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In my previous papers,<!) I have investigated the space of set 
functions ~(/j). It is defined as follows: Let ~ be a closed family 
(11-Korper) of all Borel subsets of a separable metric space !J, and p(E) 
be a completely additive, non-negative set function defined in ~- If 
¢(E) be a completely additive set function defined in ~. which is ab-

solutely continuous with respect to P(E) and LI DfJ<E>'P(,p,) 12 dfj(E) is 

finite, then I said that ¢(E) belongs to 2ifi). 2J/j) is a Hilbert space 
with the inner product ~-~ · 

(¢, ¢) = LnfJ<E>¢(a)DfJ(E)(f(a)dfj(E) .<2> . 

In these previous papers, I have assumed that /j(.Q) is finite. But 
in the applications, the case often occurs where /j(.Q) is infinite. In 
this case, the usual definition of an integral is inconvenient. But A. 
Kolmogoroff<3> gave a new definition of an integral which is irrespective 
of the finiteness of /j(.Q). In his definition of an integral, it is un
necessary that set functions are defined for all sets in a closed family ; 
they need only be defined for decomposed sets of a multiplicative 
system. Such set functions, I call, in this paper, differential set func
tions. Using Kolmogoroff's integral, we can define the space of 
differential set functions in the same way as the space of ordinary set 
functions. 

(1) F. Maeda, "On the Space of Real Set Functions," this journal, 3 (1933), 1-42; 
"On Kernels and Spectra of Bounded Linear Transformations," ibid., 243-273; "Kernels 
of Transformations in the Space of Set Functions," this journal, 5 (1936), 107-116; 
"Transitivities of Conservative Mechanism," this volume, 1-18. 

(2) If we do not demand the separability of 2,(,9), we can, more generally, take 
the closed family .R in an abstract space t2 as the domain of definition of set functions. 

(3) A. Kolmogoroff, "Untersuchungen iiber den Integralbegriff," Math. Ann. 
103 (1930), 654-682. 
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In this paper, I investigate this space of differential set functions, 
and I show that almost all properties of the space of ordinary set 
functions hold also in this space of differential set functions. And next, 
I apply these theories to certain problems of wave mechanics. In the 
space of point functions, the characteristic functions of the operators 

Q = q .. .. and P = ~ dd • • • • cannot be obtained in the strict 
2m q 

mathematical sense. The characteristic function of Q is expressed, 
using the improper Dirac a-function, by a(q-).), and the characteristic 

2ni A 

functions of P is eh q which is not quadratically integrable.<0 In 
the last part of this paper, I show that in the space of differential 
set functions, the characteristic functions of these operators can be 
obtained in the strict mathematical sense. 

Differential Set Systems and Differential Set Functions. 

1. Let s.m be a system of sets in an abstract space JJ, then s.m 
is called a multiplicative system when the product of any two sets E 
and E' belongs to s.m with E and E'. Now, assume that s.m con
tains JJ. 

Let A be a set in s.m. The decomposition of A in a sum of finite 
or enumerably infinite distinct sets {En} belonging to s.m: 

is expressed by 

and the sets En are called the elements of the decomposition ~-

Let ~'A= ~E'm 
m 

be another decomposition of A,, such that E'm is a subset of any one 
of the elements En of ~. then we say that ~' is an extension of ~. 
and write 

(1) Cf. J. v. Neumann, Mathematische Grundlagen der Quantenmechanik, (1932), 69, 
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Of course '.:D is an extension of '.:D itself. 
Let '.:D and '.:D' be any two decompositions of A 

'.:D'A - ~E~, 
m 

then 
n,m 

is called the product of '.:D and '.:D', and is the extension of either '.:D 
and '.:D'. 

Denote by Wc'.:DA the aggregate of the elements of all extensions 
of a decomposition '.:DA. We say Wc'.:DA is a differential set system in 
A. It is also a multiplicative system. 

Let Wc'.:D' A be another differential set system in A. Then ['.:D'.:D']A 
being a decomposition of A, we have a differential set system in A, 
i. e. Wc['.:D'.:D']A. Since ['.:D'.:D']A is an extension of '.:DA and '.:D' A, we 
have 

Wc'.:D A ::::i We[ '.:D'.:D'] A , Wc'.:D' A ::::i We[ '.:D'.:D']A . (1) 

If E0 be any set which belongs to both Wc'.:DA and Wc'.:D' A, then 
there exist '.:D1A and '.:D~A so that 

and E0 is the element of both :!l1A and '.:D~A. Then E0 is the element 
of [:!J1:!J~]A. Since [:!J1'.:DJA is an extension of ['.:D'.:D']A, E0 belongs to 
Wc[:!J:!J']A. That is 

(Wc:!JA)(Wc'.:D' A) C Wc['.:D'.:D']A . (2) 

Combining (1) and (2), we have 

(Wc'.:DA)(Wc'.:D' A) = 9Jc['.:D'.:D1A • 

That is, the product of two differential set system.s in A is also a 
differential set system in A. 

Denote by WcA ·the aggregate of the elements of all decompositions 
of A. Then WcA is also a differential set system in A, and 

for all Wc'.:DA. WcA contains A itself. 
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2. If, for any elements E of a differential set system im~A, one 
or many complex valued function E(E) are defined, then we say that 
E(E) is a differential set function in A. 

