong category is
an upper bound for LS category; indeed, if X is path-connected, one has [15]:

catX < CatX <catX + 1.

We use Ganea and Cornea’s characterizations of strong category. For a path
connected space, Ganea proved [7] that CatX is the least integer n such that there
are n cofibrations:

L — X; — Xin 0<i<n,
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with Xy = % and X,, ~ X. In [3] Cornea improves this construction: He shows
that one obtains the same invariant by requiring the spaces L; to be i-suspensions,
L; = ¥'Z;, i > 1. In particular, for the spaces we are concerned with, one has
CatX < 2iff there exists a cofibration X277 — X7y — Y, with Y ~ X. If we require
that the spaces L; are wedges of spheres, we get a homotopy invariant called the
cone-length in spheres which is denoted by clg. One has CatX < clg X, and there are
examples where the inequality is strict. First we prove a cancellation phenomenon
for the cone-length in p-local spheres:

Theorem 1: Let p be a prime and X be a p-local, 1-connected, space of finite
type. We denote by S™ the p-local sphere. If X vV S™ is the cofibre of a map be-
tween two wedges of p-local spheres, then X is such a cofibre as well. In particular,
clsg(X Vv S™) <2 is equivalent to clgX < 2.

It is an open question how to characterize spaces X for which one has catX =
CatX. For instance, the spaces of LS-category one are the co-H spaces and the
spaces of strong category one are the suspensions. The existence of co-H-spaces
that are not suspensions implies thus that there are spaces X with catX = 1 and
CatX = 2.

Rational 1-connected co-H-spaces are wedges of rational spheres, [8], [13]. There-
fore, the previous class of examples is not valid in the rational setting. In [10],
Lemaire and Sigrist conjectured that for rational 1-connected spaces, Xy, one has
catXy = CatXp. Recently, Dupont [5] found a rational space with catX, = 3 and
Cat Xy = 4. For rational spaces of LS-category 2, there is no counterexample to the
Lemaire-Sigrist conjecture, since in [6] Félix and Thomas proved that if catXy = 2
and H*(X,; Q) is finite dimensional for all k£ then CatXy, = 2 . From Theorem 1,
we deduce some extensions of this result of Félix and Thomas.

If p is a prime, we denote by X(, the p-localisation of X (see [9]). As usual, set:

aF _ S* k=2n-1
T QSHY kE=2n

Definition: Let p be a prime. A space Y is weakly p-decomposable if there exists
an integer m (possibly co) such that Y has the homotopy type of an m-dimensional
CW-complex and QY ~,) [;es 1% x E, with £/ m-connected.

Note that a decomposable space in the sense of [1], [14] is weakly p-decomposable
for any prime p.

Theorem 2: Let p be a prime. If X is a weakly p-decomposable 1-connected
space of finite type such that catX ) < 2, then CatX(,) < cls X < 2.

In [12] McGibbon and Wilkerson proved that if X is a 1-connected finite CW-
complex, with ,rank 7,(X) < oo, then QX ~, [T;c; Q™ for almost all primes p,
that is, X is weakly p-decomposable for p large enough. The following corollary
comes directly from their result and Theorem 2:
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Corollary : Let X be a 1-connected finite CW-complexr, with catX < 2
and such that Y.rank m.(X) < oo, then for almost all primes p, one has
C’atX(p) < ClsX(p) < 2.

In the rational case, we may prove more:

Theorem 3: Let X be a 1-connected rational space.

1) If X V Ve, S™ is the cofibre of a map between wedges of rational spheres,
then X is as well.

2) If catX <2 then CatX < 2.

Remark: Theorems 1 and 2 give obstructions to the decomposability of a space
X in the sense of [1], [14]. For that, remark that the existence of cohomology
operations P, P2 P guch that P o P2 o P(a) # 0, a € H*(X), implies
3 < clg(X). Therefore if catX < 2, the existence of such cohomology operations
implies the non-decomposability of X. For instance, one can deduce easily that
Y.CP" (n > 3) is not decomposable.

