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SOLUTIONS

No problem is ever permanently closed. Any comments, new solutions, or new
insights on old problems are always welcomed by the problem editor.

88. [1995, 140; 1996, 160-167] Proposed by Curtis Cooper and Robert E.
Kennedy, Central Missouri State University, Warrensburg, Missoursi.

Let m be a positive integer. Prove that

m .
[[eos* 2 = L
Py 2m+1  4m’

Comment by Thomas C. Leong, The City College of City University of New
York, New York, New York.

The discussion of Problem 232 in D. O. Shklarsky, N. N. Chentzov and I. M.
Yaglom, The USSR Olympiad Problem Book, Dover Publications, New York, 1993,
gives several solutions to show that

m . m—1 .

V2 1 v/
H sin LI m A+ , H sin o ml ,
e 2m + 1 2m ey 2m 2m=

m . m—1 .

T 1 T v/
Hcos = —, cos — = m.
Py 2m+1 2m . m

89. [1996, 36] Proposed by Stanley Rabinowitz, MathPro Press, Westford,
Massachusetts.

Let w be a primitive 49th root of unity. Prove that

49
I a-vH=7

k=1
ged(k,49)=1
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Solution I by Lawrence Somer, The Catholic University of America, Washing-
ton, D.C.

We note that

—1
H (sc—wk):x =42 35 4 028 4 21 L 4 T L

k=1
ged(k,49)=1

The first equality follows since the roots of

%9 —1

T T
7 —1
are the 49th roots of unity which are not 7th roots of unity. Letting z = 1, we
obtain that
49

I a-vH=7

k=1
ged(k,49)=1

Solution II by Joseph B. Dence, University of Missouri-St. Louis, St. Louis,

Missouri.

Let
49

p= J] @a-uwh.

k=1
ged(k,49)=1

The choice of primitive root is immaterial; choose

w = €2ﬂ—1/49.

Then
k

ok = (w497k)*

)



38 MISSOURI JOURNAL OF MATHEMATICAL SCIENCES

where * means complex conjugate, so
(1 —wh)(1 = w?F) = [1 — cos(2nk/49)]? + sin?(27k/49) = 4sin®(7k/49).
Hence, by pairing off the factors in P, we obtain

P AT sin®(nk/49) 2 1L, sin®(wk/49)
A [le=r1421 sin® (mk/49) [T, _, sin®(7k/7)

To evaluate the products we use the formula (L. B. W. Jolley, Summation of Series,
2nd ed., Dover, 1961, p. 190)

sin?(7/n)sin?(2m/n) - - -sin®(((n — 1)/2)7/n) = n/2" "1,

where n is odd. Finally, we obtain

49/2% .
7/26

p=2%

Solution IIT by Frank J. Flanigan, San Jose State University, San Jose, Cali-
fornia.

We prove that if p is a prime, m is a natural number, and w is a primitive p™th
root of unity, then

p'f’l
I[I a-uh=»
k=1

ged(k,p™)=1

First, note that the left side here is f(1), where
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Second, note that
f(z) = ®pm(z) = the p™th cyclotomic polynomial over the ring of integers.

This is because
(WP 1<k <p™, ged(k,p™) =1}

is precisely the set of primitive p™th roots of unity in the complex numbers.
Third, recall that

-1

Oy (2) = (),
where ®,(z) is the pth cyclotomic polynomial. This follows from the fact that if ¢

is a primitive p™th root of unity, then C”m*1 is a primitive pth root of unity and
hence, a zero of ®,(x).
Fourth, recall that

Oy(z) =P P+ 2P 4zt

Thus, the left side of the product is

J1) = (1) = 2,17 ) =14 14+ 141 =p,

which is what we asserted.

Solution IV by Kandasamy Muthuvel, University of Wisconsin-Oshkosh,
Oshkosh, Wisconsin.

The above result is a special case of the following proposition.
Proposition. Let n > 1 be an integer and let w be a primitive nth root of unity.
(1) If p is a prime divisor of n, then
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(3) If n is the product of two distinct primes, then

n—1
1-wh) =1

k=1

ged(k,n)=1
Proof. Since
n n—1
" —1= H(;v—wk) =(x—-1) H(x—wk),

k=1 k=1

by differentiating both sides of the above equation with respect to  and by letting
r =1, we get

(%) n = H(l—wk).

Let p be a prime divisor of n and let m = (n/p). Since
WPk, 1<k<m

are solutions of the equation 2 — 1 = 0 and the solutions are distinct,

m

™ —1= H(m—oﬂ’k).

k=1

Hence, following the method used in the beginning of the proof, we get

(%) (n/p)=m= (1—wPk) = (1 —w"), when m > 1.
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Part (1) of the proposition follows from (x) when n = p and it follows from (x)
and (x%) when n is not prime.

