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1. Introduction. In this paper, I shall treat the so-called relative 
scalars and relative tensors, and their covariant derivatives. Several 
mathematicians have already written on the properties of these quanti­
ties<ll, but as their results appear to me to be unsatisfactory, I will 
make a more detailed study of the subject with a view to future 
applications. 

In an n-dimensional space the equations 

'x' = 'x'(x1, .... , x") , J =) 0;:: ) =!= 0 , 

(a, f], .... , A,µ, •••. = 1, .... , n) (1.1) 

(m) (m) 

define a transformation of coordinates. If v and 'v are functions of 
the x's and 'x's such that 

(m) (m) 

'v = Llmv (1.2) 

(m) (m) 

in consequence of (1.1), v and 'v are the components of a relative scalar 
of weight m in the respective coordinat9 system, where m is any real 
number. In the same way we can define a relative tensor of weight m 
by the transformation law 

(1.3) 

where 

(1) For example, 0. Veblen, Invariants of Quadratic Differential Forms (1929); 
Jour. London Math. Soc. 4, (1929), 140-160. 
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If m = 0 , the scalar and tensor are said to be absolute. In either case 
we indicate their weights by parenthesized indexes as mentioned above, 
but when m = 0 the indexes are omitted in the ordinary manner. 

2. Metric Property. • In the usual manner we define the measure 
of absolute vectors and the angle between two absolute vectors with a 
symmetric tensor g;..,,, whose rank is n as the fundamental tensor. 

(-2) (-2) 

If we put I g;..,,, I = g, g is a relative scalar of weight -2. Therefore 
(m) (-2) m (m) (m) 

g = ( g )- 2 is a relative scalar of weight m, and g;..,,, = g g;..,,, is a relative 
(m) (m) 

tensor of weight m. g and g;..,,, are called the fundamental relative 
scalars and tensors respectively. If g;..,,, is the reciprocal tensor of g;..,,, 

(-m) · (m) (-m) 

we can prove that g;..,,,, the reciprocal of g;.ft , is equal to g g;.ft . In 
(0) 

particular g = 1 . 
(m) 

We define the measure of a relative scalar v by the equation 

(m) (-m)(m) 

/v/ = g V. (2.1) 

In particular, the measure of all the fundamental scalars is 1, because 
(m) (-m)(m) (m) 

I g I = g g = 1. In the same way the measure of a relative vector vv is 
defined by 

(m) (-2m) (m) (rn) (-m) (m) (2m) (-m) (-m) 
I > 12 A ft u, > ft V I = gJ.11- V V = V11- V· = g V1- V11- , (2.2) 

When m = 0 (2.2) coincides with the ordinary expression. 
(-m) (-2m)(m) (m) 

v;. = gJ.11- vft is called the conjugate vector of vv. 
(m) (m) ( l) ( I) (m) 

If we put vv = a vv and wv = {:3 w", the vectors v" and vv are in the 
(m) (l) 

same direction. The angle between vv and wv can be defined by 

(m) (l) . 

cos(v\ w') = cos (v\ w') = gJ.11-v'w11-/-Vg1-11-VJ.v11- • -VgJ.11-w'w.,,,, 

while we can easily show that this agrees with the ordinary expres­
sions: 

(m) (l) (-m-Z) (m) (l} /✓(-2m)(m) (m) ;'(-21) (Z) (1) 

cos (v\ w") = g,11- v' w"' g,"' v" v"' ·, YJ.11- w;. w"' 

Further the equations 
(m)(l) (-m-l)(m)(t) (m) (l) 

/vwl=g vw=lv//w/ 

and 
(ml (l) (-2Cm+ll) (ml (l) (m)(Z) (ml (l) 

Iv w" /2 = g,11- v w;. v wu, = Iv /2 I wv 12 
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lead to the result: The measure of the product of relative scalars, and 
that of relative scalar and vector, are equal to the product of the measure 
of each factor. 

