VOLUME 10, NUMBER 1, WINTER 1998 3

PRESENTATIONS OF SUBGROUPS
OF ARTIN GROUPS

Jennifer Becker, Matthew Horak, and Leonard VanWyk

Abstract. Let AT be the Artin group based on the graph I', and let ¢: AT' — Z
be a homomorphism which maps each of the standard generators of AT to 0 or 1.
We compute an explicit presentation for ker ¢ in the general case. In the case where
T" is a tree with a connected and dominating live subgraph, we prove ker ¢ is a free
group and we calculate its rank. In addition, if AT" is a 2-cone with live apex, we
prove ker ¢ is isomorphic to the Artin group on the base of the cone, and if T" is a
special tree-triangle combination, we determine conditions on I' which ensure the

finite presentation of ker ¢.

1. Introduction. To each finite simple graph I' whose edges are weighted
with integers greater than 1, we can associate a group AI' with generators in one-
to-one correspondence with the vertices of I' and relations [z, y]x = [y, z]x for each
edge {x,y} of weight k, where [z,y]x = xyx.... Such groups are known as Artin

—

k letters

groups and I' is the defining graph for AI'. The class of Artin groups includes
the braid groups, the fundamental groups of (2,n)-torus link complements, and
graph groups (all edges labelled 2), which include all finitely generated free and
free abelian groups. Kernels of homomorphisms from graph groups to Z provided
the first examples of groups of type F'P,, but not type F P, 1, as well as groups of
type F'P, which are not finitely presented [1].

In this paper, we calculate presentations of kernels of homomorphisms from
Artin groups onto Z, where each generator is mapped to 0 or 1. We apply the
methods similar to those employed in [3] to this situation. The cases we consider
are Artin groups based on cones, trees, and combinations thereof.

The primary results of this paper consist of three theorems. The first of these
allows us to find an explicit, finite presentation for the kernels of the above types
of epimorphisms from Artin groups based on trees onto Z.

Theorem 1. Let T be a finite, weighted tree and let ¢: AT — (t) be the epimor-
phism which sends each generator to ¢t or 1. If £(¢) is connected and dominating,
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then ker ¢ is the free group on N = 3", p oy (Wiei) = 1) + 220 or(4) W(er) gener-

ators, where W (e) represents the weight of edge e.

Our next result provides sufficient conditions for the kernels of certain epimor-
phisms from Artin groups onto Z to be finitely presented.

Theorem 2. Let I' be a finite, simple, weighted graph whose vertices are par-
titioned into sets L = {l1,lo,...,l.} and D = {d;y,da,... ,ds}. Let ¢: AT — (t)
be an epimorphism defined by ¢(I;) = ¢ and ¢(d;) = 1 for all i. Then ker¢ is
finitely presented if there exists a sequence of subgraphs I'1,'s,... ,T';, of ' where
I'y consists of a single vertex of L, I';, = I', and I'j11 can be obtained from I'; by
either

1. adding a vertex v and an edge {v,l;}, where [; € V(T';), or

2. adding an edge {a,b}, where a,b,l; € V(I;); {a,;},{b,;} € E(T;); and
kragy = k) = 2.
Our third theorem concerns Artin groups based on cones and gives an explicit,

finite presentation for the kernels of certain epimorphisms from such Artin groups
onto Z. In this case, the kernel is itself an Artin group.

Theorem 3. Let AT’ be an Artin group where I' is a 2-cone with apex a and
base I';. If ¢: AT — (t) is an epimorphism mapping all generators to either ¢ or 1
with ¢(a) = t, then ker ¢ ~ AT';. In particular, ker ¢ is finitely presented.

2. Preliminaries. We assume the reader is familiar with the concept of a
graph. A simple graph is a graph with no loops or multiple edges. Given a simple
graph, I', we will denote the set of vertices of I' by V(I') and the set of edges,
consisting of unordered pairs of elements of V(T'"), by E(T"). I is finite if both V(T")
and E(T) are finite. A weighted simple graph is a simple graph I' for which each
edge {v,w} € E(T) is labelled by an integer k = kg, ) > 1.

