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SOME RESULTS ON n-STABLE RINGS

Amir M. Rahimi

Abstract. All rings are commutative rings with identity, and J(R) denotes
the Jacobson radical of the ring R. For any fixed integer n > 1, it is shown that
the class of all n-stable rings is properly contained in the class of all n + 1-stable
rings. Results are given showing the connection between several types of rings
whose finite sequences satisfy different stability conditions, some involving J(R).
It is shown that in the strongly n-stable case, it suffices to check whether the n 4+ 1-
tuples satisfy the stable condition. In addition to other results and an example of
a ring which is not n-stable for any integer n > 1, examples are given to show the
distinction between the different types of stability cases. Finally, in the last section,
some surjective mapping properties of a generalized form of GL,(R) and SL,(R)
in connection to some stable conditions in the ring R are investigated.

1. Preliminaries. All rings are commutative rings with identity and for any
ring R, J(R) denotes the Jacobson radical of R. R is called a semisimple ring

whenever J(R) = (0). For any integer s > 1, a sequence a1, as,... ,as,as41 Of
elements of R is said to be stable provided that the ideal (a1, aq9,... ,as,a511) =
(a1+brasyi, ... ,as+bsasyq) for some by, bo,... ,bs € Rand also a1, aq,... ,as,ast1
is called a unimodular sequence whenever (a1, as,... ,as,as+1) = R. For a fixed

integer n > 1, we shall say R is n-stable, stable for the case n = 1, whenever for
all s > n, any unimodular sequence of size s 4+ 1 is stable. It is clear that any
n-stable ring is also m-stable for any integer m > n. R is a B-ring if for any uni-
modular sequence aq,as,... ,as,asy1 with s > 2 and (a1,a9,...,as-1) € J(R),
there exists b € R such that 1 € (aj,a2,...,as + basy1). R is a strongly
B-ring (SB-ring) provided that for any d,a;,as,...,as,as41 € R with s > 2
(a1,az2,...as-1) € J(R) and d € (a1,as2,...,as,as41), then there exists b € R
such that d € (a1,a2,...,as + bast1). For general information on these subjects,
the reader is referred to [1, 5, 6]. Note that the statement “R is n-stable” is an
epitomized version of “n is in the stable range of R” which Estes and Ohm termed
in [1].

Now for the sake of reference, we state the following proposition which is
Theorem 3.4 in [2].

Proposition 1.1. Any n-dimensional commutative integral domain is n + 1-
stable and if R is an arbitrary n-dimensional commutative ring, then it is n 4 2-
stable.
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Remark. Theorem 2.3 in [1], which we state here, provides another type of
dimensional criterion for the stable range in commutative rings. Let, for each ideal
A of R, J(A) denote the intersection of all maximal ideals of R containing A, and
J = {ideals A of R | J(A) = A}. As usual we denote the Krull dimension of R
by dimR and by dimj R, we mean the sup of the length of the chains of prime
ideals in J. Thus, dimjR < dim R. R is called J-Noetherian provided the ideals
of J satisfy the ascending chain condition. Theorem 2.3 in [1] states that R is
n + 1-stable whenever R is J-Noetherian and dim ;R < n. Following the notations
of [1], let, for any ring R and positive integers s < ¢, M(R,s X t), be the set
of all s x ¢t matrices over R; GL(R,s x t) be the set of all s x ¢ matrices whose
s x s subdeterminants of each generate the unit ideal; and SL(R, s X s) denote the
set of all s x s matrices of determinant 1. Further, the condition s* is defined as
follows: for every @ € GL(R,1 x s) there exists M € M(R,s — 1 x s) such that
ax M e SL(R, s x s). Here, a x M is a matrix with the first row « and its bottom
s — 1 rows equal to those of M.

