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Abstract. In this paper we show that a paraquaternionic nearly
Kahler manifold is necessarily a paraquaternionic K&dhler manifold.

1. Introduction. The theory of paraquaternionic manifolds has been
developing in recent years, [1, 4, 6, 7, 8, 12], although its roots date back
to the 1950’s in the work of P. Libermann [9]. The concept of quaternionic
structure of the second kind has been defined as a triplet of endomor-
phisms of the tangent bundle {Ji, J2, J3}, in which J; is almost complex
and Jy and J3 are almost product structures satisfying some relations of
anti-commutation. The differential geometry of spaces having such a struc-
ture is interesting. For example, S. Tanug [5] showed the existence of such a
structure on the tangent bundle of a manifold (without the condition that
the dimension of the underlying manifold be a multiple of 4). Moreover,
an integrable paraquaternionic structure appeared naturally in the study of
Osserman pseudo-Riemannian manifolds [3]. Under certain conditions on
the holonomy group of a metric adapted to such a structure, one arrives at
the concept of paraquaternionic Kédhler manifold. An important example in
this theory is the paraquaternionic projective space as described by Blazic

[2].
In this note we give some details on paraquaternionic nearly Kahlerian
manifolds, which turn out to be paraquaternionic Kéahlerian manifolds.
This might be surprising since in complex geometry the class of nearly
Kahler manifolds is interesting in its own right and contains as a non-trivial
subclass the Kéhlerian ones [10].

2. Preliminaries. Let M be a differentiable manifold of dimension
n and assume that there is a rank 3-subbundle o of End(T M) such that a
local basis {Ji, Ja, J3} of sections of o exists satisfying

{ J? = —e,Id )
Jido = —=JaJ1 = Js,
where o = 1,2,3, ¢ =1, € = €3 = —1.

Then the bundle ¢ is called a paraquaternionic structure on M and
{J1, Jo2, J3} is called a canonical local basis of o. Moreover, (M, o) is said
to be an almost paraquaternionic manifold.

In an almost paraquaternionic manifold (M, o) we take intersecting
coordinate neighborhoods U and U’. Let {Ji, J2, Js} and {J], J5, J5} be



canonical local bases of ¢ in U and U’, respectively. Then {Ji, J}, Ji} are
linear combinations of {J1, Ja, Js3} in UNU’:

J{ =a11J1 + aiaJs + a13J3
Jy = a1 J1 + ageds + a3 (2)
Ji = as1J1 + asa s + azsJs,

where aqp are functions in UNU’, o, 6 =1,2,3 and A = (ang)a,p=1,23 €
S0(2,1).

A pseudo-Riemannian metric g is said to be adapted to the paraquater-
nionic structure o if it satisfies

g(JaX7 JaY) = eag(Xa Y)7 o = ]-a273 (3)

for all vector fields X, Y on M and any local basis {.J1, Jo, J3} of o, which
also gives that J, are skew-symmetric with respect to g. Moreover, (M, o, g)
is said to be a paraquaternionic manifold.

It is clear that any paraquaternionic manifold is of dimension n = 4m
and any adapted metric is necessarily of neutral signature (2m, 2m).

If the bundle o is parallel with respect to the Levi-Civita connection
V of g, then (M,0,g) is said to be a paraquaternionic Kahler manifold.
Equivalently, locally defined 1-forms w1, ws,ws exist such that

VXJ1 = —LU3(X)JQ +OJ2(X)J3
ijg = —(,U3(X)J1 +OJ1(X)J3 (4)
Vng, = CUQ(X)Jl —wl(X)Jg

for any vector field X on M.

Let (M,o,g) be a paraquaternionic manifold. If X € T,M and p €
M, then the 4-plane PQ(X) spanned by {X, J1 X, Jo X, J3X} is called a
paraquaternionic 4-plane. A 2-plane in T, M spanned by {X,Y} is called
half-paraquaternionic if PQ(X) = PQ(Y).