One of the techniques used in the proofs is the notion of homotopy pullback and
pushout. We refer to [11], [2] and [4] for the definitions and main properties. By

definition, a cofibration sequence is a couple of pointed maps A 1, B % ¢ such that
the following diagram

A L B
! gl
*x — (C

is a homotopy pushout. A fibration sequence is defined similarly.
In order to prove these theorems, we need some lemmas.

Lemma 1: [11]Consider the following homotopy commutative diagram

A % B
’Yl ﬂl
X % v

Denote by Co, Cg, C, and Cs the homotopy cofibres of o, B, v and §, respectively,
and by B : Co — Cs and 0 : C, — Cj the induced maps. We get a homotopy
commutative diagram:

A = B — (C,

vl ) gl

X Xy — 0

| | |
c, % ¢ — C

in which C' is the common homotopy cofibre ofg and of 8.



544 L. Ferndndez-Sudrez

The following cofibration sequence is obtained by applying Proposition 2.1. of
2] to the second Ganea fibration *2QX — ByQX — X.

Lemma 2: If X has LS-category 2, one has a cofibration sequence:
20XV (A2QX ASH) - QX V (QX ASH) 25 X VEH
with H = Q(x3QX).

Lemma 3: Let p a prime number and let g be a number prime to p. Let S™ be
a p-local sphere and denote by v, a generator of H,(S™). Let ¢ : S™ — W vV .S™ be
a continuous map such that Hy,(1)(tn) = qin + wyn, where wy, € H,(W).

Then the homotopy cofibre of b has the homotopy type of W.

Proof of Lemma 3:
Denote by ¥ : W Vv §™ — W V S™ the sum of ¢ and of the canonical inclusion
W — WV S" The map ¥ : WV S" — W Vv S™ is an isomorphism in homology,
and thus ¥ is a homotopy equivalence. Therefore the homotopy cofibres of the
canonical inclusion ¢ : ™ — WV S™ and 1) = ¥ o have the same homotopy type.
[

Proof of Theorem 1:
In this proof all spaces are p-local. We start from a cofibration sequence

\/ 5™ Lo \/ 5™ L5 X VST (wx)
i€l keK
Let ¢, be a generator of H,(S™). Remark that in the homology long exact
sequence of (xx),

- H, (\/ 5”") =Y H, ( V S”’“) 8, (X) @ Ho(S") - H, (\/ S”i“) .

iel keK el

there are only two possibilities:

Case 1: There exists a, € H, (Vyex S™) such that H,(p)(a,) = ¢, and, by
construction, the element «,, is not divisible by p.

Case 2: §(1,) # 0. Thus one can write §(¢,,) = p" B, € H,(V; S™ 1), where 3, is
not divisible by p.

Case 1: Let a : 8" — Ve S™ be a map such that H,(a)(t,) = . Since
a, is not divisible by p we have Vicx S™ = S§ V Vierr S™. By Lemma 3, the
homotopy cofibre of « is the wedge of spheres /¢ S™*.

Consider now the following homotopy diagram, constructed in the same way as
in Lemma 1,

L el -
Vier S™ s Vier 5™ L, Xvsr
I l |

/

-/
\/z‘el S 2 ’ VkeK/ ST - ’ X'
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Note that H,(p o a)(tn) = Hn(p)(an) = t,. Using again Lemma 3, for ¢ = 1 we
obtain X’ ~ X, so clg X < 2.

Case 2: 0(t,) = p"Bn # 0, B, not divisible by p.

2.1) If 7 = 0 we can decompose V;e; S™ ' = Sj V Viep ™

By Lemma 1, we may construct the following diagram:

VieI/Sni - VkeKSnk - X'

| | li
Vier S™ - Vierx S™ £ Xxvsr % Vier S™H
! ! I’ N !
Sgt o— o+ — S5 — S

Let 7 be the map induced between the cofibres, we will see that the composite 7w o ¢
is an homological isomorphism, where 7 : X V §" — X is the canonical projection.