Let K be a field and X3, Xo, ..., X, be n indeterminates over K. According to
an equivalent of Serres Theorem in [3], K[X1, Xs,... , X,] satisfies the s* condition
for all s > 2. For K the field of real numbers, Estes and Ohm in [1] proved that if
pn = X2+ X3+ +X2—1and (X1, Xo, ..., X,,p,) isstable in K[X;, Xo,... , X,],
then K[X;, Xo,...,X,] does not satisfy m* for all m > n > 2. From this and the
validity of Serres Theorem in [4], we can extend Corollary 8.1 in [1] as follows.

Proposition 1.2. Assume K is the field of real numbers and n > 2. Then
(X1, X9, ..., Xp, X2+ X2+ -+ X2 —1) is not stable in K[X1, Xa,...,X,].

For the construction of the next example the following results are required.

Remark. Later in this paper it is shown that the n-stable property is preserved
under the ring homomorphism. In [9], it is shown that R[X] can never be stable
for any ring R. Also in [5], it is proved that R[X] is a SB-ring, consequently, a
member of the class of 2- stable rings, if and only if R is a field.

Example 1.1. For each n > 1 let S,, denote the class of all n-stable rings.
It is clear that S; is nonempty since any field is stable. Now, by virtue of the
above remark together with Propositions 1.1 and 1.2, it is clear that S, is properly
contained in S,41 for any n > 1. Thus, &1 C S2 C S3 C --- is an infinite
proper chain. Moreover, let Ry = K be the field of real numbers and R, =
K[X1,Xs,...,X,_1] for n > 2. Hence, [[,~,R; the direct product of these rings
is not n-stable for any n > 1 since the homomorphic image of an n-stable ring is
again n-stable.

Remark. Since every Noetherian ring is J-Noetherian, Theorem 2.3 in [1] can
also be applied in the argument of the above example instead of Proposition 1.1.
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Next, the concept of n-stable rings, B-rings, and SB-rings in a natural way is
generalized and investigated.

Definition 1.1. For any fixed integers n >
ai,as, ... ,as,as41 of elements of R with s > n is said to be (n,k)-stable if
(a1,az2,... ,a5,a511) = (a1 + brast1,a2 + baasyi, ... ,ak + bpasi1, Qpt1,.-. ,as)
for some by,bo,... by € R. R is an (n, k)-stable ring if any unimodular sequence
of size larger than n is (n, k)-stable, and it is called a strongly (n, k)-stable ring
whenever any sequence of size larger than n is (n, k)-stable. R is a strongly n-stable

1 and 1 < k < n, a sequence

ring if any sequence of size larger than n is stable.

Definition 1.2. For fixed integers n > 2 and 1 < k < n, R is an (n,k) -
stable ring if for all s > n any unimodular sequence ai,as,... ,as,as41 with
(a1,az2,...,as_1) € J(R) is (n,k)-stable. R is a strongly (n,k)s-stable ring if
for all s > n and any d,a1,a9,... ,as,a5+1 € R with (a1,a9,... ,a5s-1) € J(R)
and d € (a1,as,...,as,as+1), then there exist by, bs,... ,br € R such that d €
(a1 +brasy1, ... ,ax + brGsy1,akt1,- .. ,as). For any fixed integer n > 2, R is said
to be n j-stable whenever for all s > n, any unimodular sequence aj,as, ... ,as, ast1
with (a1,as2,...,as-1) € J(R) is stable, and it is called strongly nj-stable if
for all s > n and any d,as,as,...,as,as41 € R with (a1,a9,...,as-1) € J(R)
and d € (ay,as2,...,as,as41), then there exist by, ba,...,bs € R such that
d € (a1 + brasq1, ... 05 + bsasi1).

Definition 1.3. For any fixed integers n > 2 and 1 < k£ < n, a sequence
ai,as,... ,as, as41 of elements of R with s > n, is said to be (n, k)—stable provided
that the ideal (a1, a2, ... ,as,a511) = (a1,02, ... , G5k, Gs_(k—1) + DkGsy1, ... , a5+
biast1) for some by,ba,... by € R. A ring R is said to be (n, k) -stable if for
all s > n, any unimodular sequence a1, asg, ... ,as,as11 with (aj,as,...,as-1) €
J(R) is (n,k)-stable. For all s > n and any d,a;,as,...,as 0,11 € R with
(ar,az,...,as—1) € J(R), R is said to be a strongly (n,k)s-stable ring pro-
vided that d € (ai,a2,...,as,a541) implies d € (a1,a2,... 085 g, G5—(k—1) +
biGsi1, ... ,as + brast1) for some by, b, ... b € R.

