Nonexistence of global solutions to a class of
nonlinear wave equations with dynamic
boundary conditions

M. Guedda H. Labani

Abstract

We consider the problem s +A%u+du; — (o |Vul>dz)Au = f(u), posed in Qx (0,7,
with dynamical boundary conditions. Here  C R¥ is a an open smooth bounded domain.
We prove, in certain conditions on f and ¢ that there is absence of global solutions. The
method of proof relies on an argument of concavity.

1 Introduction and main result

The aim of the present note is to discuss some nonexistence result of global solutions
to the problem

utt+A2u+5ut—go(/ |Vu|2dx) Au = f(u), onQ x (0,7),
¢ (1.1)
u=0, Au-+p(o)d =0, in 002 x (0,7),

subject to the initial condition
u(z,0) = ug(x), uz,0)=ui(x), (1.2)

for any x € Q, where Q C RY is an open smooth bounded domain, § > 0, % is the
normal derivative on 0€),p > 0 is a smooth function defined on 99, f, v, ug and u,
are given functions.
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When Equation (1.1); does not includes the term A%y and 6 = 0, the problem
describes, in one dimension, the non-linear vibrations of elastic string. The naturel
generalization is given by

U — @ </R \Vu|2d:c> Au = 0. (1.3)

This model was studied by Pohozaev [9] in the case where ¢ is a real C! function de-
fined for nonnegative real satisfying ¢ > ag > 0. The author obtained existence and
global solutions for analytic initial data. Later Lions [7] formulated the Pohozaev’s
result in abstract context.

Returning to our problem, Vasconcellos and Teixera [10] proved the existence
and uniqueness of global solutions to

gy + A% — (/Q |Vu|2dx> Au+ g(uy)) =0, on Qx(0,7),
(1.4)

u=29 =0, in 90 x (0,7),
where N < 3,¢ > 0 is a continuous differentiable real and g is a continuous nonde-
creasing real function.

Our intention here is to prove the non global character of solutions to Problem
(1.1) with dynamical boundary condition. Among recent result in this direction
we mention the paper by Kirane and Tatar [4]. The authors studied the blow—up
phenomena for the problem

Uy + A%u = f(u) (1.5)

with dynamic boundary conditions. They proved, under certain condition on f, that
the Problem has no global solutions. The work of Ono [8] deals with

Uy + go(HAl/zqu)Au + du = |u|%u,

where A = —A,p(s) =a+bs",a>0,b>0,a+b> 0,6 >0 and v > 0. He proved
that for a > 2+ the local solution is not global.

In our present work we impose on ¢ € C%(0, +00) the condition

¢
c/ o(s)ds > tp(t), c>1, (1.6)
0
like
o(s) =a+bs’, ¥s>0,

where —1 < 3 < ¢ — 1. Using the concavity method, we prove that the blow —up
occurs for certain initial data. The technique used is to prove that the function &,
defined by,

o) = %/QUQ(x,t)der%/ot/(mp(a) (%) da+%A(t+7)2+M

satisfies the concavity argument [6]. The function p is positive and continuous.
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Concerning the function f we assume
feC®RL), rf(r) > 10L+7)F(r), 7>0, (1.7)

for all r € R, where
F(r) = [ f(s)ds,
0

Without loss of generality we may assume that § = 1. Let \; be the first eigenvalue
of the operator A% in H?(Q2) N H}(2); that is

/(Av)zdx > Al/ vidz,
Q Q
for all v € H*(Q) N H (). Put

1 1.
F(ug, uq) 2/ dx+§/Q|Au0|2dx+590(/Q|Vu0|2dx)—/QF(uo)dx, (1.8)

where

The main result is the following.

Theorem 1.1. Assume that uy Z 0 and
f(U(],ul) <0. (19)

Let f and ¢ satisfy conditions (1.6),(1.7) where

> { 1 _4c¢ 1} (1.10)
max —_ =, - — . .
v= 20\, 55

Then Problem (1.1) has no global solution in C*((0,+o00), H*(2) N H(2)).

Remark 1.1. It is noticing that condition (1.9) may be not satisfied by a small
initial data. For example consider p(t) = t°, -1 < 3 < ¢ — 1, f(u) = |u|%u,q > 0.
We have, for any o € R,

Floug, ouy) = 0*(A+ 0% B — 01C) := ¢°L(0),

where

1 , , 1 2,3+1
A:§</Qu1dx+/Q(Auo)dx), B=a+1</ﬂ|VUO|> ;

/ luo| 2 dz.
q+2

Therefore lim,_,o L(0) = +00. Hence condition (1.9) is violated if o is small enough.

and
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2 Proof

We assume that the problem has a global solution v € C*(R,, H}(Q) N H?(Q)). The
proof will be done by applying the concavity argument [6] as follows.

Lemma 2.1. Let ® € C? be a nonnegative function for which there exists a constant
~v > 0 such that

"D > (1+7)(9)>% (2.1)
Assume
®0) >0, @(0) >0, (2.2)
then there exists to < (0) , such that
79'(0)
lim ®(t) = +o0. (2.3)

t—ty

The proof of this Lemma is very simple. We deduce from (2.1) that (¢77)” <0
as long as & > 0. Hence

PT(t) < P7(0) + (D7) (0)t.

This implies that =7 must cross the ¢ axis, thus we see that ¢ blows-up in finite
time. First we prove the following.