Part (2) is in fact (xx).

To prove the third part of the proposition, let n = pq, where p and ¢ are
distinct primes. By (kx),

qg—1 p—1

q= H(l —wP) and p= H(l — W),

k=1 k=1

Clearly, pk £ qsfor 1 <k <qg—1and 1 <s<p—1. Hence,

n—1
ra= [ (-«h
k=1
plk or qlk
and by (x) we get
n—1
pg=[J(1—-u¥)
k=1
These two equations imply that
n—1
1= (1—wh)
k=1
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Solution V by Thomas C. Leong, The City College of City University of New
York, New York, New York.

In general, we show that if w is a primitive nth root of unity, n > 2, then

ﬁ ) {p, if n = p® is the power of a prime p, a > 1
— Wk

=1 1, otherwise.
(k,n)=1

The primitive nth roots of unity are

{exp(2mir; /n)} 20,

where
i}

is a reduced residue system modulo n. Now
{k : 1<k<n, (k,n)=1}

is a reduced residue system modulo n, and for any integer a relatively prime to n,
{ak : 1<k <n, (k,n)=1}

is also a reduced residue system modulo n. Thus, as k runs through the positive
integers relatively prime to and not exceeding n, w” runs through the primitive nth
roots of unity. Hence,

is the nth cyclotomic polynomial
Thus, we wish to show that for n > 2,

p, if n = p® is the power of a prime p, « > 1
1, otherwise.

() %) = {
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We induct on n. The case n = 2 is simple to verify, so suppose that (x) holds for
integers less than n. Now ( is a root of 2™ — 1 if and only if it is a primitive dth
root of unity for some d which divides n; thus,

2" —1= H@d(x).

d|n
If n = p® is a prime power, then
B (2) Pt —1 l+z+a?4+- 42?1 I4azta?4. F2P !
all) = = =
p H d‘pa q)d(x) H d\p“ q)d(x) (I)p(l‘) . (I)pz (.’13) e ‘Ppa71<.’17)
d#p® d#1,p”
and so by the inductive hypothesis
p° p”
D0 (1) = - =p
p(1) Op(1) - Pp2(1) -+ Ppa—a(l) por-t
If n is not a prime power, say,
n = p?lpgz .o p”o""
with r > 2, o; > 1, then
" —1 l+z+22+- 4o !
IT 4 Pa(z) I an Pa(x)

d#n d#1l,n
By the inductive hypothesis, ®4(1) = 1 if d is not a prime power. Thus,

n n

= (o4 (o3 (o7 :1
p2 (1) @par (1) pipy® - pi

and we are done.
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90. [1996, 36-37] Proposed by Joseph B. Dence, University of Missouri-St.
Louis, St. Louis, Missouri.

The Fibonacci polynomials, {U, (z)}, are defined by Uj(x) = 1, Us(x) = =,
and U, (z) = 2Up—1(x) + Up—2(z), for n > 3.

(a) Derive a Binet-like formula for U, (x).
(b) Prove that

(Un(l'))2 - n—l(x)Un+1(1') == (_1)n717 n Z 2.

(¢) Find a formula for the sum

> (Un(@)?.

k=1

(d) Let {L,} be the Lucas numbers: Ly = 1, Ly = 3, L, = L,—1 + Ly_o
(n > 3). Prove that
nL, — F,
vil)=—"—-"-""
1) = s

where F,, denotes the nth Fibonacci number and U/ (x) denotes the derivative of
Un(z).

(e) Find a generating function for the U, (z)’s, that is, a function f(z,y) such
that, formally,

fay) = Unlw)y™.
n=1

(f) Prove that for n > 1 all the zeroes of U, () lie along the imaginary axis.
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Solution I by the proposer.
(a) Suppose

SRNECETE
and
a(z))? — [b(x))?
Us(z) = [a( )]d(@[b( i
Us(x)/Ur(z) = = a(z) + b(x)
Next,

Us(x)/Us(z) = 2* + 1 = [a(2)]* + a()b(z) + [b(2)]*.

Comparison then gives
[a(@)]? + a(2)b(z) + [b(x)]* = [a(z) + b(2)]* +1,

so a(x)b(x) = —1. Tt follows that

or
and

o) = Lo V),

Since, in the equation above, a(1) cannot be negative, we must take the (+) sign
in the brackets. Thus, we conjecture that

[3(@ + Va2 +4)]" — [5(z — Va? +4)"

Un(z) = =
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This is automatically true for n = 1,2; assume it to be true for n = k — 2,k — 1.
Then,

identically. The conjecture is therefore true for all n by induction.