Remark. It is not difficult to show that any finite sequence of elements of R
with a unit term is always stable in R.

Lemma 1.1. In a ring R, any unimodular sequence a,as, ... ,as,as+1 € R is
stable if { a1, a9, ... ,as,as11 } N J(R) # (. More precisely, if a; € J(R) for some
1<i<s,then (a1,...,ai—1,0;+0ast1,041,--. ,0s) = R, and for the case i = s+1,

(a1+asy1,a2,... ,a5) = (a1,a2+asy1,... ,a5) =--- = (a1,a2,... ,as+asy1) = R.
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Proof. Without loss of generality, assume a7 € J(R). Now if (a1 +
As41,02,...,05) # R, then there exists a maximal ideal M of R such that
(a1 + as+1,a2,...,as) € M which implies R C M. This is a contradiction.

The following lemma provides some equivalent criteria for the definitions of
strongly nj-stable, strongly (n, k) j-stable, and strongly (n, k) ;- stable rings.

Lemma 1.2. For fixed integers n > 2 and 1 < k < n, the following results are

true.
i) R is strongly nj-stable if and only if any sequence ai,as,... ,as,as+1 with
s>nand (a1,as,...,as—1) € J(R) is stable.
ii) R is strongly (n, k) s-stable if and only if any sequence a1, as, ... , as, as41 with
s>mnand (a1, az,...,as-1) € J(R) is (n, k)-stable.
iii ) R is strongly (n,k)s-stable if and only if any sequence ay,as, ... ,as, asi1

with s > n and (a1, a2, ... ,as 1) € J(R) is (n, k)-stable.

Proof. We just make an argument for the first part and leave the other

parts to the reader. Suppose ai,as,...,as,asy1 iS a sequence in R with
(a1,a2,...,a5—1) € J(R). By the definition, as11 € (a1,as,... ,as,asy+1) implies
as+1 € (a1 + b1asq, ... ,as + bsast1) for appropriate by,ba,... ,bs € R, and this
forces (a1, a9, ... ,as,as+1) C (a1 + b1asq1,--. a5 + bss41)-

2. Some Basic Algebraic Properties.

Theorem 2.1.
i) For any fixed integer n > 2, R is n-stable if and only if it is nj-stable.

ii) For fixed integers n > 2 and 1 < k < n, R is an (n, k)-stable ring if and only
if it is (n, k) s-stable.

iii) For n > 2 and 1 < k < nif R is an (n, k) s-stable ring, then it is (n, k) j-stable,
and the converse of the statement is also true for 2 < k < n.

iv) For n > 2 if R is a stable (n, 1) - stable ring, then it is an (n, 1) j-stable ring.

v) Forn > 4,2 <k <n,and k #n—1, R is strongly (n, k) s-stable if and only
if it is strongly (n, k) s-stable. For k = 1, the necessary part is also true.

Proof. Apply Lemma 1.1 for the first three parts. The other parts follow
directly from the definition.

Remark. In the next section, it is shown that the class of all strongly 2-stable
rings is properly contained in the class of all strongly 2 j-stable rings. Furthermore,
it is also shown that the class of all strongly 2 ;- stable rings is properly contained
in the class of all 2-stable rings.