(m) (m) . 

From this result, unit relative vectors e" ( I e" 12 = 1) are obtained by 
(m) 

multiplying the ordinary unit vectors by g. 

3. Covariant Differentiation. As in the case of absolute tensors 
and scalars, we may consider the covariant differentiation of relative 
tensors and scalars. Here we make use of the system of axioms used 
by Schouten.<1> Then the covariant differentials of absolute vectors 

_ based on these axioms, assume the usual form : 

where n"' and I'{~ are arbitrary functions of the x's. Corresponding 
transformation laws are as follows: 

)r." = Q• Q''PYI"" +,~~ Q:'P' 'I'!" = Q' Q''P,. I 1'" + aQ~ Q''P,. 
W1C w~ 1C \I ).µ. axµ. 1C \I ' 10?; tO 1t \I Aµ, ax!J, 1C \I • 

(3.1) 
If we attempt to obtain the covariant differential of a relative scalar 
(m) 

v , we shall find 
(m) (m) (m) 

o v = d v + m v A" dx" , (3.2) 

whereA,.is any functJon of the x's<2>, the transformation law of which is 
\ ~-

·, ,,,,,.bt:_ · Q" ( f _ 3 log LI) 
LJr ~ T j, • 

;- : ax" 
(3.3) 

i 
So A,, is not a vector. The general rule for covariant differentiation 
of relative tensor is as follows : 

(m) (m) (m) ••• 
iR "1 • •. "r = d R "1 •• • (l,r + m R (11 Clr A, dx? 

~I .. • ~8 ~l • • • ~. ~I • • • ~. f 

1, ... , r(m) + )" R"1•·•"u-1""ut1•·•"rr'1.udxP 
7 ~1 ... ~8 ·.•~ ~ p 

1, •• ., s(m) ~ 
- ~ R "1 ···(1,r rt~ dxP (3 4) 

u ~1 • • • ~u-1 ~~U+) • • • ~. ~up • • 

,.;. 

(1) J. A. Schouten, Der Ricci-KalkiU. (1924), 63. .,.. ·· · 
(2) J. A. Schouten and V. Hlavaty obtained these formulas from a general point 

of view. Where we use A as multiplier, they take any arbitrary function of the x's. 
(Math. Zeitschr. 30 (1929), 414-432). 
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If S<P=O holds for a point P(x) and line-element (dx), <Pat Q(x+dx) 
is said to be obtained by parallel displacement from P to Q. 

4. Various Kinds of Tensors Characteristic of Space. Let us 
enumerate those important tensors described in " Der Ricci-Kalktil ". 

In addition to these we may consider certain new tensors characterizing 
the space by the introduction of Ai,,. Contracting (3.1) for « and w we 
have 

rr,a = Q''·(r,a _,alog._J) ,,-.fo = Q"·(r'•_cllogJ) (4_2) 
O" Ta 01'- 'ilx'i t 1 OT. Ta aµ, 'i)xl'- ' 

that is, the transformation laws of r:i,, and r:x coincide with that of 
Ai,,. Hence if we put 

(4.3) 

D,. and D~ are vectors peculiar to the space. 
Next, expressing the condition of integrability of the equation 

(3.3), the transformation law of Ai,,, we have 

where 

(4.4) 

Hence the rotation of Ai,, is a tensor. 

H"' and I'J~ are determined by the tensors C~/, Si.~\ g1-µ, and Q/" 
as shown by J. A. Schouten. Then from (4.3) we can deduce that Ai,,,is 
also determined if vector D" is given. Consequently the properties of 
the space are completely determined by the tensors C1;/, Si./, g>-i,,, Q/" 
and D,.. 

