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The object of this paper is to find out from the physical stand
point some useful solutions of the fundamental equation for Yu : 

fi K·"l){J K --Estpq Zm = Zmst • 
2 

(0.1) 

The general solutions of this equation have been obtained by T. Sibata 
and one of the present authors, <1) but these are not yet directly ap
plicable to the physical problem, so we shall investigate this problem 
from another point of view. First, we shall find out some approximate 
solutions, and then proceed to the finite solutions. 

§ 1. Approximate solutions. 

If we exclude the euclidean terms, the most general approximate 
solution of the equation (0.1) is given by solving the following equation<2): 

(i,j, .... , l, m, .... = 1, 2, 3, 4) 

(1.1) 

(1) T. Sibata and K. Morinaga, This Journal, 6 (1935), 173. 
(2) T. Sibata, This Journal, 5 (1935), 195. The corresponding equation for 

Ui; = Dii + 'kii can be obtained by the transformation xi = xi ( i = 1, 2, 3), x' = ix' 

where 8ii = 0 for i =i= J° and 811 = 822 = 8aa =. ,--80 = 1. 
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The solution to be considered first is the orthogonal one (i. e. 
Yii = 0 for i =I= j), but as is readily seen from (1.1), the solution of 
this type must have the forms : 

g33 =fs(x3), 

which supplies zero curvature tensors. Hence we know that a non
euclidean orthogonal solution can not exist. 

Therefore, let us consider another simple and useful case. 
It is always possible to choose the coordinate system so that one 

of the congruences of parametric curves may be orthogonal to the 
others. We will take such a congruence as time-coordinate x4 (=it) 
as in the case of the ordinary relativity. Now let us assume that the 
gravitational phenomenon occurs with a special direction (for example, 
a gravitating particle is spinning in this direction). We take this 
direction as x3-axis and assume that this direction is orthogonal to 
x1- and x2-axes. 

From these assumption, we have 

Y14 = Y2A = YM = g13 = Yza = 0 , (1.2) 

and then from (1.1) we may take g83 = 1 , g44 = 1. From (1.1) also 
we have 

ohu = -°-~!!_ (1.3a) 
ax2 ax1 

Jhi.1 = _ ohi2 (1.3b) 
ax3 ox4 

ah11 = }hi2 (1.3c) 
ax4 ax3 

~~ = oh12_ (1.4a) 
ax1 ax2 

oh'i2 = _ ohi.2_ (1.4b) 
ax4 ax3 

a~_= ~1~ (1.4c) 
ox3 ox4 
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from which we have the general solution°> : 

h,.1 = fi(X, Y)+fiX, Y)+ Jami!; xj_dx2+n1(x1) l 
h12 = if1(X, Y)-iflX. Y)+m(x1, x2) (1.8) 

fi-a = -f1(X, Y)-f/X, Y)+ r~m~~x2) dx1+112(x2) 

where f's, m, and n's are arbitrary functions and 

X = x8+ix4, x = x8-ix4; 

But as is readily seen m-terms and n-terms give euclidean metric. 
Hence if we exclude euclidean terms, the most general approximate 
solutions of the equation (0.1), which satisfy (1.2) are given by 

Yu= l-i1£1(X, Y)+ix(X, Y) 

U12 = 9'(X, Y) + X(X, Y) 

Um= l+i9'(X, Y)-iX(.X, Y) 
(A) 

g3m = aam, 
where \0 and X are arbitrary functions satisfying the relation 

(1.9) 

(1) From (1.3b), (1.4c), (1.3c) 8.J!d (1.4b) we have 

h22 = a(x1,x')-h11 , (a: arbitrary function) (1.6) 
and 

( 1,• 1,• ) 
Bx' fkc' + 8:1:'h• hi i = 0 ' 