Let E'(E) be another differential set function in A. If 

E(E) = E'(E) 

for all sets E in a differential set system, then we consider that .;(E) 
and e(E) are the same differential set function in A. 

When E(E) is one-valued, and 

E(E) = ~ E(En) 
n 

for any decomposition of E in im:!>A 

E=~E.,, 
71, 

then we say that E(E) is completely additive. Since the convergence 
of ~ E(E.,,) must be independent of the order of the terms of the 

n 

series, ::8 .;(E.,,) must be absolutely convergent. 
71, 

Let E(E) be a differential set function in A. If there exists a 
finite number I such that for any positive number e, a decomposition 
:ll0A exists so that for any decomposition :!> :::) :!>0 

sup I~ .;(E.,,)-11 < e (:!>A = ~ E.,,) , 
71, n 

then we say, after Kolmogoroff, that I is the integral of E(E) in A, 
and write 

I= j}(dE) .<1) 

If j}(dE) exists, then JEE(dE) exists for all elements E in 

9RA, and is a completely additive differential set function in A. 
When f(a) is a point function defined in A, then from f(a), we 

can construct a many valued differential set function f(E) so that it 
takes all values f(a) when a is a point in E. After Kolmogoroff,<2> 

we can define the integral LJ(a).;(dE) by Lt(dE)E(dE). 

(1) We can define the integral in the case where I is infinite. But such an 
integral is not used in this paper. 

(2) A. Kolmogoroff, loc. cit., 676. 
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These integrals, introduced by Kolmogoroff, have almost all the 
fundamental · properties of the ordinary integrals. <n 

Space of Differential Set Functions. 

3. Let {3(E) be a completely additive, non-negative differential 
set function in !J, and E(E) be another completely additive differential 
set function in !J. Let 9J1~Q be a differential set system for all 
elements of which {3(E) and E(E) are both defined. If E(E) = 0 for 
all sets E in 9J1~!J, where {3(E) = 0, then we say that E(E) is ab

solutely continuous with respect to {3(E). 
If Ei(E) and E2(E) are absolutely continuous with respect to {3(E), 

then 

(1) 

. 0 
takes a definite value or O at all sets E in a differential set system. 

Hence, if we define the value of (1) as O when (1) becomes _Q_' then 
0 

(1) is a differential set function in !J. 
If a completely additive differential set function E(E) is absolutely 

continuous with respect to {3(E) and 

J I E(dE) 12 

!J {3(dE) 
(2) 

is finite, then we say that l;(E) belongs to 2if3). And we denote the 
positive square root of (2) by II E II- · 

In the inequality 

I E(E) 12 < ~ j_t;(Ei)_!2_ 

{1(E) - i {1(Ei) 
(E = ~Ei), 

i 
(3) 

since E(E) and {3(E) are completely additive. Hence if J I E(dE) 1
2 is 

E {3(dE) 
finite, then by the definition of the integral, it is the upper bound of 

(1) For detailed discussion, cf. A. Kolmogorofl', loc. cit., 661~2. 
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~ lf (Ei) f_ (E = ~ E.). Therefore, if l;(E) belongs to ~(P), then 
i p(E,) • 

u(E) = f I t;(dE) 12 
JE P(dE) 

is a completely additive non-negative, differential set function defined 
for all sets E in IDl.!J, and by (3) 

I t;(E) 12 < P(E)u(E) (4) 

for any set E in a differential set system. Since u(E) :S:: u(.!J) = 11 I; I 12, 

·we have 
(5) 

Conversely, if there exists a completely additive, non-negative 

differential set function u(E) in Q which satisfies (4), and L u(dE) is 

finite, then l;(E) is absolutely continuous with respect to p(E), and 

Hence f I t;(dE) 1
2 is finite. That is t;(E) belongs to 22(/3). 

J"' P(dE) 
Thus, we have the following theorem: 
Let l;(E) be a completely additive, differential set function in Q. 

Then E;(E) belongs to ~(p), when and only when there exists a non
negative completely additive differential set function u(E) in .!J, which 
satisfies 

I t;(E) i2 < p(E)u(E) 

for any sets E in a differential set system, and j"' u(dE) is finite. 

In this case 

II I; 112 < LH(dE). 

4. ~(P) have the following properties : 
(i) ~(P) is linear; i.e. eiE1(E) + cl2(E) belongs to ~({3), together 

with 1;1(E) and 1;2(E) ; c1, c2 being any complex numbers. For, it is 
evident that c11;1(E) + e,J;2(E) is completely additive, and absolutely 
continuous with respect to P(E). In Minkowski's inequality 

1 l 1 

~ I a.+b, l2F <~I a.12]~+~ I b, 12]~, 

• • • 
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put C1E1(Ei) 
✓~(E;). , 

Then 
I I I 

[~J~1E1(Ei)+c,tiEi) 12 J2 < lcil [~ lYEi) 12 ] 2 + jc21 [~ Je2(E,) 12] 2 • 
• {J(E.) i {J(Ei) • {J(E.) 

Since the right hand side of the above inequality is not greater than 
I c1 I · 11 E1 11 + c2 I · 11 e2 11, c1e1(E) + c1EiE) belongs to 22((3), and 

II c1E1+e:ie2 JI< I c1 I· II E1 II + I c2 I· II E2 II. 