A finite, simple, weighted graph I" induces a presentation of a group

AL = (V(D)l[z, ylr = [y, =]x for all {z,y} € E(I)),

where [z, ylx = zyx.... A group G is called an Artin group provided there exists
——

k letters

some finite, simple, weighted graph I" such that G ~ AI'. Given any Artin group,
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we will assume the above presentation and identify the set of generators of AT with
the vertex set V(I).

Following [5], we will denote the Tietze transformations adjunction of relators,
deletion of relators, adjunction of generators, and deletion of generators by (T1),
(T2), (T3), and (T4), respectively. It is shown in [5] that given any two presenta-
tions of a group G, one can be obtained from the other by repeated applications of
these four transformations.

Given a presentation of a group G and suitable information about a subgroup
H < @, the Reidemeister-Schreier method enables one to obtain a presentation
for H. In [4], it is shown that if (X|R) is a presentation for G, m: F(X) — G is
the canonical homomorphism, T is a Schreier transversal for 7= (H) in F|(X), and
®: F(X) — T is the function which maps each element to its coset representative,
then Y = {tz®(tx)~ : t € T,z € X,tx ¢ T} is a set of generators for H. Further-
more, if 7: 771 (H) — F(Y) is the function in [4] which rewrites each w € 7= 1(H)
in terms of the generators Y and S = {r(trt=!) : t € T,r € R}, then (Y|S) is a
presentation for H.

The reader is directed to [4] or [5] for details of Tietze transformations and the
Reidemeister-Schreier rewriting procedure.

3. The Subgroups. Let I' be a finite, simple, weighted graph and AT its
corresponding Artin group. Partition V(T') into two sets, L = {lg,l1,... ,l.} and
D ={dy,ds,... ,ds}, and define the homomorphism ¢: AT' — (t) by ¢(l;) =t and
¢(d;) = 1 for all 4. Following [6], we will refer to the vertices in L as live, and
denote the full subgraph spanned by L as £(¢), the living subgraph of I'. We will
refer to the vertices in D as dead.

For a Schreier transversal for m=*(ker ¢) in F(V(T)), take T = {I}} : n € Z}
and recall that ®: F(V(T")) — T sends each element to its coset representative. A
set of generators for ker ¢ is then {tz®(tx)~! : t € T,z € V(I'),tx ¢ T}, which
gives the families of generators

and 8(j,n) = [§d;@(15d;) ™" = I3d;lg ",
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where ¢+ = 1,2,...,r, 7 = 1,2,...,s, and n € Z. We obtain the relations by
rewriting the set {trt=1 :¢ € T,r € R} in terms of these generators, where

R = {[a:,y]k[y,x],;l Ax,y} € E(T') and k = kg4 )

For convenience, we define A(0,n) =1 for all n € Z.
The five cases for the relations r € R yield the following presentation for ker ¢:

o Generators:

Ai,n), 1<i<r,nelZ
6(j,n), 1<j<s,nel.

o Relations:

— For each {l;,1;} € E(I') with k even:

(1) A )AG,n+ DA(En+2) - A(E,n+E—=2)AG,n+k—-1) =
A, )AGEn+ DAG,n+2) - AG,n+k —2)A(E,n+k—1).

— For each {l;,1;} € E(I") with k odd:

(2) A, )G, n+ DA(En+2) - A(G,n+Ek—=2)A@@,n+k—1) =
AJ,n)A(@n+ DAGn+2) - MA@, n+k—2)A([G,n+k—1).

— For each {l;,d;} € E(I') (and k necessarily even):
(3) A, n)o(G,n+ DA(E,n+1) - A z,n+§—1 ] j7n—|—§ =
0(4,m)A(E,n)é(j,n+1)---0 j,n+§—1 A z,n+§—1 .
— For each {d;,d;} € E(I') with k even:

(4)  6(i,n)o(4,n)0(i,n) - 6(¢,n)d(j,n) = 6(4,n)d(i,n)d(j,n) - --5(j,n)d(i,n).

k terms k terms
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— For each {d;,d;} € E(I') with k odd:

(5)  6(i,n)0(4,m)0(i,n) - 0(4,n)0(i,n) = 6(4,n)d(¢,n)d(j,n) - 6(i,n)d(j,n) .

k terms k terms

Note that every element of V(I') — {ly} corresponds to a countable family of
generators and every element of E(I") corresponds to a countable family of relations.