( IJI a•) 
Ba;' a:i;s + a:i;•a:i;• hu = 0 , 

hence, 
hu = b,(X,x1,w)+b.(X,x1,x') } 

hu = C1(X,x1,w)+c.(X,x',x') • 
(1.6) 

where b's and e's are arbitrary functions and X = x3+im1, X = w-ix1• By sub
stituting (1.5) and (1.6) into (1.3b) and (1.3c) we have 

hence, 
hu = ib1-ib2+e(x1,x'). (e: arbitrary function) (1.7) 

If we substitute (1.6) and (1.7) into (1.3a) and (1.4a) we have 

b1 =f1(X, Y)+m1(Y, Y), b, =f.(X, Y)+m.(Y, Y), 

where Y = m1 +ix•, Y = x1-ix', consequently we have 

h11 = -f1-f.+m1(Y, Y). 
Substituting these results into (1.3a) and (1.4a) again, we obtain (1.8). 



194 K. Morinaga and H. Takeno. 

§ 2~ Finite 'solutions.-

In this section we see when the approximate solutions- above ob, 
tained may also be finite solutions: Removing the condition (1.9) and 
from (A) we have 

d = I g.; I = 1-4SoX 

g11 = l{l+i(~-X)} 
d 

1 . 
g12 = -~(So+X) 

- .::J_ 

gi2 = l{l-i( So - X)} 
d 

g"Tn = a8"", 

(2.1) 

Calculating the values of curvature tensors Kiilm, which for con:venience' 
sake we express in the form : 

1 . 
Kmm = Pi.iim+ ·iQi.ilm, 

where Pmm = -{M[mj, h]+U;}[mi, h], 

32g· 32 32g . a2g Qi,lm _ . im + _gil _ . il _ . im 1 

ox3oX1 oX'oXm OX1oXm oX'oX1 

we have 

Table of Piilm• 

12 2(:}-,91,9a+111a2) 

13 f (a2i91-a1i92) ;{ a1a2-i<•1-•a)} ( Piizm = Pzmii = - Piiml = - Piilm) 

14 ½(a2,91+a1i92) _le,+•) 
,d 1 2 ¼ { "1a2 +i<•1 -•,)} 

23 -f ( aii1 +al,9•) 1 
-4<•1+•2> ¼{-a1a2 +i<•1-•2>} ;{ a1a2+i(e1-,3)} 

--~- --- -----

-24 f ( a,i91-a1i92) }{ ala• +i<•1 -ea)} '¼<•1 +•a> 
1 . 

-;;,-<•, +•,> . J{ai11,-i<•,:-•,>} 
I 

>-- ---

34 2 0 0 0 0 0 -;;,-a1a2 

i-= ii/ 12 13 14 23 
I 

24 
/lm 
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where 

a1 = :; , a2 = !{ , /11 = !i • /12 ,= :; , e1 = 9?( !f )2, ~ = t( !f )2, 

Table of Q,.;zm, 

13 i(r1-ra) 

14 -(r1 + r,) -i(r1-r2) (Qijlm = Qlmij = - Qijml = -Qjilm) 

23 -(r1 +r,) -i(r1-r,) I -i(r1-r,) 
--

24 -i(r1-r,) (r1+r,) (r1 + r.) i(r1-r2) 

,;/ 
13 14 23 24 

/ lm 
I 

where 

Since in our case the equation (0.1) becomes as follows 

,/ti Kst34 = Kst12 (2.2a) 

(1IY Kat24+Kst18)+i(9?-X)Kst18-(9?+X)Kst23 = 0 (2.2b) 

(- ✓ti Ks123+Kstu)+i(9?-X)Kstu-(9?+X)Kst24 = 0, (2.2c) 

substituting the actual values of Ki;zm into (2.2a) we have 

a1a2(i/d -.:::1) = /:11f32, a~1-aif12 = 0, a~1+a1f32 = 0 a1a2 = 0, 

Conversely, if these relations hold, (2.2a) is satisfied identically, so the 
following two cases are possible . 

. Case I. When a2 = /32 = 0 . Case II. When a1 = f31 = 0. 