(ii) In 2i{J), the inner product (e, 71) is defined by the value 

f E(dE)"ri(dE) 
J !J {J(dE) 

(1) 

Since, for any positive number e, a decomposition <,!;0!J . exists so that 
for any decomposition <,!; :::) <,!Jo 

n • 

:Ean :Ean 
(1) To prove this inequality, put a - r _n__ b = a -r _n_ in (a+b)2 = - n:Ern' n n:Ern 

n n 

a2 +b2 +2ab, where rn;;;; 0, and an are real. Next, divide by rn and sum with respect 
to n. Then we have 

I 
::E an 1• 

I 12 \:E an 12 2j a .. -r .. i_;-r~-
~ ~ = n + n • (i) 

n r,. :Ern rn 
n n 

When an are complex, the above equality holds for the real and imaginary parts. 
Hence (i) holds when an are complex. Next, put an = ~(Ein), r n = {1(Ein) in (i), and 
sum with respect to i. Then we have 

I ~(E,.) 1• 
~ \~(E ... )1• = z:: l~(E.)\" + ~ ~in)-0(Ein)rl.Ei> • (ii) 
i,.. P(Ein) i {1(E.) LJ [,(Ein) 

i,n 
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the integral (1) exists. And by the following inequality 

I~ F;(Ei)~(E;) ·1

2 < ~ I F;(Ei) i2 ~ I ?J(Eill2_ , 
i fl(Ei) i fl(Ei) • fl(Ei) 

we-have l (t;, ?J) I< II t; 11 • 11 ?J 11-

Thus ~(fl) satisfies the two essential axioms of the abstract Hilbert 
space, where the null element is the differential set function which 
vanishes identically for all sets in a differential set system. For when 
11 F; 11 = 0, then by (5) of the preceding section F;(E) = 0 for any set 
in a differential set system. Hence almost all conceptions in the abstract 
Hilbert space can be used also in ~(fl). We use these conceptions in 
this paper without explanations.<1> 

Put 

then 

F;(E) = {1(EE1) , 

r I F;(dE) 12 = r I {3(dE·E') 12 = r {1(dE) == fl(E') 
Jg fl(dE) J .!.! fl(dE) J E' u>•f' ,,.-f.,t. 

is finite,· when E' belongs to a differential set system, say Wt!)!.?. In 
this case fl(EE') belongs to ~(fl). 

Denote by ~(fl) the linear manifold determined by the system 
{fl(EE')}, E' being any set in Wt!>!.?. Let F;(E) be any function in 
5!if1). Then for any e, we can take a decomposition '1:JQ and k so that 

II t;-<P II< e 

where 

(Cf. p. 25 footnote (ii)). Hence 2~(/3) is dense in 2ifl). 

Weak and Strong Convergences. <2> 

5. Let { F;n(E)} be a sequence of differential set functions m 
2ifl), and F;(E) be a differential set function in ~(µ). 

(1) For the axioms of the abstract Hilbert space, and conceptions in this space, 
cf. M. H. Stone, Linear Trans/ ormations in Hilbert Space, (1932), 2-23. When WI is 
a a-Korper containing [J, and /j(_E), ~(E) are defined in all sets E in WI, then 2.(/j) is 
nothing else than the space of ordinary set functions, which I considered in previous 
papers. 

(2f The following theorems about the weak and strong convergences hold also in 
the space of ordinary set functions. 
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If Jim II e,. - e II = o , .. ._ 

then we say that {e,.(..E)} c<m:verges str<mgly to e(E), and write 

[Jim] e,.(E) = E(E) • .. ._ 
In this case, of course, 

lim 11 E,. 11 = 11 e II • .. ._ 

And if lim (E,., 1J) = (E, 1J) (1) -.,,.-··-- r-..... ~,, 

27 

for ~11 1J(lfll in ~~(µ)J then we say that {e,.(E)} c<mverges weakly to 
r;(E), an<f write ~-

(lim) F;,.(E) = r;(E) • -
In this case, let n becomes infinite in the following inequality : 

we have 

That is 

I (E,., e) I < 11 e,. 11 • 11 E II , 

II e I 12 < lim II e,. I I • I I e I I • 

Since I (r;,.-e, 1J) I< 11 e,.-r; ll • II 1J II, 

the str<mg c<mvergence implies the weak convergence. 
And since 

I I E,. - E 112 = I I e .. I 12 - (En, Ef-(E, En)+ 11 r; 112 , 

if OimH,.(E) = E(E) and Jim II e .. 11 = II e II, .. -- .. ..-
then [lim] E .. (E) = r;(E) . .. --

(2) 

(3) 

Let all differential set functions r;,.(E) be defined for all sets in a 
common differential set system. In (1), put 1J(E) = µ(EE'), then 

lim E .. (E) = E(E)0 > 
n➔oo 

--~ .-----------·-·------

(1) For ( ~(E), {1(EE')) = ( ~(dE)[1(dE. E~)_ = I ~(dE) = ~(E'). 
) !J [1(dE) J E' 
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for any set E in a differential set system. Hence, the weak con
vergence, and therefore the strong convergence, implies the ordinary 
convergence in a differ.!mtial set syst,em.(1) 

If lim En(E) = E(E) in a differential set syswm and II En II< M 
n➔oo 

Jor any n, M being a constant, then 

(lim) En(E) = E(E) . 