The sectional curvature for a half-paraquaternionic 2-plane is called a
paraquaternionic sectional curvature. A paraquaternionic Kéhler manifold
of constant paraquaternionic sectional curvature is said to be a paraquater-
nionic space form.

Let {Jy, J2, J3} be a canonical local base of ¢ in a coordinate neigh-
borhood U of a paraquaternionic manifold (M, o, g). If we denote by

Q,(X,Y) =g(X, JoY), a=1,2,3 (5)



for any vector fields X and Y, then by means of (2), we see that
Q=Q5 NQy, — Qs ANQy, — Qg AQy, (6)

is a globally well-defined 4-form on M.

We say that a paraquaternionic manifold (M,o,g) is a nearly-
paraquaternionic Kahler manifold if and only if the Levi-Civita connection
of g satisfies

(VXQ)(X7KZ7W):07 (7)

where X, Y, Z, W are sections in the tangent bundle of M. The main pur-
pose of this note is to prove the following result.

Theorem 2.1. Let (M, 0, g) be a nearly-paraquaternionic Kéhler man-
ifold with dim M > 8. Then M is a paraquaternionic Kahler manifold.

3. Proof of Theorem. In order to prove the theorem, we first need
the following lemma.

Lemma 3.1. Let (M, g) be a pseudo-Riemannian manifold and a skew-
symmetric endomorphism J of TM. Then we have
i.
(QAQ)X,Y,ZW)=2 > Q(X,Y)(Z W), (8
Y,Z,W

where the sum is taken over cyclic permutations of Y,Z,W.
ii.

VU(QJ N QJ)(X, Y, Z, W)

=2 Z VUJ )QJ(Z7 W) + QJ(Xv Y)g(Zv (VUJ)W)v (9)
Y, Z,W

where the sum is taken over cyclic permutations of Y,Z,W.
iii.
9g(Vx )Y, Z) +9((Vx J)Z,Y)) = 0. (10)
Moreover if J? = +1d, then
iv.
(Vx)(JY) = =J((Vx)Y),g(Vx )Y, JY) = g((VxJ)Y,Y) = 0.
(1

1)

v. (VxJ)(Y) =0 for any pair of Hermitian totally real vectors X and Y

(i.e. Y L Span{X, JX}if and only if M is Kahler (i.e. (VxJ)(Y) =0).

Furthermore, if Ji,Jo, J3 satisfy the paraquaternionic identities (1),
then we have that



vi.

(VxJ1)(J2Y) = (VxJ3)Y — J1(Vx J2)Y,
(VxJ2) (1Y) =—(VxJ3)Y — Jo(Vx J1)Y, (12)

and four other similar relations hold.

Proof. These are straightforward; or one may take into consideration
that these tensor equations can be proven on single vectors.

One must now show that for any vectors X, Y it holds that (VxJ,)Y €
Span{J1Y, JoY, J3Y'}, e =1,2,3. This will be done by the systematic use
of Lemma 3.1.

Claim 1. For paraquaternionic totally real pair of vectors X,Y (i.e.
PQ(X) L PQ(Y), or equivalently, PQ(X) L Y), one has (VxJ,)Y €
PQX)+ PQY), a=1,2,3.

Clearly this is true if dim M = 8. Otherwise, for any triple {X,Y, Z}
of pairwise paraquaternionic totally real vectors, Lemma 3.1 gives

(VxQ)(X,Y, Z, 1 X) = =2 X|*g(Y, (Vx 1) Z)
=2 X[ g (Vx1)Y,2) =0 (13)

and similarly for J, and Js. Since M is a nearly-paraquaternionic Kéhler
manifold, the claim follows.