Consider the long exact sequence associated to the cofibration X’ L, Xvsr T gn

Hp(7) Hy(n'

0 — Hy(X') ™9 H,(X) @ Hy(5™) ™) Hy(S") — Hya(X') — Hoot(X) =0

Since 0(tn) = Bn, we deduce that H,(7')(t,) is a generator of H,(Sj ), so H,(7') is
surjective and H,_;(m o) is an isomorphism between H,_1(X’) and H,_1(X).
We can consider the following diagram:

D R— X' — X
! il L mot
st Xvsr X
! / | !
s I S — *

Since 7’ o ¢ is a homotopy equivalence so is 7 o 7 by Lemma 1.

2.2) 0(tn) = p"Bn, with r > 0. Looking at the long exact sequence we note
that H,(j)(8,) = 0, because H, (V;e; ™) is a free Z,)-module. Therefore there
exists v, € H,(X) & H,(S™) such that 6(v,) = 5,. The element v, can be written
Up = Stp + wn, wp € Hy(X) (note that v, is a torsion free element). We decom-
pose t, — p'u, = (1 — p"S)ty + P'w,. Set ¢ = 1 — p's; remark that (p,q) = 1.
From 6(¢, — p'v,) = 0, we deduce the existence of o, € H, (Ve S™) such that
Hy(p)(an) = qun — p'wy.

Let 3 : S™ — Vyerx S™ be a map such that H,(5)(t,) = . Because (p,q) = 1,
oy, is not divisible by p. As before, the cofibre of 3 is a wedge Viecx S™ and the
following diagram

l } B l lpo,@
Vier S 5 Vpex S™ 25 X v S"
| | |

-/ /
\/z‘el S g ’ VkeK/ ST - ’ X'

together with Lemma 3 implies that X ~ X’ and thus clgX < 2.
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Proof of Theorem 2: Recall that all spaces are p-local. From Lemma 2, we get
a cofibration sequence:

20X ) V (AQX () ASH) -1 $0X ) V (X ) ASH) 2 X,y VEH (%)

with H = Q(x*QX(,)). As X is weakly p-decomposable, we may suppose that X
has the homotopy type of a m-dimensional CW-complex such that:

OX~p [[Q" < E
ieJ
with £ m-connected. By using the well-known formula (A x B) = YAV XBV
(AN B), we get :

YOX ~ ) S([[ 2 x E) = SE
icJ
Denote by E' = XEV [S(E ALy 2")], the space E’ is of course (m+ 1)-connected.
The formula ¥ ([T;c; Q™) = Viea S™ implies

SOX~ )\ STV E

€A

S(EAT[Q™)

icJ

v E([T ™).

icJ

Replacing ¥2X,) by this in the cofibration sequence () we obtain :

\/ 5%V E - \/ SV E, L X v\ SV E;

iel keK leL
where Fy, Fy and Ej are at least (m + 1)-connected. By the cellular approximation
theorem, we may assume that there exists a cofibration sequence:

(VA VAN NS QVAVACK
iel keK leL
(We keep the notation j, p for all restrictions of the previous maps.) Since all spaces

are of finite type, Theorem 2 is a consequence of Theorem 1.
]

Proof of Theorem 3:
The proof is analogous to those of Theorem 1 and 2. In the rational setting, we
have a homotopy cofibration:

(VA Vi N VAV LN €

i€l keK leL
The homology long exact sequence of (x) is now an exact sequence of rational vector
spaces :

s Ha(\ 5™ Y () 5m) T H (o) @ Ha(\ S™) — L (+%)
iel kEK leL
We can split H,(Vier S™) = Hn(Vier, S™) & Hyn(Vier, S™) in such a way that
Vier, S™ comes from a subwedge of \/;cx S™ via p and V,cp, S™ goes to a subwedge
of V;e; S™ ™ via the connecting homomorphism. Using the same diagrams as in case
1 and case 2.1 for Theorem 2, we obtain Cat X, < 2.
]
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Remark: For the p-local case (Theorem 1) the cancellation phenomenon is
applied to one sphere each time. In the rational setting (Theorem 3), since this
exact sequence splits, we can cancel any family of spheres.
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