For, by the footnote of the preceding page, lim En(E) = E(E) can 
n~ 

be written in the form 
lim (En, 77) = (E, 77) (4) 
n~ 

where 77(E) = {3(EE'), EJ are sets in a differential set system. Hence 
(4) holds for all 77(E) in 2;({3). But 

I (En, 77) I < II En 11 • II 77 II< M IJ 71 II, 
and 2~({3) is dense in 2lf3). Hence ( 4) holds for all 77(E) in ~({3). 
That is, {En(E)} converges weakly to ~(E)/2~ 

If (lim) ~n(E) = E(E), then it is already proved that {II En II} is 
n~ 

bounded when 22({3) is complete.<2> Hence we have the following 
theorem: 

When all En(E) are defined in a differential set syewm and ~({3) 
is complew, {~n(E)} converges weakly to E(E), when and only when 

lim En(E) = E(E) 
n➔oo 

in a differential set system, and {II En ii} is bounded. 

If lim En(E) = E(E) in a differential set syswm and 
11 ➔ o.J 

Jim 11 En 11 < 11 E 11 ' (5) 
n~ 

(1) In the case of the strong convergence, the implication of the ordinary con
vergence can be proved directly by 

' I ~n(E)-~(E) I~ {/1(E)}1° II ~n-~ II. 
(Cf. sec. 3, (5)). 

(2) Cf. J. v. Neumann, Math. Ann., 102 (1929), 380. The completeness of Sl/1) 
is proved in the next section. 
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then [Iim] En(E) = .;(E) . , 
n-'»<><> 

For, since II En 11 is bounded, by the preceding theorem, 

Hence, by (2) lim II En II> II.; 11. - -
n➔oo 

Combining with (5), we have 

lim II En II = II E II• 
n➔oo 

Therefore, by (3) [lim] E,.(E) = E(E) . 
n➔oo 

Combining the above theorems, we have the following theorem : 
When all .;n(E) are defined in a differential set system, {.;,.(E)} 

converges strongly to .;(E), when and only when 

in a d.iff erential set system, and 

lim II En ii = II~ II . 
n➔oo 

Completeness of 2i{3). m 

6. When all differential set Junctions in 2l/3) are defined in a 
common differential set system, then ~({3) is complete. That is, if 
{.;n(E)} be a sequence of differential set functions in 22(/3), such that 

lim II .;m-.;n II= 0, 
m-'»<><> 
n-'»<><> 

(1) 

then there exists a differential set function .;(E) in 2i(3), so that 

[lim] .;n(E) = .;(E) . 
n-'»<><> 

(1) This method of proof can be applied to the case of the space of ordinary set 
functions. In my previous paper (F. Maeda, this journal, 3 (1933, 4), I deduced the 
completeness from that of the space of point functions. 
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Since, by sec. 3, (5) 

~ .. (E) converges to a differential set function E:(E). And 

i-oo 

for any E when n > N. Hence, when E = S Ei 
i-1 

for any k when n > N. Now take n so that (3) and 

I E:(E)- E:,.(FJ) I < e{l(E) 

hold. For this definite n, there exists an integer K so that 

when k > K. Hence, by (3), (4) and (5) 

k 
I E:(E) - S E:(Ei) I < 3e{l(E) 

i-1 

when k > K. That is, E;(E) is completely additive. 

(2) 

(4) 

(5) 

Now, by (1) {II E:,.11} is bounded, and by sec. 3 II E:,. jj2 is the 

upper bound of :8 H,.(Ei) 12 (Q = S Ei). Hence 
.-1 {l(E.) i 

~ I E;,.(Ei) 12 < II E:,. Jl2 < M (Q = s E,)' 
i-1 p(E.) • 

where M is a constant number independent of n. Since 

'lim E:,.(E.) = E:(E.) 

for any E., we have 

Therefore 

.. ~ 
f _lliE.) 12 < M. 
i-1 {l(E,) 

i:; I E;(E.) 1
2 < M 

i-l {l(E.) 
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for any decomposition JJ = ~ Ei. Hence, by sec. 3, J l E(dE) 12 is 
i 9 {l(dE) 

finite. That is ~(E) belongs to ~({1)., 

{II~ .. JI} being bounded, by sec. 5, we have 

(lim) E,.(E) = E(E) • .. --
Hence (lim) { Em(E)- E,.(E)} = Em(E) - E(E) • .. --
And by sec. 5 (2) 

lim II ~m-~n II> II ~m-E 11. (6) 

But, since when m,n>N, 

N being an integer which depends to e, from (6), we have 

That is 

Jl~m-Eii<e 

[lim] Em(E) = E(E) • 
m.-

Thus, the theorem is proved. 

when m>N. 

In what follows, we consider the case where ~(/1) is complete. 

Kernels of Transformations. 

7. Let ~(E, E') be a completely additive differential set function 
defined in a differential set system, when ~(E, E') is considered as a 
function of set E, E' being a parameter, and when se(E, ~ is e0ft 
-sidered-.as,-a--funetion-t>f-set-H;·E--bemg.-&.parametel". When ~(E, E') 
is considered as a function of set E, E' being a parameter, we denote 
it by ~(E, <E'>>· Similarly for ~(<E>, E'). 

When ~(E, <E'>) and ~(<E>, E') belong to ~(/1), we say that ~(E, E') 
belongs to ~({1, (1). 

