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§ 1. Introduction. 

In wave geometry<1> we have defined the expression for the metric 
in general microscopic space by 

dsy = dx•r.v 

where r's are 4 -4 matrices satisfying the equation 

and y is a 1-4 matrix given as a solution of the "unknown Dirac 
equation." And we have investigated the transformations and parallel 
displacement which make dsy = 0 invariant. In this paper, from 
another point of view we shall consider the parallel displacements and 
the differential equations for y obtained by this parallelism. 

§ 2. Vectors which satisfy the relation lr,Y = O. 

First, we will show that there exists a vector p• satisfying the 
relation: 

p•r.v = o. (2.1) 

Since r. are expressed as 

r. = Uh{f ;u-1 (2.2) 

where hj are defined by 
4 

g.; = Li hihj , 
1-1 

(1) K. Morinaga, Wave Geometry, This Journal, 5 (1935), 151. 
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if we put 

and 
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(2.1) is rewritten as 

u-1,ir = -f, 

Upif/f· = 0 

pifjf = 0 or 

Rewriting (2.4) in actual form, we have 

P1Ys+#(-ff4)+p8y4+p4(-ifs) = 0 l 
p1_f4+p2(-_i"irs)+p3(_-"irs)+p4_(i°ir4) = 0 

p1v1+r<iv2)+P'<-v2)+p4(iv1) = o 

P1Y2+Jr(iy1)+P'(°ir1)+p4(-iir2) = Q 

(2.3) 

(2.4) 

(2.5) 

It is easily seen that the rank of the matrix formed by the coefficients 
of p1, •••• , p4 in (2.5) : 

"ts -if, f4. -ivs 

"ir4 -ifs -"irs if4 

Y1 iir2 -°ir2 iir1 
(2.6) 

f2 · i°ir1 "ir1 -i-f2 

is 3 at most. Therefore there exists a set p1, •••• , p4 at least which 
satisfies (2.5), namely pi satisfying the relation (2.1). 

When the rank of matrix (2.6) is just 3, there exists a vector p• 
which satisfies (2.1). When the rank is 2, there exist two independent 
vectors p~(a = 1, 2) which satisfy (2.1). And from the form of (2.6) 
we see that the case when the rank of (2.6) is 1 does not occur. So we 
shall investigate the problem only in the two cases when the rank of 
(2.6) is 3 or 2. 

For the sake of convenience and future consideration, we rewrite 
(2.5) in the following form : 

(p1-ip')vs+(p3-ip2)y4 = 0 

-(p3+ip2)vs+(p1+ip')y4 = 0 l 
(2.7) 

(p1+ip4)v1 -(p3-ip2Jv2 = o · 

(p3+ir>v1+Cp1-ip4)v2 = o 
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(I) When the rank of the matrix (2.6) is 3. From (2.7), we 
know that in order that there may exist nonvanishing ,Jr, the deter
minant formed by the coefficients of ,Jr's must vanish, i. e. 

or, using (2.3), 

(2.8) 

(2.9) 

(II) When the rank of (2.6) is 2. There exist two independent 
solutions, say pl, .... , p! (a = 1, 2), which satisfy (2.5). Substituting 
these pi and eliminating ,Jr1, •••• , ,Jr4, we have 

4 4 

~pfpf = 0 
i-1 

~~=O 
i-1 

4 
~ pfp~+2i{m2pfl+p?p.jJ} = 0 
i-1 

4 

::EPiP-l-2i{m2~J+p~p,fl} = 0 (2.10) 
i-1 · 

and 
4 

~pfpf = 0 
i-1 

4 

::E 1Jip.1+2i{~p~J+m3~J> = o 
i-1 

4 

~ PiP-l-2i{JRpiJ+Pl3~} = 0 
i-1 

(2.11) 

which can be reduced to the following three equations: 

(a, b = 1, 2). (2.12) 

If after (2.3) we define the vector pi (a= 1, 2) by the equations: 

(2.13) 
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we have, from (2.12), 

(a,b = 1,2). (2.14) 

In this case from (2.10) and (2.12) we have the solution of v of the 
type either V1 = V2 = 0, or Va = "r4 = 0. For, otherwise from (2.10) 
and (2.11), we have the relation 

pf_pf_pf_pf 
Pl -~-pf-~• 

which shows that p~ are not independent. 

§ 3. The parallel-displacements which make piriV = 0 invariant. 