(b) This follows by straightforward induction, upon making use of a(z)b(z) =
—1 and a(z) — b(z) = d(z). If we define Up(z) = 0, then the relation is also true
for n =1.

(¢) We have the identity

Z F2 = F,F,1.
k=1

The analogous equation for U, (z)’s would not be correct since the terms on the
right-hand side would all be one power of = too great. Hence, we conjecture

[Uj(x)]Q _ Un(x)UnJrl(x).
) x

J

n

This holds for n = 1; assume it holds for n = k. Then

k+1
S sy = TR |

- Wele) = oViena @M@ 1y, o

9

T
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so the conjecture is true for all n by induction.
(d) This follows by straightforward induction, upon making use of the identity

Lj = Fj,1 + Fj+1.

(e) We have

o0

yf(x’y) = Z Un(x)yn—H = Z Umfl(l‘)ym
n=1 m=2

ef(e,y) = aUu(@)y" = 3 aUn(@)y" + ol (2)y

M

[Unm+1(z) = Up—1(2)]y™ + 2yUs ()
2

3
Il

M

if(m,y) Un(@)y™ ' = 3 Unia ()™
m=0

3
Il
—

M

Um-‘rl(x)ym + Ul (33) + UQ(x)y

3
I|
S

Combination of these equations yields
1
zf(z,y) — wyls(z) = gf(x, y) = Ui(z) = Uz2(2)y — yf(2,y),

or equivalently,

Y

f(ﬂf,y):m-

(f) In the result of part (a) let z = 2i cosf; then from deMoivre’s theorem we
obtain

innf
o; _ e ((sinndy
U, (2icosb) i ( g
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For 0 satisfying 0 < 6 < 2w, the right-hand side is 0 only when 6 = jn/n, j =
1,2,...,2n — 1. But of these zeroes, only n — 1 are distinct because cos(jm/n) =
cos[2m — (jm/n)]. If 6 lies outside of [0,27) and is a zero of U, then 6 is congruent
modulo 27 to jm/n, for some integer j € [1,2n — 1]. Hence, there are just n — 1
incongruent values of § modulo 27, and since U, (z) is of degree n — 1, it can only
have n — 1 zeroes. It follows that all the zeroes of U, (x) are the pure imaginaries

{2icos(yjm/n) : 7=1,2,...,2n—1}.
We note that when n is even, but not odd, = 0 is a zero (choose j = %n)

Solution II by Russell Euler, Northwest Missouri State University, Maryville,
Missouri.

(a) The characteristic equation for U, (z) is A> — 2\ — 1 = 0. The roots of this

equation are u = u(z) = (z + Va2 +4)/2 and v = v(z) = (z — V22 + 4)/2. So,
Un(z) = cru™ + eov™,

where ¢ and ¢y are constants. Using the initial conditions, one obtains the system
of equations

Ui(z) = cru+ cov =1,

Us(z) = cu? + eov? = 1.

The solution of this system is ¢; = 1/va? + 4, co = —1/va? + 4 if & # £2i. Hence,
for  # +2i.

(1) Un(z) = (u" —v™)/Va?+ 4.
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(b) From (1),

u2n _ 2(1“})71 + ,U2n _ [u2n _ unfl,Un+1 _ un+1vn71 + UZn]
x? 44

2=+ () (u? +0?)
B 22 4+4

o U2+ 2+ 02
z2+4

= (-1)

= (_1)71—1 (ZQ_+U31

= (-,

(¢) The sequence of Fibonacci polynomials can be extended backwards by
defining Uy(z) = 0. Then

= zn: (Uk(:z:)[UkH(x) - Uk—l(l')]/x)

é Z U(2)Ug+1(7) — Z Uk(fU)Uk—l(x))
k=1
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(d) Using (1) it is straightforward to show that

22 + 4[nun "t — o] — 2U, (2)

) =
v H4u" /Va? 440" Ve 4+ 4] - 2Uy ()
B x?+4

n(u" 4+ o") — 22U, (z)
22 +4 '

In particular, if z = 1, then

nfu" (1) + 0" (1)] = Un(1)

UL (1) =

nlL, — F,

Fay) = > Un(a)y”

=y+ay’ + Y [eUn1(2) + Una(a)ly"

n=3

oo oo
=y+ay+ayd U@y '+ Una(z)y" >

n=3 n=3

Thus,
fly) =y +ay” +zylf(z,y) —yl + > f(z,9).