V\rylen ~(E, E') belongs to 2lf1, /3), if for some differential set func
tion E(E) in ~(/3), 

J ~(E, dE')E(dE') 
JJ {3(dE') 

(1) 
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is a differential set function in 2i/3), say 7J(E), then (1) represents a 
transformation in 53if1), which we· denote by 

T ~~(E) = 7J(E) • 

And we say that !e(E, E') is the kernel of Tri. The domain of Tri, 
which we denote by :!l~, is the aggregate of all functions ~(E) in 53z({3) 
so that (1) is a function in 532({]). It is evident that :!lri is a linear 
manifold, and T ff is a linear transformation. 

For example, [3(EE') is the kernel of the identical transformation 
in 532(/3). For 

r {3(E·dE')~(dE') = r ~(dE') = ~(E) 
J !J f3(dE') J E ' 

for any function ~(E) in 53z({3). 

All the theorems in the previous paper<1> concerning the kernels of 
transformations in the space of ordinary set functions hold also in the 
space of differential set functions. Here I cite one theorem which is 
used in what follows. 

If U(E, E') be a differential set function in 53if3, /3), which satisfies 
the following relations : 

( U(E, (E')), U(E, (E"))) = {1(E'E11
) , (2) 

(U*(E, (E')), U*(E, (E"))) = /3(E'E'1), (3) 

U *(E, E') = U(E', E) , 

then U(E, E') is the kernel of a unitary transformation. <2> 

In this paper, I use the following abbreviation : 

[ Jt(E, dE')~(dE') = ~~(E) 
J !J {3(dE') ' 

[ ~i(E, dE11)~2{dE'1 , E') = ~ ~ (E E') 
J SJ {3(dE") i 2 , • 

(1) F. Maeda, this journal, 5 (1935), 107-116. 
(2) Ibid., 115. 
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Then (2), (3) can be written as follows : 

U*U(E", E') = p(E'E''), 

UU *(E", E') = {l(E'E''). 

Vector Valued Differential Set Functions and Resolution 
of Identity. 

33 

8. The theory of vector valued set functions, which I considered 
in my previous papers,<1> can be applied to the case of vector valued 
differential set functions. 

Let ~ be a space of vectors, which satisfies the following axioms<2>: 
( i ) ~ is a linear space, 
(ii) in ~ an inner product is defined, 
(iii) ~ is complete. 

And let m be a multiplicative system of sets in an abstract space V. 
If for all sets U of a differential set system m~ V, a vector q( U) in 
~ be determined, then q( U) may be called a vector valued differential 
set function. And q( U) is said to be completely additive, if 

( q(U), q(U')) = 0 

when UU' = 0, and 

q( U)[ =] q( U1) + q( U2) + .... + q( Un) + ... _<3> 

when U = }::; Un, Then 
n 

a(U) = 11 q(U) II~ 

is a completely additive differential set function in V.<4> 

Let ~( U) be a completely additive differential set function in V, 
which is absolutely continuous with respect to a(U). If there exists a 
vector f in ~ such that for any positive number e a decomposition 
~o V exists so that for any decomposition ~ :::> ~o 

(1) F. Maeda, this journal, 4 (1934), 57-91, 141-160. 
(2) The separability is unnecessary, since all essential properties in the abstract 

Hilbert space hold also without it. 
(3) [ =] means the strong convergence of the series. 
(4) Cf. F. Maeda, this journal, 4 (1934), 60. 



34 F. Maeda. 

then we say that f is the integral of E( U) by q( U), and write 

f = f _i( d,_ U)E( d [!)__ • 
JV a(dU) 

When (1) exist, since 

11 
S E(Un)q(Un) 11'12 _ S I E(Unl !2 , 

, n a(Un) n a(Un) 

~(U) belongs to .8ia) and 

II f II= II E II. 

(1) 

(2) 

Conversely, when ~( U) belongs to 2ia ), for any positive number 
e, a decomposition :Ii. V exists so that for any decomposition :Ii => :Ii. 

(3) 

Let {ev} be a sequence of positive numbers, such that lim ev = 0. 
v~ 

Put 2J = 2J §(_lTn)q_(_lTn) 
~ n a(Un) 

when :Ii V = S Un, 

and ~=s. 
~v ~ev 

Then, by (3) there exists a 'sequence {S} such that 
~v 

Put 

(1) For 

II S - S II< ev for any :Ii=> :I>v. 
~v ~ 

:IJ<v) = [:IJ1'.Il2 • • • • '.IlvJ • 

I/ :E ~(Un)q(Un) _ :E 1{Uni)q(U_!!•l lJ" 
I: n a(Un) n,i a(Uni) Ii 

n 

= :E I ~(U"n) I~+ :E H(Qnj)I"__ :E _fiUn)~(U_!!~- :E E[u;wunil 
n a(Un'f.) n,i a(Uni) n,i· a(Un) n,i a(U,,.) 

= :E i ~(Uni) 12 }J H(U,.) 12 

n, a(Uni) n a(U,.) • 

(4) 
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By (4) II ~ - ~ II < 2e,, 
'.I)(v) '.I)<µ) 

Since ~ is complete, a vector f exists so that 

I I f- ~ i I < 2e,, • 
~(v) 

But, by (3) II ~ - ~ II < 2e,, 
'.I)(v) '.I) 

Hence II f-~ 11 < 4e,, 
'.I) 

That is, f _ J E(dU)q(dU) • 
v a(dU) 

when µ > v. 

for any ~ ::, ~,,. 

for any ~::,~,,. 