In Case I we see that r2 = e1 = 0 and X becomes a constant, and 
accordingly Ki;im is given by 
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Table of Kiilm• 

13 ik 

14 -k -ik Kijl2 = Kij34 = 0 

23 -k -ik -ik 
--- ---

24 -ik k k ik 

ij / 13 
I 

14 23 24 vzm 
I I 

Substituting these values into (2.2b) and (2.2c), we have only one 
equation<u : 

1- ✓-i = 2iX. (2.3) 

Hence from (2.1), (2.3) and taking account of X = constant, we have 

4<pX = constant. 

If X * 0, it must be that <p = constant and curvature tensor vanishes, 
therefore we must have 

X = 0. 

Conversely if X = 0, (2.3) is satisfied, consequently (A) is a finite 
solution of the equation (0.1). 

In Case II, by the same way as the above we can get 

<p = 0. 

So we have the two types of finite solutions : 

Hence we have the result : When the space differs injinit;esimally from 
euclidean under the assumption (1.2), the solutions of the equation (0.1) 
are given by (A) i. e. (F1) + (F2), but in the finite case the solution 
breaks up into either (F1) or (F2). 

In the coordinate system x = x1, y = x2, z = x8, t = -ix4, (F1) 

and (F2) are written as follows : 

(1) We assume that k =l= 0, otherwise the space becomes euclidean. 
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Y11 = 1-i<p(z-t,x+iy) 

ll'l2 = <p(z-t, x+iy) 

Y22 = l+i<p(z-t, x+iy) 

Yn = 1 +iX(z+t, x-iy) 

ll'l2 = X(z+t, x-iy) 

g~ = 1-iX(z+t, x-iy) 
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from which we know that (F1) or (F2) has wave properties which 
propagates in + direction or - direction of z-axis respectively. The 
physical interpretations of this result will be found in Mimura and 
I watsuki's paper.<1> 

§ 3. Some properties of the solutions (F1) and (F2). 

Concerning the finite solutions (F1) and (F2), we can prove the 
following theorem. 

Both (F1) and (F2) can not be trans! ormed into the orthogonal 
form: 

I gij = Q (i =l= j) (3.1) 

by any real coordinate transformation of x, y, z, t. 
Proof. We use x1, x2, x3, x4 for the coordinates x, y, z, t. A real 

transformation is given by 

xi =Ji('x1, 'x2, 'x3, 'x')' 

IQJl40. I . oxi 
Q·-=-~ 

J o'xi ' 
(3.2) 

We will prove the theorem in the case of the solution (F1). By the 
transformation (3.2), Yi; is transformed by the relation 

= BimQiQ}"-ir{(Q}Q}-Cl.Q;)+i(Q}~+Q~Q})}, (3.3) 

where aim= 0 for l =l= m and Bu= §Zl = ~ = -<344 = 1. If we put 

r(X, Y) = a+ib, 

where a and b are real functions, we have a2 +b2 =l= 0. 

(1) Y. Mimnra and T. Iwatsuki, This Journal, 6 (1935), 203. 
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From (3.1) we have 

almQfQj+b(~Q}-~~)+a(~~+~Q}) = 0, (i =!=j) (3.4a) 

a(QlQ}-~Qj)-b(Ql~+QiQ}) = o. (i=l=j) (3.4b) 

(3;4b) can be rewritten in the form : 

(i =I= j) (3.5) 

The cases are separated in the following five. 
Case I, when aQ}-bQi =I= 0. From (3.5) we easily see that 

I Qj I = 0, which contradicts the assumption (3.2). 
Case II, when only one of aQ}-bQ~ vanishes, say, 

aQ}-bQr = 0, aQ}-b~ =I= 0. (i = 2, 3, 4) (3.6) 

