A NOTE ON A COUNTER EXAMPLE IN FINITE GROUPS

Kandasamy Muthuvel

University of Wisconsin-Oshkosh

It is known that if G is a finite abelian group and the number of elements of order
2 is not equal to 1, then the product of all elements of G is the identity (refer to p. 78,
problem 43 of [2]). Garimella [1] gave a counter example to show that the conclusion of the
above statement is not true for a non-abelian group of order 21. In this short note, we show
that if G is a finite non-abelian group, then there is an arrangement x1, o, ..., x, of all
elements of G such that the product z;z2 - - - x,, is a non-identity. The proof of this follows
by finding elements a and b of G, say a = z1 and b = 9, such that ab # ba and abzs - - -z,
or baxs - -+ x, is a non-identity. In fact if n is odd, we find such an arrangement by defining
i =a,23=>0x3=a"1 x4 =b"1, x9; = 552?4 for3<i<(n—-1)/2,and z, =e.

On the other hand if G is a finite group such that

S={reG:2*>=¢}

is a subgroup of G and |S| # 2, (in particular, if G is a group of odd order), there is an
arrangement xi, To, ..., T, of all elements of G such that the product x1x2x3 ...z, is the
identity (to prove this first, show that S is abelian, use p.78, problem 43 of [2] and the
idea used in this note). The above result is not true for any finite group. For example,
the product of all elements of S5 (the set of all permutations of {1,2,3}) in any order is a

non-identity.
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