35 

Consequently, if E( U) be a completely additive differential set 
function, which is absolutely continuous with respect to a( U), then 

J ~dU)q(dU) exists when and only when E(U) belongs to 2z(a). 
v a(dU) 

Let E(U) and TJ(U) be two differential set functions in ~(a), and 
put 

f = j _E(dU)q(<l,_Q]__ 
v a(dU) ' 

g __ j _TJ(dU)q(dU). 
' v a(dU) • 

Then by the definition of the integral, there exists a sequence of de
compositions 

~1 C ~2 C •••• C ~ .. C •••• 

so that 

(E, ?J) = lim ~ _E(Un)?J(Jl,,,,)_ 
,,.._ n a(Un) 

Hence (f, g) = lim ~ E( Un)?J( tfn)_. 
v➔oo n a( U ,.) 

That is (f, g) = (E, ?J). 

It is evident that 
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r {~(dlZ)+7Z(d_U)}q(dU) = r ~(d_l:.Qg_(d_Ql_+ r 1)(dU)q(dU) . 
J v a(dU) J v a(dU) J v a(dU) 

(5) 

Let EiU) and ~CU) be differential set functions in ,2Ja). If 

[IimH.(U) = ~(U) [in Ela)], 
y➔oo 

·then [Iim] f ~idU)q(dU)_ = f ~(dU)g_(d[Jl_ 
y-➔oo J v a(dU) J v a(dU) 

[in ~]. (6) 

For, by (2) and (5) 

!Ii r lvCdU)q(du) - r _€(d_rJ)_q(dU) ii= 11 Ey-E 11. 
I J v a(dU) J v a(dU) 

Let U' be a set in 91 V. If ~( U) belongs to Ela), then, since 
~(UU') belongs to ~(a), 

p(U') = r E(dU)q(dU) = r E(dU• U')q(dU) 
Ju, a(dU) JV a(dU) 

exists. And p( U') is a completely additive vector valued differential 
set function. For, when U' U11 = 0, 

we have ( p( U'), p( U")) = ( ~( UU'), E( UU")) = O . 

And when U' = ~ U~, since 
i 

y 

~( UU') = [Iim] ~ E( UUD 
y➔oo i-1 

y 

we have, by (6) p( U') = [lim] ~ p( U~) 
y➔oo i-1 

Lastly, we define j vf(A)q(dU) by 

[in Eia)], 

[in ~]. 

f E(dU)q(dU) 
JV a(dU) 

where E(U) = )uf().)a(dU). 

As in my previous paper, we may consider {q(U)} as a normalized 
orthogonal system in ~. and when {q(U)} is complete in ~. then any 
vector f in ~ is expressed in the form 
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f _ J t;(dU)q(dU) 
v a(dU) 

where t;(U) = (f, q(U)). 

And almost all the theorems concerning the normalized orthogonal 
system {q(U)} in my previous paper hold also in this case.m 

For example, let U(E, U) be the kernel of a unitary transformation 
in 53,z((i).<2) Since 

we have 

( U(E, (U)), U(E, (U'))) = /1( UU1) ' 

( U(E, w>), U(E, <V'))) = 0 

when UU1 = 0, and 

(7) 

U(E, <U)) [ =] U(E, <m) + U(E, <U,)) + .... + U(E, w )) + .... 
n 

where U = 2j Un,<S> Hence, U(E, U) is a completely additive vector 
n 

valued differential set function defined for all sets U of a differential 
set system 9)1::£).Q, and its functional values are the elements of 2i(3). 
Therefore, {U(E, <U))} is a normalized orthogonal system in 22((1), and 
since 

(U*(U, (E)), U*(U, (E'))) = {1(EE1)' 

it is complete in ~((1).(4) For, then U(E, U) and U*(U, .E) are the 
kernels of unitary transformations, we have 

l;(U) = (rp(.E), U(E, <U))) = U*rp(U), 

(1) F. Maeda, this journal 4 (1934), 70--76. In the proof of sec. 13 (ibid., 76), the 
complete additivity of q(U) must now be proved as follows: Let U = ~ Ui, then 

i 
there is an integer k independent of j such that 

We then apply the method used for the proof of the complete additivity of ~(E) in 
sec. 6. 

(2) Cf. sec. 7. 
(3) By the complete additivity of U(<E>, U), and the orthogonality (7). 
(4) These notions have already been mentioned in my previous paper (this joprnal, 

3 (1933), 253). 
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and f J(dU)U(E, dU)__ = U~(E) = ¢(E) 
J !J {l(dU) ' 

for any ¢(E) in ~({l).<n 

9. Let E(U) be a self-adjoint transformation in &;;,, which is 
defined for all sets U in 9c V. If E( U) satisfies the following condi
tions, then I say that E(U) is a resolution of identity. 

(a) E(U)E(U')f = E(UU')f; 
((3) E( U)f [ =] E( U1)f + E( U2)f + .... + E( Ui)f + .... 

where U = ~ Ui, 
i 

(r) E(V)f = f; 
all for any vector f. 

As in my previous paper,<2> E(U) is a projoction on some closed 
linear manifold which depends on U. And 

•· .p(U) = E(U)f 

is a completely additive vector valued differential set function in V. 
If q( U) is a completely additive vector valued differential set func

tion in V, which satisfies 

E( U')q( U) = q( U' U) , 

then I say that q( U) is generated by E( U). When { q( U)} is com
plete in s;;,, we can find the resolution of identity E( U), which generates 
q( U), as follows. Let f be any vector in &;;,, and put 

p(U) = f E(dU)q(dQ}_ 
Ju a(dU) 

where E(U) = (f, q(U)). 