In this section we will consider the parallel-displacements which 
make lriV = 0 invariant. Let two vectors pi(x) and pi a't any two 
consecutive points xi and xi+ oxi, be parallel to each other ; then for 
the function set (fo V, pi),, and (r., "Ir, ?)x+ax at the two points, piriV 
must be invariant. So we have the following relations : 

P'riV = 0, (3.1) 

(3.2) 

(3.3) 

where rA are functions of x's which are the general coefficients of 
connection in x-space. Expanding (3.2), substituting (3.3) und using 
(3.1), we have 

This must hold for all ox.,, : So we have 

(3.4) 

Since from (3.1) we have 
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(3.4) can be written in the form : 

(r..pi)rtt = o 

where 

(3.5) 

(3.6) 

177 

So we have the result : The parallel-displacements which make 
ds,jr = 0 invariant are characterised by the relations : 

and 

(r,.pi)r-it = o 

p~.,ir = 0. 

Case (I) when the rank of matrix (2.6) is 3. Since there is a 
vector p' which satisfies (3.1), the condition that (3.1) and (3.5) are 
compatible is that the following equations : 

and 

hold, where 11,. is any covariant vector. 

(3.7) 

(3.8) 

Case (II) when the rank of the matrix (2.6) is 2. Since there 
exist two independent vectors p~ (a = 1, 2) which satisfy (3.1), the 
condition that (3.1) and (3.5) are compatible is equivalent to the 
following equations : 

' 

and 

Oi.iP~ = 0 

(a, b = 1, 2) 

(3.9) 

(3.10) 

hold, where a~,. are any covariant vectors with respect to suffices n. 

§ 4. The condition for integrability of the equation for ,jr. 

Now let us consider the condition for integrability of 

which is accompanied by the equation 

lriv = o 

(4.1) 
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where we regard the equation (4.1) as the differential equation for y 
when ri and rj.,. are given. 

Rewriting (4.1), we have 

where 

and 

•o af .Al O Y. P'rrax;;; = p• ,mrlT 

A~ = (-T .. i+Chig )h-~h~(l) im km m hk i J 

To avoid confusions hereafter we write y instead of f. 

(4.2) 

Now we shall consider the problem in two cases when the rank 
) 

of the matrix (2.6) is 3 and 2. 
Case (I), when the rank of the matrix (2.6) is 3. Solving pi from · 

(2.5) we have 

where 

- -----1L___ = r 
i(a-b) 1-ab 

= __ 1f!_______ = 
i(l +ab) 

a= Vs 
,ii-, ' 

p4 

(a+b) 
(4.3) 

Substituting (4.3) into (4.2) and writing in a actual form, we have 

(4.4) 

Eliminating oa and ~- from the above, we have the following 
ox"' axm 

equation: 

(1) As seen in Morinaga's previous paper C~ are the coefficient of T[iTJ1 in the 

expansion I'm by sedenion and T;.;,/ = ri,..,.-{,!m}. See loc. cit. p. 160. 
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Pi{(A.}m-A!mi)a+(-A~mi+A~m)+(A~mi+A.~m)ab-(A}m+A~mi)b} = 0 

Solving a 'and b from (4.3) in terms of p's and substituting them in 
the above, we have 

or 

pipiTimi = 0 

pip'fJ .;.gij ~ 0 . 

Differentiating (4.1) by x1, and using the condition: 

we have 

(4.5) 

and using (3.5), the above condition can be written in the forw: 
., 

p'Ri.:i:/nv = o (4.7) 

By successive differentiation of (4.5) and (4.7), we have, respectively, 

PiniT ., k = 01·· f" m1'J. 

pipiTmii.ks = O (4.8) 

and 

•••. ; 'I' -

PiRi.:i·/kr/'A = o } 
P Rimi, ks r;'t - 0 (4.9) 

' ............. . 
where pi are given by (2.8) and (4.3) in terms of -t. 

So we have the result : When the rank of the matrix (2.6) is s; 
the necessary and sufficient· condition for integrability of (4.1) 'is that 
the system of equations (4.5), (4.7), (4.8) and (4.9) is compatibfo. 