Claim 2. For paraquaternionic totally real pair of vectors X, Y one has
(VxJo)Y L PQ(X), a=1,2,3.
Applying Lemma 3.1 again we obtain

(VxQ)(X,Y, LX, 1 X) = =2[| X[|*{g(Y, (VxJ1)(J2X))
+9(N X, (Vx2)Y) —g(X,(VxJ3)Y)}. (14)

If we denote
(VXJQ)Y:MJQ(Xay)a o = 172a37 (15)

we deduce from (14) and (15) that
(Mjy, + 1My, — JoMp)(X,Y) L X. (16)
Replacing Y by J3Y and applying Lemma 3.1 gives

(=1 My, + JaMy, —3JsM 5, )(X,Y) L X. (17)



Similarly we find that

(M, + JsMy, — JoMy,)(X,Y) L X, (18)
(3J1 My, + JoMy, + JsMy,)(X,Y) L X, (19)
(M, + JsMy, — JyMy,)(X,Y) L X, (20)
(= 1My, — 3Jy My, + JsMy,)(X,Y) L X. (21)

From (17), (19), (21) we see that J, My, (X,Y) L X, a =1,2,3, is equiv-
alent to the Claim, by use of Lemma 3.1 and substitutions Y to J,Y.

Now we have (VxJ,)Y € Span{J1Y, JoY, J3Y}, a = 1,2,3. Finally,
taking into account (11), we obtain the assertion of our theorem.

Acknowledgement. We thank the referee for valuable comments and
suggestions. The second author was supported by the Romanian Ministry
of Education and Research under Grant DH-22 CEEX 2006-2008.

References

1. D. Alekseevsky and Y. Kamishima, “Quaternionic and Para-
quaternionic CR Structure on (4n+3)-dimensional Manifolds,” Central
European J. Math., 2 (2004), 732-753.

2. N. Blazié¢, “Para-quaternionic Projective Spaces and Pseudo Rieman-
nian Geometry,” Publ. Inst. Math, 60 (1996), 101-107.

3. N. Blazi¢, N. Bokan, and Z. Rakié¢, “Characterization of 4-dimensional
Osserman Pseudo-Riemannian Manifolds,” preprint.

4. E. Garcia Rio, Y. Matsushita, and R. Vasquez-Lorenzo, “Paraquater-
nionic Ké&hler Manifolds,” Rocky Mountain Journal of Math, 31 (2001),
237-260.

5. S. Tanus, “Sulle Strutture Canoniche Dello Spazio Fibrato Tangente di
una Varieta Riemanniana,” Rend. Mat., VI (1973), 75-96.

6. S. lanusg, R. Mazzocco, and G. E. Vilcu, “Real Lightlike Hypersurfaces
of Paraquaternionic Kéhler Manifold,” Mediterr. J. Math., 3 (2006),
581-592..

7. S. Ivanov, I. Minchev, and S. Zamkovoy, “T'wistor and Reflector Spaces
of Almost Para-Quaternionic Manifolds,” e-print: http://xxx.lanl.gov,
math. DG/0511657.

8. S. Ivanov and S. Zamkovoy, “Para-Hermitian and Para-quaternionic
Manifolds,” Differential Geom. Appl., 23 (2005), 205-234.

9. P. Libermann, “Sur les Structures Presque Quaternioniennes de
Deuxieéme Espéce,” C.R. Acad. Sc. Paris, 234 (1952), 1030-1032.



10. R. Grunewald, “Six-dimensional Riemannian Manifolds with a Real
Killing Spinor,” Ann. Global Anal. Geom., 8 (1990), 43—59.

11. A. Swann, “Some Remarks on Quaternion-Hermitian Manifolds,”
Archivum Mathematicum (Brno), Tomus, 33 (1997), 319-351.

12. S. Vukmirovié¢, “Para-quaternionic Reduction,”
e-print: http://xxx.lanl.gov, math. DG/03044424.

Mathematics Subject Classification (2000): 53C15, 53C25, 53C26, 53C50

Adrian Mihai Ionescu

University Politehnica of Bucuresti
Department of Mathematics

Splaiul Independentei, Nr. 313, Sector 6
Bucuresti, Romania

email: aionescu@math.pub.ro

Gabriel Eduard Vilcu
“Petroleum-Gas” University of Ploiesti
Department of Mathematics
Bulevardul Bucuresti, Nr. 39

Ploiesti, Romania

email: gvilcu@mail.upg-ploiesti.ro