Then, by sec. 8, .p( U) is a completely additive vector valued differential 
set function defined in 9c V. The transformation E( U) defined in 9c V, 
which transforms f to p( U) is the required resolution of identity. This 
can be proved as in my preceding paper.<3> 

When q( U) is generated by E( U), if 

f _ J ~(dU)q(dU) 
v a(dU) ' 

(1) Cf. F. Maeda, this journal, 4 (1934), 74. 
(2) Ibid., 78-79. 
(3) F. Maeda, this journal, 4 (1934), 81-83. 

(1) 
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then . E(U)f = J ~(dU)q(dU)_. 
u a(dU) 

For, from the definition of the integral (1), 

1
1 f-Li J(Qi)q(Ui2 II< e for any 
! , a(U,) I, 

Hence 

for any 

10. When H is a self-adjoint transformation, we can find a 
resolution of identity E( U) defined for all sets U in a multiplicative 
system 9c V, where V is the space of real numbers, and 

Hf= i/'E(dU)f (1) 

for all f, such that f / 2 1 I E(d U)f I 12 are finite.<1) When q( U) is gene

rated by E( U), since E( U)q( U') = q( UU'), we have 

Hq(U) = )uAq(dU). (2) 

In general, if a completely additive vector valued differential set func
tion q( U) satisfies (2), then we say that it is the characteristic element 
of H,<2> when q(U) does not vanish identically. When q(U) is defined 
at U which is a point Ao, (2) becomes 

(3) 

When q(A0) is not a null element, Ao is the socalled characteristic value 
of H and q(;.0) is the characteristic element of H with respect to ).0• 

Thus, when H has a continuous spectrum, equation (3) is· not 
sufficient for defining the characteristic elements, and we must use 

(1) When 91 V is the multiplicative system of intervals, cf. K. Friedrichs, Math. 
Ann., 110 (1934), 54-62. When 91 V is a closed family (a-Korper) of Borel sets, cf. 
F. Maeda, this journal, 4 (1934), 91 ; and T. Ogasawara, this journal, 5 (1935), 117-130. 

(2) Cf. F. Maeda, this journal, 3 (1933), 261; 4 (1934), 91. 
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equation (2).<0 That is, characteristic elements are vector valued dif
ferential set functions. 

When q( U) is a characteristic element of H, and { q( U)} is com
plete in s;;,, we · can find by the method of the preceding section, a 
resolution of identity E( U) which generates q( U). I will show that 
this resolution of identity E( U) satisfies (1). 

Let f be any vector in the domain of H, then 

where ~(U) = (f, q(U))' 

Hf = j 71(dU)q(dU) 
v a(dU) 

where 71(U) = (Hf, q(U)), (4) 

and 

Since 

II Hf II = 117111-

Hq(U') = j lq(dU) = f C(U'~1,_TJ)_q(dU) where ((U) = fula(dU), 
u1 J v a(dU) 

we have 

71(U1 ) = (f, Hq(U')) = f J(dU)C(U~-_d,Y')_ = f l~(dU). (5) 
v a(dU) Ju, 

On the other hand, by the preceding section, 

E(U)f = f ~(dU)q(dU) . 
Ju a(dU) 

Therefore, from (5) 

f lE(dU)f = J }f(dU)q(dU) = f _71(dU)q(dlJ]_, 
J v v a(dU) J v a(dU) 

and 

Hence, from (4) we have (1). 

(1) Since the equality (2) holds for any U, we may say that Hq(U) and lq(U) 
are differential-equivalent, and we may write Hq(dU) = lq(dU). (Cf. A. Kolmogoroff, 
Ioc. cit., 669). This expression is similar to (3). 
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Characteristic Functions of Q and P. 

11. In Schrodinger's wave mechanics, for simplicity's sake, let 
the state space be of one dimension : - oo < q < oo , the wave function 

is denoted by f(q) where r:: I f(q) 12 dq is finite. The space of such 

point functions is a Hilbert space. In this space of point functions, 
two self-adjoint transformations Q and P are defined as follows: 

Qf(q) = qf(q) ' Pf(q) = _J,,_-; _j,_f(q) ,<1> 
2m dq 

With respect to the characteristic functions of Q, 

qf(q) = )J(q) (1) 

has no solution except f(q) - 0. But, if we use Dirac's improper i3 
function, then 

qi3(q-J.) = J.i3(q-J.) 

for any J.. That is, (1) is solved for any J., and the characteristic 
functions are J(q- J.).<2> 

With respect to P, 

h d ~--;- -f(q) = )J(q) 
2rri dq 

has solutions 
2n-i Aq 

f.(q) = ce h 

for any J.. But since r: I f.(q) 12 dq = + oo , f.(q) does not belong to 

the space of point functions.<2> 

Thus, when the transformation has a continuous spectrum, its 
characterrstic elements cannot be obtained as a function of ;., it must 
be a differential set function whose functional values are the elements 

(1) Cf. J. v. Neumann, loc. cit., 47-49. Accurately speaking, the operator 

2k. dqd is not self-adjoint, and P is the extension of 2k. dd (Cf. ibid .. 245, note 
,ri ,ri q 

88.) 
(2) J. v. Neumann, loc. cit., 69. 
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in the space of point functions.<1> Then, as we shall see in the next 
sections, it is convenient to treat the problems in the space of 
differential set functions rather than in the space of point functions. 