Theorem 2.2.
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i) For fixed integers n > 1 and 1 < k < n, R is strongly (n, k)-stable (respectively,
(n, k)-stable) if and only if all (respectively, unimodular) sequences of size n+1
are (n, k)-stable.

ii) For any fixed integer n > 1, R is strongly n-stable (respectively, n-stable) if
and only if any (respectively, unimodular) sequence of size n + 1 is stable.

iii) For fixed integers n > 2 and 1 < k < n, R is (n, k) -stable if and only if
any unimodular sequence a1, as, ... ,an,an+1 with (a1, a2,... ,an—1) € J(R)
is (n, k)-stable.

iv) Forn > 3 and 1 < k < n with £ # n — 1, R is strongly (n, k) -stable if
and only if any sequence a1, as, ... ,an, dp+1 with (a1,a2,... ,a,-1) € J(R) is
(n, k)-stable.

v) Forn > 2, R is strongly n j-stable (respectively, nj-stable) if and only if all (re-
spectively, unimodular) sequences a1, as, . .. , Gn, dpt1 With (a1, a2, ... ;an—1) €
J(R) are stable.

Proof. A proof by induction is given for part (iv), and the other parts are
left to the reader. Note that for the proof of unimodular cases, replace 1 with
an+o in the following argument and also apply Lemma 1.1 whenever J(R) is in-
volved. Assume ai,as,... ,Gpn, Ant1, Gnyo is a sequence in R with (a1, az, ... ,a,) €
J(R). Thus, api2 € (a1,a2,...,0n,Qnt1, dnto) implies a,10 = Z?:faixi =
Z?:lai:vi—i—l for some x1, X2, ... ,Tn, Tnt1, Tnto € Randl = apt1Tny1+ani2Tnio.
Now ani2 € (a1,a2,...,an-1,an,1) and either (ay,a9,...,an—1) € J(R) or
(a1,az2,... ,an—1) C J(R). Here we continue the argument only for the case
(a1,a2,...,an—1) € J(R) and leave the other case to the reader. Thus, in
this case, (a1,as2,...,an-2,a,) € J(R) and for appropriate by, ba,... ,br € R,
ant2 € (a1,a2,... ,an—1,0n,1) = (a1,a2,... ,an—2,an,an_1,1) which implies that
An+2 € (a1 + bil,as + bol, ... ,ar + bil, ... ,an_l,an) C (a1 + b1xzpyoan42,a2 +
boTpolnta, . . Gk + bkTniaGnt2, .. Gny Gp1, Qpil)-

Remark. The argument in the proof of Theorem 1.2 in [8] on B-rings can also

be applied as a non-inductive direct approach for the proof of the above theorem.

From the above results, it is easy to see that R is strongly (n,n)-stable (re-
spectively, (n,n)-stable) if and only if it is strongly n-stable (respectively, n-stable)
for all n > 1. Next, we give a direct proof of this fact in the following theorem.

Theorem 2.3. For any fixed integer n > 1, R is strongly (n,n)-stable (respec-
tively, (n,n)-stable) if and only if it is strongly n-stable (respectively, n-stable).

Proof. Assume R is strongly n-stable and (a1, as,. .. ,as,asy1) with s > nisan
ideal of R. Thus, as11 = Zf:llam = Y7 a;z;+l for some x1, w2, ... ,Ts,Tsp1 € R
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and | = Gp41Tp41 + - + asTs + asy12s41. Hence, for appropriate by, bo, ... , b, €
R, we have as11 € (a1 + bil,...,an + byl) C (a1 + b1Ts41as415-.. ,an +
bnTst1as41,an+1 + 0as41, ... ,as + 0asy1) which easily implies the result.

Remark. From the above result and Theorem 2.1, it is clear that for all n > 2,
R is (n,n) -stable if and only if it is n-stable.

For the sake of reference, regardless of all possible equivalent stability cases,
the following theorem will be stated for all rings that are defined in Definitions 1.1
through 1.3 above.