4. Artin Groups Based on Trees. If T is a tree, it is shown in [2] that the
kernel of a map ¢: AT — (t) in which each generator is mapped to t is a free group
on >, cpry(W(ei) — 1) generators, where W (e;) is the weight of edge e;. In this
section, we use the presentations computed in the previous section to extend this
result to kernels of maps ¢: AT — (t) where each generator is sent to ¢ or 1 in the
case that the living subtree is connected and dominating. Recall that a subgraph
I’ of a graph T" is dominating if each vertex in I' — I is adjacent to a vertex in I".

Lemma 1. Let ' be a finite, simple, weighted graph and ¢: AT' — (t) be an
epimorphism sending each generator to ¢t or 1. Let I'; be the graph constructed from
I by adding vertex v and edge {v,l} of weight k with [ € L(¢). If ¢1: ATy — (t)
is an epimorphism that agrees with ¢ on V(T') and maps v to either ¢ or 1, then

E—1, if ¢1(v) =t
ker ¢1 >~ ker ¢ x I, wherea:{ & . B
55 if p1(v) = 1.

Proof. We will use the presentation for ker ¢ calculated in Section 3 and
denote it by (X|R). Since exactly one vertex and one edge have been added to T,
ker ¢; may be presented using the generators X and relators R together with one
additional family of generators and relators. We denote the family of generators
corresponding to the vertex [ by A, and the family of generators corresponding to
v by o, for n € Z.

We first consider the case ¢1(v) = t. With the above notation and a straight-
forward calculation, family (1) becomes

-1 -1 -1
(6) On = )\ngn+1>\n+20n+3 o /\7L+k—20n+k—1>\n+k_1gn+k_2 to >\n+1'

Similarly, family (2) becomes

—1 -1
(7) Op = ATLO-TL+1A7L+20.7L+3 e )\n-&-k—lanJrk,l e )‘n+1'
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Straightforward induction shows that for n < 0 or n > k — 2, 0,, can be written
in terms of o; for j = 0,1,... ,k — 2 together with elements of X. By (T4),
we can eliminate every relation in family (6) or (7) and every generator o, for
n < 0or n > k— 2. The generators o; do not appear in the presentation for
ker ¢, so (X U {on}|R) for m = 0,... ,k — 2, is a presentation for ker ¢;. Thus,
ker ¢1 >~ ker ¢ * Fy,.

We now consider the case where ¢(v) =1 (so k is necessarily even). With the
above notation, a straightforward calculation shows family (3) becomes

_ -1 -1
(8) On = Ano-n-‘,-lAn-i—lo'n-‘,—2 c )\n+%an+%)\n+% e )‘n-‘rl'

Straightforward induction shows that for n < 0 or n > % — 1, 0y, can be written in
5
eliminate every relation in family (8) and every generator o, for n < 0 or n > gf 1.

terms of o for j =0,1,..., 5 — 1 together with elements of X. By (T4), we can
The generators o; do not appear in the presentation for ker ¢, so (X U{o,,}|R) for
m=0,1,..., g — 1 is a presentation for ker ¢;. Thus, ker ¢1 ~ ker ¢ * F,.

Theorem 1. Let T be a finite, weighted tree and let ¢: AT — (t) be the epimor-
phism which sends each generator to t or 1. If £(¢) is connected and dominating,
then ker ¢ is the free group on N = 3. » (s (W(e;) —1) + Zej¢£(¢) w gener-

ators, where W (e) represents the weight of edge e.

Proof. The proof will proceed by induction on the number of vertices, n, in
T. For n =1, N = 0, and ker ¢ is trivial. Suppose ker ¢ is free on N generators
for n < m. Let T have m + 1 vertices, and let T' be the tree formed by removing
a vertex, v, of valence 1 and the corresponding edge. Since £(¢) is connected and
dominating, the vertex adjacent to v must be live. (If n = 2 and only one vertex is
live, take v to be the dead vertex.) So if qz@ is the epimorphism which agrees with

k—1, forw living

k
27

¢ on V(T), then by Lemma 1, ker ¢ ~ ker ¢ x F; with a =
for v dead.