So, (1 —zy — y*) f(z,y) = y and therefore, f(z,y) =y/(1 — 2y — y?).
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(f) Using (1), U,(x) = 0 is equivalent to «™ = v™ and so

y _ 11/n _ eZkﬂ'i/n
for k=0,1,... ,n— 1. Since
U 3 9
Y= (o Vo D),

o\ 22 + 4 = £25ekmi/n,

Solving this equation for x gives

T = 127 cos <kﬂ> .
n

91. [1996, 37] Proposed by Herta T. Freitag, Roanoke, Virginia.

Pythagoras did not have our computational facilities for trigonometric func-
tions (calculators or tables) at his disposal, but he may have had a “feeling” for
the aesthetic beauty of the golden ratio in his soul, as he is said to have chosen the
pentagram as the design for the fraternity pin of his academy.

Let R, the radius of a circle be given. How could one obtain the area of the
inscribed pentagram on this basis? (Leave your answer in terms of G = (v/5+1)/2,
the golden ratio.)

Solution I by the proposer.

Referring to Figure 1, the area of the pentagram is given by
(1) K = 5(Area of AAME — Area of AAPE).

But,

RQ
Area of AAME = - sin 72°
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and
a2
Area of AAPE = 5 sin 72°,
and thus,
2 _ .2
2) K= 2B =) e

For determining a, we consider AAM P (see Figure 2), and, using the law of sines

sin 36°
sin 54°

(3) a=

Now, we wish to obtain all these trigonometric functions. Referring to a regular
decagon inscribed into our circle (see Figure 3) and letting its side be s1p, from
similar triangles, we have

s10 R —s19

R s10
from which

S10 = R(\/g— 1)/2 = g

Furthermore, since

R
in18° = ——
sin T

(@) sin 18° = ——
11 = 2G

Next, since sin 36° = 2sin 18° cos 18°,

(5) sin 36° =
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To obtain sin 54° = sin(3(18))°, we resort to sin 3z = sinz(3 — 4sin z) to have

. o 1 1
sin 54° = 2G<3_ G2>’

or
(6) sin54° = %

To compute sin 72° = sin(4(18))°, we use

sin 4z = sin 2(2z) = 2sin 22(1 — 2sin® z).

Thus,
sin 72° = 2sin 36°(1 — 2sin? 18°)
or
e VAGEZ (1
T T 2G2 )’
from which
V4G + 3
Sin72° = ~—1 -
(7) sin 7 5
Finally, from (3), (5), and (6),
V4G +3
 G3R
and
4G + 3 2R?
2 2 _ p2 _
PP CEE I3
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Hence, by (2),

K_§@\/4G+3
26 2G

and the area of our pentagram becomes

5VAG +3
K=2Y"T°"p?
i

Figure 1.
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Figure 3.
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Solution II by Russell Euler, Northwest Missouri State University, Maryville,
Missouri.

Let x be the length of a side of the pentagon inscribed in the given circle. By
the Law of Cosines,

22 = R?2 + R?> — 2R? cos 72°

= 2R*(1 — sin 18°).

Since it is known that sin18° = (G — 1)/2, 22 = R*(3 — G) and so z = R/3 — G.
Therefore, the area of the pentagon is given by

A= éxQ cot 36°.
4
Since cot 36° = G/v3 — G,
Ay = ZRQG\/S -G.

Then the area, A, of the pentagram is A = A; — 5A,, where A, is the area of the
triangle in the figure below.




VOLUME 9, NUMBER 1, WINTER 1997 57

Then, Ay = zh/2. From the Law of Sines,

r x

sin36°  sin 108°

and so

 sin 36° x sin 36° x

sin72°  2sin36° cos36°  2sin 54°

Qls

Also,

and hence, h = v4 — G?2/(2G). Then

Ay = V4 — G227 /(4G) = V4 — G2R*(3 — G)/(4G).

Therefore,

2(9 rar
A:ngGﬁ_m(:a GWViI-G

4G
g (am _ W)
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Solution III by Joseph B. Dence, University of Missouri-St. Louis, St. Louis,
Missouri.

Pythagoras knew that intersecting diagonals cut each other in the golden ratio
v, that is,
MB

VA

Let AO = R, 00" = h, DC = s; as ADO'C ~ AEOQ'B, we obtain

S

Then AOO”D and AAO”D furnish the Pythagorean equations R? = (15)? + h?
and 72s? = (35)% + (R + h)?, respectively. These yield h = 3R, s = R\/3—7,
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upon making use of % = v + 1. Additionally, AO” = R+ h = R(1 + %’y) =

9AN + 0’0" = 2AM + AL 50

Finally, we have

Area of pentagram = 2( Area of AAO'D + Area of AAMM”)

_9 (;(AO’)(DO”) + ;(MM”)(AM’)>

s (22)(222)

22y+1)\v+1

Sho a2 +1
g V3 7(574—3)

5
2532\/3—7(2—’7)
= 23%/18 — 11n.