Theorem 2.4. Let A C J(R) be an ideal of R.

i) For fixed integers n > 1 and 1 < k < n, R is (n, k)-stable (respectively, n-
stable) if and only if R/A is (n, k)-stable (respectively, n-stable). Further, the
necessary part is always true for any ideal A of R.

ii) Forn > 1 and 1 < k < n, the homomorphic image of a strongly (n,k)-
stable (respectively, strongly n-stable) ring is again a strongly (n,k)-stable
(respectively, strongly n-stable) ring.

iii) For n > 2 and 1 < k < n, R is (n, k) -stable (respectively, (n, k) -stable,
nj-stable) if and only if R/A is (n, k) s-stable (respectively, (n, k) s-stable, n ;-
stable). The necessary part is always true for any ideal A of R.

iv) Let n > 2 and 1 < k < n be fixed integers, then the homomorphic image of a
strongly (n, k) j- stable (respectively, strongly (n, ks-stable, strongly n -stable)
ring is a strongly (n, k) j-stable (respectively, strongly (n, k) -stable, strongly
n j-stable).

v) Let {R; |i € I} be a family of rings. For fixed integers n > 1 and 1 <
k < n, the direct product [[,.;R; is strongly (n, k)-stable (respectively, (n, k)-
stable, n-stable, strongly n-stable) if and only if R; is strongly (n,k)-stable
(respectively, (n, k)-stable, n-stable, strongly n-stable) for each i € I. Also,
for n > 2 and 1 < k < n, [[,c;Ri is (n, k) -stable (respectively, (n,k),-
stable, nj-stable) if and only if each factor of the product is (n, k) s-stable
(respectively, (n, k) s-stable, ns-stable).

vi) Let { R; | i € I} be a family of semisimple rings. For fixed integers n > 2 and
1 < k < n, the direct product [[,.;R; is strongly (n, k) -stable (respectively,
strongly n s-stable) if and only if each factor of the product is a strongly (n, k) ;-
stable (respectively, strongly n j-stable), and also the result holds for strongly
(n, E)J-stable rings whenever 2 < k < n.

Proof. Follow the definitions, use Lemmas 1.1 and 1.2, and apply the technique
which is given in the Proof of Theorem 2.2 above.
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Remark. In the next section, it is shown that the product of two strongly
2 j-stable rings is not always a strongly 2 j-stable ring.

3. Some Examples and Applications. Besides some other results in [9],
it is shown that R[X] can never be stable and Artinian rings are always stable. In
[7], it is proved that a formal power series with any number of indeterminates over
a ring R is n-stable if and only if R is n-stable. See [8] for some improved results
on B-rings, and also see Example 1.1 above. Finally in [10], as an application of
SB-rings, it is shown that R[X] can never be a Priifer domain whenever R is a
non-field Noetherian integral domain.

Next, we study the stability conditions of Z,,[X]. A ring R is completely
primary if each element of R is either a unit or a nilpotent. By Theorem 2.7
(respectively, Theorem 3.4) in [5], R[X] is a B-ring (respectively, SB-ring) if and
only if R is a completely primary ring (respectively, a field). Note that every B-ring
is 2-stable and every SB-ring is strongly 2 j-stable. Now from this and Theorem 2.4
above, we state the following example.

Example 3.1. For any integer m = pilp? ---pfj with p1,pa, ..., pr distinct
primes and each of ¢1,%o,... ,t; a positive integer,

Il X] = 2,0 [X] % Zga[X] % -+ X Z 1 [X]

1 Py

is

i) a 2-stable ring which is not a B-ring whenever k > 2, or

ii) a B-ring which is not a SB-ring whenever k =1 and ¢; > 2, or
iii) a SB-ring whenever k =1 and ¢; = 1.

Remark. As an alternative approach to the validity of the above example, for
any positive integer m which is not a power of a prime number and the fact that
Zm[X]is a J-Noetherian ring since it is a Noetherian ring, we can apply Theorem 2.7
in [5], and Theorem 2.3 in [1], which is stated in the remark following Proposition
1.1 above together with dim R+ 1 < dim R[X] < 2dim R + 1, to conclude that
Zm[X] is a 2-stable ring which is not a B-ring.

The ring S in the following example, which is given by Dr. Marion E. Moore,
provides an example of a 2-stable ring which is not a strongly 2 ;-stable ring.