Further, we will investigate the above result in detail. 
(A) Simplest case. First, we consider the case when (4.1) is,_com

pletely integrable. In this case ( 4.5) and ( 4. 7) must hold identically 
for all values of y and accordingly for all values of a and . b. . So we 
have · ·· 
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(4.10) 

where Qm is any covariant vector, i.e. the :ti-space is Weyl (not neces
sarily symmetric). And since, from (4.10), we have 

R _ aQiJ 
Zm((;) - aJm g(i , 

the m_atrix equation (4.7) is reduced to the following two equations: 

2a(kimt4 + kzmZI) + (l -a2)(kzm12+ kzm34) + i(l + a2)(kzm1s-kzm.24) = 0 , ( 4.11) 

2b(kimt4-klmZl)+i(l +b2)(klmlll+kzm24) +(l -b2)(kzm12-k1m34) = 0 (4.12) 

where k - R·· •t1i:Ph31 lmii - lmp 1"[i q • 

Since (4.11) and (4.12) must hold identically for all values of a and b, 
we have 

(4.13) 

Hence we have the result : When the rank of the matrix (2.6) is 
3, the necessary and sufficient conditi<Yn in order that (4.1) may be 
completely integrable, is that the x-space is Weyl (not necessarily sym
metric) with the relation (4.13). 

General case. In the general case we have succeeded, but the 
result is so complicated that we do not feel much interest in it, so we 
confine ourselves here to the important case in which the x-space is 
Weyl (not necessarily symmetric). 

In this case (4.5) and (4.8) are satisfied identically, therefore the 
condition for integrability of (4.1) is that the system of equations (4.7) 
and (4.9) namely (4.11), (4.12) and (4.9) is compatible for all suffices 
l and m. The condition that (4.11) has a common solution of a for 
the suffices l, m and l', m' is that 

{ (kzm12+ kzm34)(kz,m11s - k1 1m124)- (k11m112+ kz,m'M)(kzmts- kzm.24) }2 

+ { (kzmJJJ- k1m24)(kz'm'14 + ki1m123)- (kl'm'l3- kvm'24)(kzm14 + kimZI) }2 

+ { (kimt4 + kimZ1)(ki1m112 + kz'm'84) - (kz'm'l4 + kz,m1zi)(k1mt2 + kzm34) }2 = 0 

(1) These results are equivalent to those which were obtained in Morinaga's 
previous papers 6 (1985), 107. 
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which can be reduced to the following equations 

By the same method which was used in the previous paper,0> the 
above equations become 

~ 

ijkrR R" · "PR R' • •q - 2- /AR R' · ·PR'.;; R' • jq E lmip l'm'j lmkq l'm'r - Y " lmip l'm'j lm•q l'm' • (4.14) 

Similarly, from (4.12) we have 

Eijkr Rimi~i,;,,_,jP RtmkqRi,;,,,,~ q = - 2 1/J RzmipRi,;,.,jP Ri;,.\Ri,;,.Jq • (4.15) 

Hence the general condition of integrability of (4.1) when the 
x-space is Weyl (not necessarily symmetric), is that 

and R P· .. PR'. i R' . jq - 0 
lmip-1-"l'm'j lm•q l'm' - • 

Case (II), when the rank of· the matrix (2.6) is 2. From the 
statements in § 2 it must be that Y1 = V2 = 0 or Vs = ,Jr4 = 0. 
First, we will consider the case when ,jr3 = ,Jr4 = 0. In this case we 
have, from (2.5), 

P1 p2 pf p4 

2k = -(b2~1) = i(b2-1) = -t.} 
(4.16) 

-1L = m_ = Pi = Pl 
b2+ 1 2ib O i(b2 - l) 

Substituting these values of p~ (a = 1, 2) into (4.2), and eliminating 
from the resulting equations, we have 

pf{(Alm+A1mi)b+(iA~m-A,m)+(iA:m+A,m)b2+(A}m-A1mi)b} = o, 
~{(A!m+A1mi)b2+(iA~m-A,m)b+(iA~m+A~m)b+(A}m-iA1m)} = 0, 

and 

Pi{ (A}m +iA1m)b2+ (iA~m -A~m)b+ (iA~m + A~m)b+ (A}m -iA1m)} 

+pH(Alm+iA1m)b+(iA~m-A~m)+(iAim+A1m)b2+(Alm-iAim)b} = o 

(1) K. Morinaga, this journal 5 (1935), 173. 
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and by aid of (4.16) the above can be reduced to the simple equation: 

or (4.17) 

where p~ are given by (2.3) and (4.16). 
By the same method, by which (4.7), (4.8) and (4.9) were obtained; 

from (4.1) we have the· following equations: 

(4.18) 

p~piTmij,k = 0 l 
. . . . . . . . . . . . ' 

(4.19) 

(4.20) 

Hence we have the result : When the rank of the matrix (2.6) is 
ft, the condition for integrability of (4.1) is that the system of equations 
(4.17), (4.18), (4.19) and (4.20) is compatible. 