Equivalent formulations of the final answer are possible.



60 MISSOURI JOURNAL OF MATHEMATICAL SCIENCES

92. [1996, 37; 1996, 89] Proposed by Joseph B. Dence, University of Missouri-
St. Louis, St. Louis, Missouri.

It is easy to show that the homogeneous quadratic expression A2 — 2B2 is
invariant for all members of the sequence {7,152, defined by 7,, = (3 +2v2)" =
A,, + B,,v/2. Find a homogeneous cubic expression that is invariant for all members
of the sequence {I,,}5,, defined by I,, = (1 4+ ¥/2 + V/4)" = A, + B, V2 + C,, /4.

Solution I by Lamarr Widmer, Messiah College, Grantham, Pennsylvania.

We have

It is routine to expand the right hand side and equate coefficients of like terms to
obtain

Api1 = Ap + 2By +2Cy, Bny1 = Ap + By +2Cy, and Chiq = Ay + By + Ch.

We will denote the general homogeneous cubic expression in three variables x, y, z
as follows.

Q(z,y, 2) = ax® + by + ¢2® + da’y + exy® + fo’z + gr2? + hy?z + jy2° + kayz.

Now the desired invariance condition can be stated as follows.

0 :Q(An—i-h Bn+la C(n-ﬁ-l) - Q(ATH Bna Cn)

=A2(b+c+dte+frgt+h+j+k)
+B3(8a+c+4d+2e+4f +2g+h+ j+ 2k)
+ C2(8a + 8b+8d + 8¢ + 4f + 2g + 4h + 2j + 4k)
+ A2 B, (6a +3b+ 3c +4d + 4e + 5f + 4g + 3h + 35 + 4k)

+ ApB2(12a + 3b+ 3¢+ 8d + 4e + 8f + 5g + 3h + 3j + 5k)
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+ A2C,(6a 4 6b + 3¢+ 6d + 6e + 4f + 4g + bh + 45 + 5k)
+ A, C?(12a + 120 + 3¢ + 12d 4 12¢ + 8 + 4g + 8h + 55 + 8k)
+ B2Cp(24a + 6b + 3¢ + 16d + 10e + 12f + 6g + 4h + 4j + 8k)

+ B,C2(24a + 12b + 3¢ + 20d + 16¢ + 12f + 6g + 8h + 45 + 10k)
+ A BnCh(24a + 12b + 6¢ + 20d + 16e + 16f + 10g + 10k + 85 + 12k).

So we need to solve the system

btc+d+e+f+g+h+j+k=0
8a+c+4d+2e+4f+29+h+j+2k=0
8a+8b+8d+8e+4f+29g+4h+2j+4k=0
6a+3b+3c+4d+4e+5f+49+3h+3j+4k=0
12 +3b+3c+8d+4e+8f+5g9g+3h+35+5k=0
6a 4 6b+ 3c+6d+ 6e +4f +49+5h+4j+5k=0
12a +12b+ 3¢+ 12d + 12e + 8f + 49+ 8h + 55 + 8k =0
24a +6b+ 3c+ 16d + 10e + 12f +6g +4h +4j + 8k =0
24a + 12b + 3¢ + 20d + 16e + 12f + 6g + 8h + 45 + 10k = 0
24a 4 12b+ 6¢ + 20d + 16e + 16 f + 109 + 10k + 85 + 12k = 0.

This is a straightforward but sizable exercise (I used the Derive® CAS) in row
reduction. The solution is

The desired cubic expression is

A3 +2B3 +403 —6A,B,C,.
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Solution II by the proposer.

Consider the number field Q(+/2); viewed as a vector space over Q, this has as
a basis B = {a1, a2, a3} = {1,V/2, V4}. Let

a1
Qg |
Qs

Q
I

then for any element v € Q(3/2), define the matrix A by
ya = Aa.

The norm of 7 (in the field Q(+/2) is then given by (J. S. Chahal, Topics in Number
Theory, Plenum Press, 1988, p. 75)

N(vy) = det A.

For v = A, + B, V2 + C,V/4, we obtain

N(y)=1[2C, A, B,|=A3+2B3+4C3 -6A,B,C,.
2B, 2C, A,

This immediately gives N(I;) =1+2+4—6 =1, so I; is a unit in Q(+/2). Since
norms in a number field obey N (2)N(y) = N(xy), it follows that N(I,) = 1 for all
n € ZT, and the cubic above is the desired homogeneous invariant expression.