5. Field of Parallel Relative Scalar. From (3.2) it follows that 
(m) 

when a function g satisfies the equations 

(m) 
(m) a g (m) 

r I'- g =--+mg AIL = O , 
ox"' 

(5.1) 
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any two scalars of the scalar field are parallel. The condition of inte­
grability of these equations is 

(5.2) 

Hence : A necessary and sufficient condition for the existence of the 
field of parallel relative scalar is (5.2). 

(m) 

We can express the same condition in another form. Let g be any 
(ml (-2) (m) 2 

field of parallel scalar, that is o g = 0 (m =I= 0), then g = ( g )-;;. is a field 
of parallel relative scalar of weight -2 . Let /},µ, be an arbitrary 

( - 2) (-2)(-2)r 

symmetric tensor such that If>-µ, I = f =I= 0, and p = ( g I f)n is an abso-
lute scalar. If g,_µ, denotes the tensor pf,-µ, we shall find that the 

(-2) 

determinant I g,-µ, I = pn If>-µ, I = g. In other words, if there exists any 
field of parallel relative scalar, we can find a tensor g,-µ, such that its 
determinant is a parallel scalar field. From the equation (5.1) in which 
m = -2 it follows that 

A - r a.} 
µ, - \ oµ, (g,-µ,) • (5.3) 

Obviously the condition thus obtained is sufficient. Hence : A neces­
sary and sufficient condition for the existence of the field of parallel 
relative scalar, whose weight is not O, is that there exists a symmetric 
tensor g,_µ, satisfying the condition (5.3). 

Where this condition is satisfied, if we take g,-µ, above-mentioned as 
the fundamental tensor, from the equation 

(-ml(m) (-m) (m) 

o( g V) = g o V, 

it follows that the measure of relative scalar remains unchanged by our 
parallel displacement. Conversely, for the given fundamental tensor 

(-m) 

g,-µ,, if parallel relative scalars are equal in measure, we have o g = 0, 
from which (5.3) for given g,-µ, is obtained. Hence we have the result: 
The system of equations (5.3) is the necessary and sufficient condition 
that the measures of relative scalars remain unchanged by their parallel 
displacement. 

Obviously the contracted Christoffel symbol {~µ,} is transformed in 
the same way as Aµ,, so the equation (5.3) has the significance inde­
pendent of the coordinate system, and in fact (5.3) can be replaced by 
tensor equations 
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6. Geometry of Riemannian Type. The characteristic equations 
of Riemannian geometry are 

Sg,µ = 0, C~~• = 0, S;;/ = 0, i.e. I';µ={,~}. 

When S g>-µ = 0, let us consider the change of measure of relative 
(ml 

vector v> produced by our parallel displacement. Since 

(m) (m) (2) ( -2) 

S Iv> l2 = m Iv" Ii g o g , (6.1) 

(m) (-2) (m) 

I v" I remains unchanged if S g = 0; otherwise I v" I remains unchanged 
Cm) 

only when m = 0, that is, when v" is an absolute vector. Hence, if the 
measure of any relative vector does not change, we have (5.3) from the 

(-2) 

condition o g = 0 . 

Now, let us take the case in which the measure of vector changes, 
but the ratio of its components does not change as is the case with the 
space of Weyl. That is, 

(m) (m) (m) 

S Iv" j2 = a Iv> /2 when o v" = 0 , (6.2) 

where a is an infinitesimal scalar of the same order as dx> • Hence, if 
we put a = -2m <p" dx"', where <p" is a covariant vector, we have from 
(6.1) and (6.2) 

A, = { ~~ } + q;., or D" = -cp,. (6.3) 

Conversely if (6.3) holds, it is evident that (6.2) holds. Hence: In the 
space of Riemannian type where (6.3) holds, the change of measure of 
vector of weight m by parallel displacement is equal to the result obtained 
by replacing Q" by 2m <p" in the change of the absolute vector in the space 
of Weyl, where DU>.µ= -Q"g>-µ dxu. 