By the same method which was used in the case where the rank 
of the matrix (2.6) is 3, as the condition in order that (4.1) may be 
completely integrable, we can easily get from (4.1) the following 
equations: 

(4.21) 
and 

kzm12 = kima, , kzm13 = - kzm24 , kzmu = k1m<ZJ , 

the later is rewritten a.su> 

(4.22) 

Similarly, when y1 = y2 = 0, corresponding to (4.21), we have 

(1) loc, cit. 171. 
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(4.23) 

So we have the result : When the rank of the matrix (2.6) is 2, 
the necessary and sufficient condition in order that (4.1) may be com
pletely integrable, is that (4.21) and (4.22) or (4.21) and (4.23) are 
compatible. 

By the same method as in the general case of (1), we get the result: 
When the space is Weyl (not necessarily symmetric), the general con
dition for integrability of (4.1) is that 

± ijkrR R· · ·PR R· · •q - 2 ✓-;.R R' • ·PR••i R· · jq E lmip l'm'j lmkq l'm'r - u lmip Z'm'j Zm•q l'm' 

or 
± iikrR R· · ·PR R· • •q - 2 - /-;.R n· · ·PR· •in· · jq E lmip l'm'j lmkq l'm'r - - V u lmip l1m 1j lm•q l'm' • 

§ 5. Fundamental Equation for ,jr. 

In this section, we shall see how the equation (4.1) 1s related to 
the fundamental equation for ,jr : 

obtained in previous paper.<2> 
From the equation (4.1), we have 

ar.v = (I'i r·+A r·)·'· oXm im 3 m • T. (5.1) 

where Am is a certain 4-4 matrix. Now we put the assumption (a): 
the rank of the matrix r,'t is 2, the equation (5.1) is completely 
integrable for ,jr, and Am is independent of the initial values of y. 

After a suitable S-transformation, (5.1) can be brought to the 
form: 

(1) Double signs of (4.22) and (4.23) are to be taken correspondingly in order that 
(4.22) and (4.23) must be equivalent, because the two cases of (4.22) and (4.23) are inter
changeable by a suitable S-transformation without changing the coefficients of con
nection and the metrics gii's. 

(2) Joe. cit., 162-165. 
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(5.2) 

where - as A = A -S----
m m axm 

But since f i have the form: 

0 0 X X 

0 0 X X 

fi = 
X X 0 0 

X X 0 0 

and Am are independent of every initial values of v, from (5.2) we can 

conclude that Am are expanded only in the terms fcdn (i,j = 1, .... , 4) 
and do not involve the terms f 5fi (i = 1, .... , 4) and f, (i = 1, .... ; 4). 
Hence multiplying (5.2) by f, and contracting by i, we have 

-ay_ = (I'. +T:·ir·r-+T rs)•'A 
OXm m im • 3 m T (5.3) 

which is identical with the result obtained in former paper.m 
Specially, when the x-space is Riemannian, (5.3) becomes as follows: 

(5.4) 

So we have the result<1> from the equation (6.9) in previous 
paper: Under the assumption (a), in a Riemannian space whose 
parallelism is admitted by ds,r = 0, the fundamental equation for 
y is 

and the condition of comylete integrability of the above equation is 
that . 

±✓J K••pq - K -~'---tEijpq lm - lmii • 
2 

(1) loc. cit., 167. 
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§ 6. The metrics. 

Here we shall consider only the case in which the rank of (r.-t) 
is 2.<1) 

(1) When the x-space is Weyl (symmetric) we will obtain the 
general solution of Yii of the wave geometry which makes dsy = 0 
invariant. For this purpose we consider the equations (3.9) and (3.10): 

(6.1) 

(a, b = 1, 2) (6.2) 

multiplying (6.2) by pg, (b =I= a), contracting it by n, and substracting 
from this equation the equation obtained by interchanging a and b, 
we have 

This shows that the system of differential equations : 

(a= 1, 2) (6.4) 

makes a complete system. Therefore (6.4) has 2 independent solutions, 
say u3(x1, •••• , x4) and u4(x1, •••• , x4). If we change the variables by 

x1 = x1 , x2 = x2, x8 = u8(x1, •••. , x4), x4 = u4(x1, •••• , x') (6.6) 

and take suitable linear combination of pi, we can put 

(a= 1, 2). 