But by hypothesis, ker ¢ is free on N = YeiecyWle) = 1) + 32, a0 W(er)

generators. So ker ¢ ~ ker dg * Fy ~ Fy.
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Example 1. Define ¢: AT' — (t) by ¢(I;) = t and ¢(d;) = 1 where T' is as
follows. Then by Theorem 1, ker ¢ ~ Fy.

I3

r 2 ds

5. Artin Groups Based on Certain Tree-Triangle Combinations. In
this section, we use the tools developed in the previous sections to study kernels of
Artin groups which can be constructed by attaching triangles to the living subgraph,
provided the previously existing legs both have weight 2.

Lemma 2. Let T" be a finite, simple, weighted graph and let ¢: AT' — (¢) be an
epimorphism sending all generators to either ¢ or 1 whose kernel has presentation
(X|R). Let a, b be vertices of I' such that there exists a ¢ € L(¢) with {a,c}, {b,c} €
E(T) and kg4 ) = kqp,cp = 2. Let T'y be the graph constructed from I' by adding
edge {a,b}, and ¢, be the epimorphism agreeing with ¢ on all the generators of
AT'. Then ker ¢; = (X|R U {r}) for some relation r.

Proof. We see that vertices a, b, and ¢ are associated with three families of
generators for ker ¢ which we will call a,, 8,, and ,, respectively, where n € Z.
We will first consider the case where a,b € L(¢$). Below are the details for the
case where k is even; the case for k odd is essentially identical. We see that vertices
a, b, and ¢ are associated with the two families of relations
(9) Up = VnanJrl'Yr:-il-lv
(10) Bn = ”Ynﬁn+17;41-1'

The edge {a,b} introduces the new relations.

(11) 0 Brg10n42 Ot k—2Bntk—1 = BnOnt1Bnt2 - Bntk—20ntk—1-

However, to derive the entire families, we need only the families (9) and (10) to-
gether with the following relation from (11) for n = 0:

(12) apfrag - - ap—2Bk—1 = Boa1 B2 - - - Br—o0up_1.
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We start with (12) and induct on n in both the positive and negative directions.
Suppose that for some m € Z

(13) O Bt 1 Qmt2 Ot k—2Bmak—1 = BmQmt1Bm+2 ** Bmtk—20mtk—1

is derivable from (9), (10), and (12). Substituting (9) and (10) into (13), we obtain

am+1ﬁm+2am+2 ce am+k715m+k = ﬂm+1am+2ﬁm+3 T 5m+k71am+kv

completing the induction in the positive direction. For the negative direction we
again use (9) and (10) to obtain

am—lﬂmam—i-l T am+k—3/8m+k—2 = Bm—lamﬂm-i-l e 6m+k—3am+k—27

completing the induction in the negative direction. We have now shown that the
family (11) can be derived from the single relation for n = 0. So by (T2), we may
delete all relations where n # 0 from either family. For the case where a € L(¢),
b ¢ L(¢) and the case where a,b ¢ L(¢), it can be shown by a similar induction
that the entire family of relations introduced by edge {a,b} can be derived from
the single member of the family where n = 0. Thus, ker ¢; has the presentation
(X|RU{r}) for a single relation r.

Theorem 2. Let I' be a finite, simple, weighted graph whose vertices are par-
titioned into sets L = {l1,ls,...,l.} and D = {d;,da,... ,ds}. Let ¢: AT — (t)
be an epimorphism defined by ¢(I;) = t and ¢(d;) = 1 for all i. Then ker ¢ is
finitely presented if there exists a sequence of subgraphs I'1,I's,... ,I';, of I' where
I'y consists of a single vertex of L, I';, =I', and I'j1; can be obtained from I'; by
either

1. adding a vertex v and an edge {v,l;}, where [; € V(T';), or
2. adding an edge {a,b}, where a,b,l; € V(I';); {a,;},{b,;} € E(I';); and
ko) = ki =2
Proof. For each subgraph I';, define ¢;: AT'; — (t) to be the restriction of
¢, and assume ker ¢; has presentation (X|R). If I';;, is constructed from I'; by
operation 1, then by Lemma 1, ker ¢;41 has presentation (X U{g1,92,... ,9m}|R)
for some m, while if I';; is constructed from I'; by operation 2, then by Lemma 2,
ker ¢;4+1 has the presentation (X|RU{r}). So ker ¢, 41 has only finitely many more
generators and relations in its presentation than does ker ¢;. Thus, ker ¢ = ker ¢,,
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has only finitely many more generators and relations than does the trivial group,
ker ¢ .