Example 3.2. Let R be the collection of all elements of the form aa + b5 +
cy + d with a,b,c,d € Zy where o, 3, and v satisfy the relations a® = 32 =
Y =aB =Ba=ay=vya=py=v8=0and S = R x R. Note that since
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S is a finite ring, then by Theorem 2.2 in [5] it is a B-ring and consequently a
2-stable ring. Now we show that S cannot be a strongly 2;-stable ring. Clearly,
0,8) € ((17’7)7 (0, ), (O,ﬁ)) and (17’7) ¢ J(S) since (1, 1) - (17’7) = (071 —7) is
not a unit in S. Suppose that (0,3) € ((1,7) + (r,5)(0, 5), (0, ) + (¢, u)(0, 5)) for
some (r,s), (t,u) € S where r = rg + 11+ 728 + 137, s = 80 + S1¢ + 823 + 837,
t = tot+tia+t28+t57, and u = ug+uyatusS+usy. Thus, B = (v+s8)f+(a+uf)g
for some f and g in R where f = fo+ fia+ faB+ f3y and g = go +g1a+g28+ g37-
Consequently, 8 = (v + sB)f + (a +uB)g = foy + s0foB + goor + uogo8 = goor +
(sofo + uwog0)B + foy which implies fo = go = 0 and sgfo + uogo = 1. Therefore,
0 = 1 which is a contradiction.

Example 3.3. Since R in the above example is a completely primary ring with
nilpotent elements 0, o, 8, v, a4+ 3, o+, B+, and o + 3+, then by Theorem
2.7 in [5], R[X] is a B-ring and S[X], S = R x R is not a B-ring. Now since every
B-ring is a 2-stable ring and the homomorphic image of a strongly 2 ;-stable ring
is a strongly 2 j-stable ring, then by applying Theorem 2.4 and Example 3.2, it is
clear that S[X] ~ R[X] x R[X] is a 2-stable ring which is neither a B-ring nor a
strongly 2 j-stable ring. Further, it is easy to show directly from the definition that
every local ring, a ring with a unique maximal ideal, is a SB-ring. Consequently
since every SB-ring is a strongly 2j-stable ring, then S = R x R shows that the
direct product of two strongly 2 j-stable rings need not be a strongly 2 j-stable ring.
From this and the result in Theorem 2.4 that the product of strongly n-stable rings
is again a strongly n-stable ring, we can conclude that the class of all strongly 2-
stable rings is properly contained in the class of all strongly 2 j-stable rings. Note
that also from the above argument, it is easy to see that R is a SB-ring which is
not a strongly 2-stable ring.

Example 3.4. Every Boolean ring, a ring in which every element is an idempo-
tent, is stable. Assume (a,b) is a unimodular ideal of a Boolean ring R. Thus, for
some appropriate elements x,y € R, 1 = ax + by. The result follows by multiplying
both sides of this equation by 1 — a.

In the rest of this section we generalize some results of Section 8 in [1], namely,
the necessary part of Proposition 8.2, the paragraph above Corollary 8.3, and the
necessary part of Corollary 8.3.

Notation. Let ¢t and s be two positive integers with ¢ > s > 2 and let d,a € R
with a not a unit in R, 7: R — R/(a) the canonical epimorphism, GLq(R, s—1xt) =
{M € M(R,s—1xt)| d isin the ideal generated by the determinants of all
s—1xs—1 submatricesof M }, SL4(R, sxs) = { M € M(R,sxs) | the determinant
of M is equal to d}.
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Theorem 3.1. If SL4(R,s x s) — SLyq)(R/(a),s x s) is surjective, then
GL4(R,s —1x5) = GLr@)(R/(a),s — 1xs) is surjective.

Proof. Let M" € GLr@)(R/(a),s —1 x s), then there exists o/ € M(R/
(a),1 x s) such that 7(d) is equal to the determinant of o/ x M’ or equivalently
o' xM" € SLyq)(R/(a),sxs). Now, by hypothesis, we can lift o/ xM’ to axM.
Since the determinant of ax M is equal to d, then M is a member of GL4(R, s—1xs)
and the proof is complete.