12. Let Q be the Euclidean space of one dimension, and let the 
multiplicative system 9Jl be composed of all open intervals and all 
points in SJ, including Q itself. Then 9Jl!J = 9Jl. Put {J(E) = b - a 
when E is the finite open interval (a, b), and {J(E) = 0 when E is a 
point. Then {J(E) is a completely additive, non-negative, differential 
set function defined in a differential set system 9JlSDQ composed of 
finite open intervals and points. Then to the wave function f(q), there 
corresponds a completely additive differential set function ¢(E) belong
ing to ~({J), such that 

Hence the transformation Q in 22(fJ) must be defined as follows : 

Q¢(E) = f Eqf(q)dq = f i1'(dE) • 

Therefore, the kernel of Q is 

O(E, E') = f q' {J(E · dE') . 
E' 

For 

0¢(E) = f _O(E, dE')¢(cl,FI)_ = f q1{J(E·dE')1JdE1
) = f q¢(dE) (2) 

SJ fJ(dE') J !J fJ(dE') J E . 

Since Q{J(EU) = j if3(E · d U) , 

by sec. 10, {J(EU) is the characteristic function of Q. When U is a 
point, then {J(EU) = 0. And {{J(EU)} is complete in ~({3). Hence, 
Q has no discrete spectrum. 

In order to find the resolution of identity which generates {J(EU), 
we use the method of sec. 9. Then since 

( ¢(E), {J(EU)) = ¢( U) , 

(1) Cf. sec. 10. 
(2) Therefore, Q and To, have the same domain. 
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E( U) is the transformation defined in 1JJUJ which transforms ¢(E) to 

I ¢(d,Y)g(E:_d,_l[)__ = ¢(EU) . 
Ju fJ(dU) 

That is E( U),P(E) = ,P(EU) 

for any differential set function rp(E) in ~(/3).<1) 

Now J _/E(dU)rp(E) = J _/-,P(E·dU) = t;.ip(dU). 

Hence the above defined Q is a self-adjoint transformation and 

Qip(E) = J [J ).E(dU),P(E). 

13. With respect to the transformation P in the space of dif
ferential set function, it must be that 

P¢(E) = -- ·-:- ~f(q)dq J h d 
E 2rri dq 

(1) 

when the right hand operators have significance. 

Put U(E, U) = _l f d). I /',,,i_Aqdq. 
llh.lu JE 

Since, it is already known that 

= length common to (a, b) and (c, d),<2> 

we have 

f ](E, dU)U(E', dU)_ = lJ d). f /,.i-AtJdq f e-1'f!-Aq' dq' = {3(EE'). 
J[J {3(dU) hJ[J E JE, 

Hence U(<E>, U) belongs to 2i/3), and we have 

UU*(E, E') = {3(EE'). 

(1) J. v. Neumann (Joe. cit., 67) obtained the resolution of identity E(J.) by an in
exact method in the space of point functions. 

(2) N. Wiener, Acta Math., 55 (1930), 196. 
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Similarly U*(w>, E) belongs to 2i/l) and 

U*U(U, U') = {l(UU'). 

Hence by sec. 7, U(E, U) is the kernel of a unitary transformation, say 
U, and by sec. 8, {U(E, <U>)} is a complete normalized orthogonal 
system in 22([3). 

Put U(E, w,) instead of rj;(E) in (1). Then since 

1 f 21riAq 
f(q) = ✓h Jue h dJ.' 

h. _j,__f(q) = ----Lr ).e¥Aqd).' 
2rri dq ✓h Ju 

we have 

that is PU(E, U) = j iU(E, dU). 

Since {U(E, w,)} is complete in 2z([3), P must be the transformation 
which has U(E, U) as the complete system of characteristic functions. 
Hence P has no discrete spectrum. 

To find the resolution of identity F(U) which generates U(E, U),. 
as preceding section, since 

(¢(E), U(E, <V>)) = U*rj;(U), 

F( U) is the transformation defined in W'UJ which transforms rj;(E) to 

f U*rj;(dU')U(E, dU') = J U*rj;(U·dU')U(E, dU') 
Ju fl(dU') V [3(dU1

) 

= J E(U)U*<j;(dU')U(E, dU'l_ = UE(U)U*rj;(E), 
V f,(dU1

) 

where E(U) is the resolution of identity which corresponds to Q. 

That is F( U)rj;(E) = UE( U)U * rj;(E) • 

Or we may write F(U) = UE(U)U* .<1> 

(1) Cf. J. v. Neumann, loc. cit., 70. 



Consequently, 

and 

(1) For, 

Space of Differential Set Functions. 

P,j;(E} = J/F(dU),j;(E), 

P= UQU* _<t> 

QU*q,(E) = L/E(dU)U*q,(E) 

for any q,(E), such that U*q,(E) is contained in the domain of Q. Then 

UQU*¢(E) = [ AUE(dU)U*¢(E) = [ AP(dU)¢(E) • la la 
for any ¢(E), such that 

f /-2 ii E(dU)U*</J 112 = f /-2 11 UE(dU)U*</J li 2 = f i" 11 P(dU)q, ii2 

is finite. (Cf. F. Maeda, this journal, 4 (1934), 66.) 
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(2) 
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