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EULER’S FORMULA AND DE MOIVRE’S
FORMULA FOR QUATERNIONS

Eungchun Cho

Abstract. Natural generalizations of Euler’s formula and De Moivre’s formula
for quaternions are derived.

1. Introduction. A quaternion ¢ is a linear combination al + bi + ¢j + dk,
where a, b, ¢, and d are real numbers and

1=(1,0,0,0), :=(0,1,0,0),
j = (0703 130)7 k= (070305 1)

The sum of quaternions is the usual component-wise sum and the multiplication is
defined so that (1,0,0,0) is the identity and ¢, j, and k satisfy

i? =42 =k? = ijk = —1. (1)
It follows from (1) that
ij=4k, jk=1i, ki=4j, and ij = —ji, jk=—kj, ki= —ik.

A quaternion is usually written as a + bi + ¢j + dk or as a + 5, where o and [
are complex numbers. The complex numbers do not commute with j, but satisfy
jB = Bj. We can also write ¢ = a + w, where w = bi + ¢j + dk, called the pure
quaternion part of ¢. a is called the real part of ¢q. The conjugate of ¢ is ¢ = a — w.
We can view the pure quaternion part w = bi + cj 4+ dk as a vector in R3. A simple
computation shows

WiWe = —Ww1 - Wo + w1 X Wa, (2)

where wy - wy is the dot product and w; x ws is the cross product in R3. It follows
from (2) that wow; = wiws for any pure quaternion w; and wy. Let a; be real
numbers and (3; be pure quaternions. Then

(a1 + B1)(az + B2) = (araz2 — B1 - B2) + a182 + a2 + B1 X Ba. (3)

It follows from (3) that gigz = @z @1 for any quaternion ¢;. For more details on
quaternions, we refer to [1].
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2. Euler’s Formula and De Moivre’s Formula for Quaternions. We
will use the notation

S3={g:lgl=1} and S2={w: || =1,5 = —w}.

53 is the set of all unit quaternions and S? is the set of all unit pure quaternions. S3
is a group under quaternion multiplication and is isomorphic to SU(2), the group
of all 2 by 2 unitary matrices of determinant 1. The map

a+bi —c+di
(a’b’c’d)H(c+di a—bi)

is a group isomorphism between S® and SU(2).
Since w-w = 1 and wxw = 0 for any w € S2, we have the following proposition.

Proposition 1. w? = —1 for any w € S?, hence, any w € S? has order 4.

We can express any ¢ = a + bi +cj + dk € S® as
q=cosf+ wsinb, (4)

where cos = a and

1 , ) 1 ) .

This is similar to the polar coordinate expression of a complex number. We can
view 6 as the angle between the vector ¢ € R* and the real axis (the subspace
of real numbers) and wsin @ as the projection of ¢ onto the subspace R? of pure
quaternions. We will call (4) the polar expression of a unit quaternion g. Since

w? = —1 for any w € S2, we have a natural generalization of Euler’s formula for
quaternions,
2 93 94
wbh __ 7 v v
e’ =14 wb 51 3!+4’+
62 o4 6 6°
:1_2!_|_4!_...+w(9_3!+5!_...>

= cosf + wsinf
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for any real 6. If the power series definition

z?2 ot 3 2P

cosa::l—g—i—ﬂ—--- and sma::a:—g—i—ﬁ—

is used for quaternion x, then

cosw = cos? = cosh 1

and sinw = —wisin? = jwsinh 1

for every w € S2. We note the cosine function is constant on the set S?. For more
on Euler’s formula for complex numbers, we refer to [2].
A simple computation and the addition formula for cosine and sine, i.e.,

cos(f + 1) = cosfcostp —sinfsiny and sin(f + 1)) = cos @ sin + sin b cosp

prove the following lemma.

Lemma. For any w € 52, we have

(cos@ + wsinf)(cos ) + wsin) = cos(f + ¥) + wsin(d + ¢).

Remark. It follows from the lemma that K, = {cosf +wsinf : 0 < 0§ < 27} is
a subgroup of $% and is isomorphic to S*.

Proposition 2 (De Moivre’s formula). Let ¢ = ¢ = cos@+wsinf € S3, where

0 is a real and w € S2. Then,

q" = e*" = (cosf + wsin 6)" = cosnb + wsinnh (5)

for every integer n.

Proof. The proof is by induction on the nonnegative integers n.

q" = (cos @ + wsin )" !
= (cosnb + wsinnh)(cos f + wsin 0)
= cos(n + 1)8 + wsin(n + 1)6.
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The formulas holds for all integers n, since

qfl

and ¢~" = cosnf — wsinnf = cos(—nf) + wsin(—nb).

cosf —wsinf

Corollary. There are infinitely many unit quaternions satisfying " = 1.

Proof. For every w € S?%, we have a quaternion ¢ = cos 27 /n + wsin 27 /n of
order n.

Example. 3(1+4i+j+ k) = cos% + Sing(%,%,%) is of order 6 and

1(=1+4i+j+k)=cos 2 +sin 2{(%, ,%) is of order 3.
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