7. Geometry of Weyl Type. The characteristic equations of 
Weyl geometry are 

where Q" is a covariant vector. In this case 
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Contracting (7.2) for i! and v, we have 

I',"-'"'+nQ a',), - \~',J, I ~ ',J, • 

2 
(7.3) 

Now let us consider the case of the parallel displacement charac­
Cml 

terized by (7.1). Then the measure of vv changes as follows: 

(m} (m) [ ] o Iv" 12 = Iv" 12 2m( n"} -A )-Q, dx~. (7.4) 

In the special case in which A,.= {t"} or D" = T;l, as is seen from (7.4), 
corresponding to (7.1), we have 

(-2m) (-2m) 

o g,.,,, = -Q" g,.,,, dx". 

(m) 

In this case the measure of v" undergoes the same change as that 
of absolute vector. Let us consider another special case in which 

From (7.4) we have 

(ml (m) 

o Iv" 12 = -(mn+ l)Q.dx~ Iv" 12 • 

Hence: In the space of Weyl type, if we take {~.,,,} as A.,,,, the change of 
the measure of vector of weight m is the same as that of the absolute 
vector, and, if we take r:.,,, as A.,,, , the change is equal to the result 
obtained by replacing Q,. by (mn+ 1) Q,. in the change of the absolute 
vector. 

8. Ri~ci Identity. From the equation (3.4), we have 

(m) (m) (m) (m) 

17[,W)J = 8[,wA1+mwpA,tJ-S'ii"W,. (8.1) 

Hence the rotation of a covariant vector, the weight of which is not O, 
is not a tensor different from the ordinary case. Even in the case of a 
symmetric connection the rotation of 'Uh (m =I== 0) formed with respect to 
17.,,, is not equal to that formed with respect to a.,,,. As a special case 

(m) (m) (m} (m) 

when W!.=171- <p = 81- <p + m <p A,_, (8.1) becomes 

(m) (m) (m) 

r[~l7A] <p = m <p M1-.,,,-S\i,,"l7, <p. (8.2) 
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Hence in a symmetric connection, when and only when M,.i.t = 0, we 
can change the order of differentiation in the second covariant deriva­
tives of a relative scalar. 

and 

From axioms in §3 we have 

r[,.Vµ]{d>+ If!)= r[,.17µ1(/J+f"r,.rµ1 If', 

f"[wl7 µ](/)If! = (V[wV µ](/))If!+ 1/J V[wV µ] lfJ ' 

that is, the operator f"rwl7f'J is under the same laws as r'w. By using 
this characteristic we can easily obtain the following equation, the 
~eneralization of Ricci identity, 

(m) 1 l, .•• , s 1 • (m) 
17 17 R"1·•· "r - "" R. ·; u R "1·•· CJ.r 

[w µ] ~t··•\:!s - 2 7 "'P•lu ~1 .. •~u-1°~c1• .. ~s 

1 1, •• ., r (m) , 
_ -s;, R' ·; "uR "1 • • • "u--1 O~utt • • • <Xr 

-~ L..J wµo r, r, 2 U t'l •••I'S 

(8.3) 

From this equation we have: In a space of covariant symmetric 
connection, if Aµ, is changed by 

(8.4) 

where cp .. is a vector, the necessary and sufficient condition is that cp .. is a 
gradient of an absolute scalar, in order that the change, which is brought 
about when any relative tensor undergoes a parallel displacement along 
any infinitesimal circuit, should remain unaltered. 

9. Transformation which does not alter the Parallelism of v". As 
is easily seen from the transformation laws (3.1) and (3.3), the necessary 
and sufficient condition is that cp,. and <prµ should be the tensors of the 
nature shown by their indexes, in order that 

and 

(9.1) 

(9.2) 

may be used again as coefficients of connection. In what follows, let 
us consider the simultaneous transformation of Aµ, and HI', which does 

(m) 

not bring any change to the parallelism of any v" for the fixed m. The 
condition is 

_(m) (m) 

8v" = 0 when o v" = 0. (9.3) 
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From these equations we obtain 

mA,Ar+n" = ml Ar+h.' 

therefore (9.4) 

Hence : The general transformation of the coefficients of connection 
which does not give any change to the parallelism in the strict sense, of 
relative vectors of weight m is given by 

(9.5) 

where <p;. is any vector. 