Lemma 2.2. Assume hypothesis (1.6)—(1.7) are satisfied and u; #Z 0. Then
u(.,t) 0, (2.4)
for any t > 0.

Proof.  First we have uy # 0. Otherwise we deduce from (1.9) that u; = 0. This is
impossible. Assume, on the contrary that there exists ty > 0 such that

u(z,ty) =0, for any z € Q.

We multiply Equation (1.1); by u; and integrate over Q x (0,%g), one sees

1 to 1
F(ug,uq) = §/Qu?(:p,to)dx+/o /Qu?(s)dxds+§/Q|Au|2(x,to)dx

+/0t0 /mp(g) <%>2d0+ %gb (/Q|Vu\2(x,to)dﬂi) _/QF(U)(:c,to)d:c, (2.5)

where F is given by (1.8). Therefore

1 to to o\’
F(ug,uy) = §/Quf(:c,to)da:+/0 /Quf(s)dxds —i—/o /mp(a) (8—Vt> do >0,
and then F(ug,u;) = 0 thanks to (1.9). The latter implies that
w (., 1) =0,

for any t < ty. Hence u; = 0. A contradiction. This ends the proof. [
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Now we are in force to prove the theorem. We apply Lemma 2.1 by choosing the

following function

P(t) = / (x,t)dr + = //BQ (8_Z> dU+%A(t+T)2+M,

where 7, A and M are nonnegative parameters. Set, for T' large

N(T) = inf [ u?*(z,t)dz > 0.
0<t<T Jo

We shall seek

B(t) = 0" — (14 9)(@)? 2 0, (2.6)
for v > 0 given by (1.7). Differentiating ® once and twice, we infer
@'(t) = [ wwid +1 @ (2) o+ A1) (2.7)
L uuwdr + o | p(o) | o~ o T .
and
Juy Ou
O (t) = /Qufd:p+/ﬂuttudx+/ p(o )a—lja—daJrA. (2.8)
Set
8ut 8u

H(t) :/Quuttdx—b/ dx+/ 61/ 61/
it follows from (2.7), (2.8),
E(t) = ®)H()+ A + 2/ dx/ﬂu2dx
/ d:c/ /aQ ’ (8_Z> da—i—%A(t—l—T)Q/Qufd:c
—(147) (/Q uutdx) —2(1+vy)A(t+ 1) /Quutdx
(1A 47y - LD [/ o) 2ty da]

~(149) [ wnde [ plo)(GEdo — (14 A7) [ (o) (oo,

|

where b =a —1,a = 5(1 + ).
Using Cauchy—Schwarz inequality we get

2
/ufdaz/ ulde — (/ uutd:c) >0,
0 0 Q

which implies the following estimate

BE(t) > () H(t) + B(H)A — gAQ(t b )2 o g Vm plo)(5
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To show E(t) > 0, we have to demonstrate

D(t)H(t) + D(t)A — gAQ(t +7)2— g léﬂp(a)(%)m(;l >0 (2.10)

for a suitable number 7 > 0.

Note that
8u0

1 2
q)’(()) = /QuOulde' + 5 /BQp(O') (E) dO' +AT

In the sequel we demande, for fixed A > 0, that 7 verify

1 6u0 2
/Quouldx + ) mp(a) (E) do + At >0, (2.11)
and 3(0)
< 2.12
320 212

Let us now verify inequality (2.10). Multiplying Equation (1.1); by u and integrating
over ), we have

/Quuttdx = —/Quutdx—/Q(Au)zdx—/(mp(a)gada

o ([ 1vuttde) [ [Vulde+ [ uf(ds.

Then we estimate the first term on the right—hand by the following inequality
1
—/ uwdr > —— / u?dx — / uldz,
Q 4 Ja Q

1
H(t) > —i/ﬂuzdx—a/ﬂufdx—/ﬂ(Au)zdx

so one has

(2.13)
—p (/Q |Vu\2d:c) (/Q |Vu\2d:c) +/Quf(u)d:c.
Using equality (2.5), and hypothesis (1.7), (1.6) we arrive at
H(t) > {—i + A(a— 1)] /Q’LLle‘ + ap </Q |Vu|2dx)
—p </Q |Vu|2dx) </Q |Vu|2dx> :
Back to FE, it follows
E@t) > SA(t +7)2N(T) — w ( /a _p(o) <%>2d:¢>2 o1

+MA = 3(1+7)A2(t +7)?,
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where

1
k:—Z—F)\l(CL—l),

which is nonnegative thanks to (1.10). Consequently, we arrive at a new sufficient
condition for the blow—up, namely

2

gA(tJrT)QN(T) — w (/an(U) (%) d:c) +MA — g(l +)A*(t+7)% > 0.

Now, choosing A and M such that

EN(T)
O<A§m

2
5(1+7) %
>~ 7 —_—
A [/agp (0) (ay do)

we arrive, for 7 large, at the following

and

D(0) >0, @'(0) >0,

and
DD — (14+7)(@)? > 0,

Hence the blow—up takes place in the interval (0,7") thanks to (2.12). A contradic-
tion. The proof of the theorem is finished. [

Corollary 2.1. Assume that conditions (1.7)—(1.9) hold. Let u € C? be a global
solution to (1.1). Then u(.,0) = 0.
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