Example 2. Define ¢: AT — (t) by ¢(l;) = ¢t and ¢(d;) = 1 where T" is as
follows. Note: unlabelled edges have arbitrary weight.

ll d3
2 2 )
dl L A I 2 Lt d2
l2 ¢ I3

Define I'; for ¢« = 1,2,... ,9 as shown in the table below. Then I'1,T'5,... ,T'g
is a sequence of subgraphs which satisfies the conditions of Theorem 2. Therefore,
ker ¢ is finitely presented.

Subgraph| Vertices Edges

Iy {1} 0

Ly V(I Ui} {1, o1}

I's V(T2) U{d1} E(To) U{{l1,d1}}
Iy V(Ts3) ET3)U{{l2,d1}}
I's V(L) U{lz} ETy) U{{l,l5}}
T V(Ts) E5) U {{l,15}}
J V(Ts) U {ds} ETs) U{{ds,l3}}
I's V(7)) U{dz} ET7)u{{ls,d2}}
I'g="T V(Fg) E(Fg) @] {{d37d2}}

6. Artin Groups Based on Cones. If the underlying graph I' of an Artin
group, AT, has the property that there exists a € V(I') such that for all v € (VT),
{a,v} € E(I') with k¢, .} = 2, then the kernel of an epimorphism from AT to (t)
which sends all generators to ¢ or 1 is particularly tractable. In this section, we will
refer to a graph with the above property as a 2-cone, and the vertex a as the apex
of T'. It follows from work in [6] that ker ¢ is finitely presented in the special case



12 MISSOURI JOURNAL OF MATHEMATICAL SCIENCES

that AT is a graph group. In this section, we give an explicit, finite presentation
for the kernels of such epimorphisms when the defining graph of the Artin group is
a 2-cone with live apex. In this case, AT' decomposes as (a) X AI'1, where I'y is the
base of T'.

Theorem 3. Let A" be an Artin group where T' is a 2-cone with apex a and
base I'y. If ¢: AT' — (t) is an epimorphism mapping all generators to either ¢ or 1
with ¢(a) = t, then ker ¢ ~ AT';. In particular, ker ¢ is finitely presented.

Proof. For a Schreier transversal of ker ¢ in AT’ we choose T = {a" : n € Z}.
As in Section 3, we will denote the family of generators arising from I; € L by
A(%,n) and the family of generators arising from d; € D by 6(i,n). The following
families of relations arise from each {a,l;} € E(I') and {a,d;} € E(T), respectively:

(14) A3, n) = A(i, 0),
(15) 8(i,n) = 6(i,0).

So by Tietze transformation (T4), we can delete these families of relations and, for
n # 0, all the corresponding generators. All other edges in E(T") correspond to
families of relations given in (1)—(5). However, by relations (14) and (15), these
families are equivalent to

[)‘(i7 0)7 )‘(j7 0)]k = [)‘(ja 0)7 )‘(i7 0)]k7
[A(4,0),6(4,0)]k = [A(4, 0), (3, 0)]k,

k
[6(2’0)56(.]’ O)]k [5(]7 0)75(270)]k

So by Tietze transformations (T1) and (T2), we can replace each family of rela-
tions in (1)—(5) by the corresponding relation above. So each vertex b € V(I')
corresponds to a single generator 3 in the presentation for ker ¢, and each edge
{b,c} € E(T"1) of weight k corresponds to the single relation [3,~]x = [, 8]k in the
presentation of ker ¢. Therefore, ker ¢ ~ AI';.
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Example 3. Let ¢: AT — (t) be defined by ¢(a) = ¢(l;) = t, and ¢(d;) = 1
where T is as follows. (Note: unlabelled edges have arbitrary weight.) Since I' is a
2-cone, then by Theorem 3, ker ¢ ~ AI'y where I'y is shown below.

» ‘ : ) ;
. D
A. Iy ds Iy
g I'y
This work is the result of NSF grant number NSF-DMS 9322328, an NSF-
funded Research Experiences for Undergraduates project of the first two authors

under the direction of the third at Hope College. We thank Joshua Levy for his
help in improving the presentation of this material.

dy

ds
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