By parallelism in the strict sense of the word I mean the parallelism 
(m) 

defined by o v" = 0, while on the other hand the parallelism in a wide 
sense is the case in which the ratio of components, or direction, alone is 

(m) (m) , 

considered; analyticaly ov" =av". In the case of symmetric connec-
tion, since <p,,,,Ar is not symmetric, such transformation (9.5) as preserves 
the symmetricity does not exist. 

In other words the above result may be stated as follows : In the 

transformation of the coefficients of connection above-mentioned, if A,, is 

given by (9.1), the symmetric part of I';.",,,, undergoes a projective change in 

which __!!I,_ <p,,,, is the vector of transformation. 
2 

Next, when we consider the transformation which does not change 
the parallelism in a wide sense, we must deal with the equations 

_(m) (m) (m) (m) 

svv = avv = p,dx"v" when ov" = O, (9.6) 

in which p"' stands for any vector, in place of (9.3). In the same way 
as before we have : The general transformatian of the coefficients of 

(m) 
connection which does not give any change to the p:irallelism of v" in a 
wide sense, is given by 

A;.= A).-<p;., 

r:,,,, = T:,,,, +(p,,,, +m<p1 )Ar, 
} (9.7) 

where <p,,, and p,,, are any vectors. 
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In this case the symmetric part of T'J,,,, undergoes a projective 

change in ·which l. (m<pµ, +pµ,) is the vector of transformation. 
2 

In what follows let us consider the tensors which are invariant 
under the transformations (9.5) and (9. 7). Since both (9.5) and (9. 7). 
are of the same form as that of the projective transformation with 
respect to fc~µ,J, II;,,,, , defined by 

is invariant under (9.5) and (9.7). Therefore it goes without saying 
that the Weyl tensor formed with respect to llJµ,, thus defined, in place 
of the ordinary coefficients of projective connection, is invariant under 
both (9.5) and (9.7). 

10. Tensors W,:~;.~. In this section let us consider the case of 
m 

parallelism in the strict sense only. If we put 

(f)tl), = r;-1), + mA, A~ (10.1) 
m 

as is readily seen, (J)r,,,, is invariant under (9.5); hence its symmetric 
m 

part and anti-symmetric part are also invariant. Let us put 

(10.2) 

The equations of transformations of brµ, are obtained from (3.1) 
m 

and (3.3), as follows 

where (10.4) 

The equation (10.3) is obtained by replacing 0 by 0' in the transforma­
tion of the coefficients of projective connection. Hence we can go on 
discussing the problem in just the same way as L. P. Eisenhart did in 
his work.U> 

(1) L. P. Eisenhart, Non-Riem.annian_Geometry (1927), 98-100. 
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That is, W.;,;,i", which is defined by 
m 

••• > _ ' ••• V 1 V > W.,µ;. - ~Wf.'A +--(Af.' >\w-A.,~;.µ) 
rr. m n-1 m m 

(10.5) 

where by definition 

""'···"-_LJWJJ,A -
m 

and ~>-µ = ~.;;f", 
m m 

is a tensor invariant under the traneformation (9.5). 

If we seek the relation between W.;,;,i" and R.:~;• after the fashion 
m 

of Eisenhart, we shall obtain the following expression. 

W .. ·" - R·· ·" mA" 11 "" + 2 A"R 2m M A" w[J,A - wµ} - A lY.Lµw - [µ w]>- ------ A[µ w] , 
m n-1 n-1 

In conclusion I wish to express my hearty thanks to Prof. T. Iwa­
tsuki who has given me his kind guidance. 
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