In this coordinate-system, (6.1) and (6.2) become, respectively 

Ya,1, = 0 

(a, b, c = 1, 2) • 

From (6.8) we have 

(6.6) 

(6.7) 

(6.8) 

(1) Because the case where the rank is 3 becomes trivial when the z-space 
becomes Riemannian, and it is not looked upon as of much importance in physical 
applications. 
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I'j,n = 0 (a = 1, 2 ; J = 3, 4) . (6.9) 

(Hereafter we assume that a, b,c = 1, 2; i,j, k = 1, .•.. ,4 and J, µ = 3, 4). 
F~om (6.9), we have 

Since Yab = 0 and the determin~nt I Yi.i I must not vanish identically, 
it must be that 

g).µ = 0 

Hence from (6.10), we have 

and 

(·l_gbl___ oga).·)+QaYb;.-Qbga). = Q (6.11) 
OXa OXb • 

or 

When the x-space is Riemannian, from (6.11) we know that 

- 8/;. Ya;. - - -·-. axa 

where f. (l = 3, 4). are any functions of x's. 

(6.12) 

So we have the result: When the rank of th~ mairix Ti'o/ is 2 
in a Riemanman space in which dst = 0 is invariant, in a.coordinate
syst;em mitably chosen the metrics Yij is obtained in the form 

{ 
Yab = 0, Y;.µ = arbitrary, 

g - af. - g () - 3 4) 
a). - oXa - Aa A - , 

(a, b '7 1,.2) 

where J;. are arbitrary functions of x's. 

§ 7 ... The general solution gi.i of the equation : 

±✓Y. R"P'l - R 
2 Eijpq lm - lm[i.,J • 

If we obtain the solution Yii when (4.1) is completely integrable 
and' the rank of (r;ljr) is 2, from the result obtained in § 4, such lli.i 
must be the general solution of the equation : 
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;- ·. . ±1 J R••pq - R 
2 Eijpq lm - tm[ii] • (7.1) 

Since (4.1)_ is completely integrable, there may be at least two 

independent solutions v, say f and f, which are not related by 

;jj: = µ:;i;.. And since the rank .of (riir) is 2, there exist two vectors 

p' for each ,jr, say p~ (a = 1, 2) for f, p~ (a = 1, 2) for ~; which 
satisfy. the relations : 

and 
(7.2) 

(7.3) 

It is proved that the four vectors p~, p~ are independent of each other. 
For, if one of them, say Pt is expressed linearly by the others, say 
~ = Apf+Bpi+Cpf, it. must be that from (7.3) 

i.e. 

which is a contradiction 
Substituting p~ and p~ into (6.1) and (6.2), and writing pl for p~ 

and pl (). = 3, 4) for p~ (a = 1, 2), similarly as in § 6, it is proved that 
each of the two systems of differential equations : 

pi af_ = 0 
a ax• (a= 1, 2) (7.4) 

and 
Pl of_ = 0 

ax• 
(). = 3, 4) (7.5) 

make a complete systems. Therefore (7.4) and (7.5) have each two 
independent solutions, say u3(~)1 u4(x) and u1(x), u2(x), respectively. 
Then by the coordinate-transformation: 

(i = 1, .... , 4) 

and by linear combination of pj's, we can put 

So from (6.1) ~nd (6.2), we have 
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Therefore, from (7. 7) 

T. Sibata and K. Morinaga, 

gab= 0, 

I'~n = 0, 

OAµ = 0, 

IJ; = 0 

Substituting (7.6), (7.8) and (7.9) into (7.1), we have 

R'µ1"1+R·:.;2 = oQc _ _.E_Q~.µ } 
C c,_.. OXµ OXC 

R' .. s+ R· .. 4 = oQc _ oQI'. 
cJ,(iJ cµ4 ,::, µ ,::, c 

uX uX , 

(7.6) 

(7.7) 

(7.8) 

(7.9) 

(7.10) 

On the other hand, we have from the expression of R;;,l actually 

(i: not sum) 

Substituting the above into (7.10), we have 

32 (log a)+ oQc + oQµ = 0 (7.11) 
oxµox 0 ow' ox° 

where 

a= 

From the condition of the integrability of (7.11) for log a, we have 

oQa = oQµ+K 
ow' ox° oµ 

where Kcµ are any constants. 
So we have the result : When the x-space is Weyl in which 

ds,fr = 0 is invariant, the general solution gii and Qi of the equation 
(7.1) are given by (7.6), (7.8), (7.9) and (7.11) in a coordinate-system 
suitably chosen. 

Specially when Q, = 0, we have the ~ult : When the x-space is 
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Riemannian, in a coordinate system suitably chosen the general solution 
of the equation (7.1) is given by 

gab= 0, 

where f is any function satisfying the relation : 

<p and X being arbitrary fuwtions of their arguments. 
This problem was discussed at a special Seminar of Geometry and 

Theoretical Physics of this University. 

Mathematical Institute of the Hiroshima University . 

• 
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