When bQ}+aQr =I= 0, from (3.5) we have 

Q~=Q!=0, (a= 2, 3, 4) 

from which we get I Qj I = 0. 
When bQ}+aQr = 0, from (3.5) and (3.6) we have 

Q}=Qr=0, 

QI ~ I Q½ ~ Q½ ~ 
I =i, = = 0, 

Ql Q: ! Ql Q: QI ~ 

so we get I Qj I = 0. 
Case III, when only two of aQ}- bQ~ vanish, say, 

aQ}-b~ = O, (i = 1, 2) and =I= 0, (i = 3, 4) 

in the same way as the Case II, we have 

Q½=Q¥.=Q½=~=0, 

hence from the condition I Qj I =I= 0, it must be that 

Ql QI 
=I= 0. (3.7) 
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On the other hand from (3.4a) we have 

{ Qj(ls-Q1Qi = 0, 

~Ql-~Q: = 0' 

therefore using (3. 7), 

~ = ~ = 0, 

{ Qj('4-Q1Ql = 0' 

~('4-Q!Ql = 0' 

~=Ql=O. 
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So we have x3 = x3(' x1, 'x2), x4 = x4(' x1, 'x2), and therefore from (3.3) 
it must be that 'g11 = 'g11('x1, 'x2), 'g'22 = 'g'22('x1, '#), consequently using 
the lemma which will be stated at the end of this section, we can 
deduce that Kmm = 0 • 

Case IV, when three of aQ}-bQ~ vanish, say, 

aQ}-b~ = 0, (i = 1, 2, 3) and =I= 0, (i = 4). 

After a little calculation, we see that this case can be reduced to the 
type of Case III. 

Case V, when aQ}-bQ~ = 0, (i = 1, 2, 3, 4). In this case it is 
easily proved that I Qj I = O. 

Putting together all the results above obtained we see that the 
theorem is true. 

From this theorem we can also deduce that : By any real co
ordinate transformation both (F1) and (F2) can not be transformed into 

such form that three elements of all the matrices 1::: (m = 1, 2, 3, 4) 
Ysm 
Y4m 

v.anish. 
Proof. For such g's we can find in each case a simple real trans

formation by which the matrix (gii). is transformed into the orthogonal 
form. <1) Therefore by the theorem above the proposition is true. 

I ~ ~ ~ ~ I (1) For example, 0 0 0 x is transformed into the orthogonal form by 

0 0 X 0 
the transformation . 

x1 = /:i;t + 'x•, x• = 'x1-'x2, x2 = 'x'+'x', x1 = 'x'-'x', 
where ( x) denotes non-zero element. 
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Next we will prove the following lemma used in the proof of the 
first theorem of this section, i. e. 

If Yii of the form 

Yii = 0 (i =!=j), Yu = Yu(x1, x2) , Y22 = Y22(x1, x2) , 

satisfies the equation (0.1), Kiilm must vanish. 
Proof. Putting 

Yii = H~, (i: not summed) (3.8) 

the equation (0.1) is written down in the form 

where E's are constants whose values are + 1 or -1. But from (3.8) 
we have 

Khiik = 0, (h, i,j, k =!=) (3.10a) 

(3.10b) 

where i is not summed. Hence from (3.9) and (3.10a) 

Khiih = E Khiik = o . (h · · k =I= h · t ed) (3 11) ,i,3, ; ,i: no summ . 
HiHk HiHk 

And from (3.8) and (3.10b), 

Hence from the last equations and (3.9), we have 

Kwa = Kl224 = K341a = K3424 = 0 } 

K1214 = Kl2lll = K3414 = K34Zl = 0 

K13u = Kum = K2414 = K'lAZl = 0 

(3.12) 

So that from (3.10a), (3.11) and (3.12), we have Kiilm = 0. So we 
have proved the lemma. 
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From this lemma we can easily see that the equation (0.1) has no 
non-flat solution of Schwarzschild's type. 

This problem was discussed at a special Seminar of Geometry and 
Theoretical Physics of this University. 

In conclusion we wish to express our hearty thanks to Prof. T. 
I watsuki who has given us his kind guidance. 

Mathematical Institute of the Hiroshima University. 
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