Note that Theorem 3.1 is a general form of the necessary part of Proposition
8.2 in [1]. We state this result below.

Corollary 3.1. If SL(R,sx s) = SL(R/(a), s x s) is surjective, then GL(R, s —
1xs) = GL(R/(a),s — 1 x s) is surjective.

Proof. Apply Theorem 3.1 with d = 1.
We next generalize the result of the paragraph preceding Corollary 8.3 in [1].

Theorem 3.2. GLq(R,1x5) = GLr @ (R/(a),1xs) is surjective if and only if
for every ideal (aji,as,...,as,a) of R containing d, there exist by, ba,... ,bs € R
such that d € (a1 + bia, ... ,as + bsa).

Proof. For the necessary part let d € (a1,aq9,...,as,a), then w(d) €
(a},ah,...,a.) where a; = a; + (a) for 1 < ¢ < s. Thus, (af,a5,...,a,) €
GLyr@)(R/(a),1 x s). Hence, by hypothesis, there exists (ai,az,...,as) €
GL4(R,1xs) such that (aq,a9,...,as) = (&f,ah, ..., k). Thus, m(a;) = a; +
(a) = a; + (a) which implies o; = a; + bja for 1 <i < sand d € (a1, az,...,q;) =
(a1 +bra, a2 + bea, ... ,as+ bsa). For the sufficiency if (a},adb, ... ,a}) is a member

of GL(q)(R/(a),1x s), then m(d) € (a},a,... ,a,). Hence, 7(d) = 3_;_, ojaj with
o, € R/(a). Thus, d+ (a) = >.;_,a;a; + (a) which implies d € (a1, as,... ,as,a).
By hypothesis, d € (a1 + bia,as + baa, ... ,as + bsa) for some by, ba,... ,bs € R.
Hence, (a1 + bia,as + baa, ... ,as + bsa) is a member of GL4(R,1 x s) and

(a1 + bra,as + baa, ... a5+ bsa) — (af,dh, ... al).
Corollary 3.2. GL(R,1x s) — GL(R/(a),1 X s) is surjective if and only if any
unimodular sequence (a1, as, ... ,as,a) is stable.

Proof. Apply Theorem 3.2 with d = 1.

Theorem 3.3. For s > 2, GL(R,1 x s) = GL(R/(a),1 x s) is surjective if and
only if any unimodular sequence (a1, as,... ,as,a) in R with (a1, az,... ,a5s-1) &
J(R) is stable.
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Proof. The necessary part can be obtained from the necessary part of Corollary
3.2. For the sufficiency let (af,a),... ,al) be a member of GL(R/(a),1 x s). If

(a},ah,...,a.) = R/(a), then there exists 1 < i < s such that a} ¢ J(R/(a)).
Without loss of generality, we can assume ¢ # s. Thus, (a},ab,...,as 1) € J(R/
(a)). So, (a1,as2,...,as—1) € J(R) where a;, = a; + (a) for 1 <i < s. If r; — 1,
then 1+ (a) = Y.0_ rial = >.7_,ria; + (a) which implies 1 € (a1, as,... ,as,a).
Hence, by hypothesis, there exist by,ba,...,bs € R such that 1 € (a1 + bia,as +
baa, ... ,as +bsa) € GL(R,1 x s) and the proof is complete.

Theorem 3.4. Let d € R. If SL4(R,2x2) — SLr@)(R/(a),2x2) is surjective,
then for any ideal (a1, as2,a) of R containing d there exist b1,bo € R such that
de (a1 + bla, as + bga).

Proof. Apply Theorem 3.1 and Theorem 3.2.

Corollary 3.3. If SLq(R,2 x 2) = SLy(q)(R/(a),2 x 2) is surjective, then any
sequence (a1, as,a) with aq,as,a € R is stable.

Proof. See Theorem 3.4.
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