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§1. The parallelism in subspace has already. been studied by
many writers®”, but their methods have been based on the assumption
that parallel vectors in X7 ™ are obtained by a certain definite pro-
jection of the corresponding parallel vectors in X,,, accordingly the
covariant derivatives in X" are obtained by the projection of the
corresponding covariant derivatives in X, i.e. if we denote " is the
projected vector of #* which is parallel (in X,) to v*, ‘

v = B3 and pLv*=BLp.v* il (1),
where , B} =8 — znt @,

The parallelism in X7 so obtained does not become more extended
than the original parallelism in X, i.e. if the original parallelism is
linear, affine, or Riemannian, the parallehsm in X7~ becomes at most
the same.

Now the question arises: Is there any method by which the
subspace X7 ™ with a wider parallelism induced in X, as we see in
the case where any Riemannian space Ry can be induced in euclidean
space EM<M >__N(N+ D) for example, how can non-linear space,
non-symmetric space or Weyl’s space be induced in a Riemannian
space ?

(1) E. Bompiani, C.R. 160 (1915), 760-763.
H. Weyl, Math. Zeit. 12 (1922), 154-160,
J.A. Schouten, Math. Zeit. 17 (1923), 161-188.
Taylor, Ann. of Math. 28 (1927), 620-628.
J.A. Schouten, Proc. Nat. Acc. Ams. 31 (1928), 208-218.
E. Bortollotti, Memorie Bologna (8) 7 (1929), 11-20.
J.A. Schouten und Van Kampen, Math. Ann. 105 (1931), 144-159.
Dauglas, Math. Ann. 105 (1931) 707-733.
Walker, Oxford. Quat. Jour. 3 (1932), 291-298.
(2) In this paper we shall employ certain notations due to J.A. Schouten, Der
Ricci-Kalkiil, (1924). .
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In this paper, starting from three reasonable assumptions, we will
investigate the inducing method and then find the relations between
this method and the projection stated in (1). _

We suppose that X7 is defined by n—m covariant vectors Zﬁn
(t=n—m+1,....,n), and let E,_,(x) and E,_.(x-+dxr) be tangential
euclidean spaces to X7 ™ at two neighbouring points P(z) and Q(x+ dx)
respectively ; and 7*, a vector at P parallel to v* lying in E,_.(x+d2)
when the parallelism is regarded as taking place in X,,; #*, a vector
at P parallel to v* lying in E,—.(x+dz) when the parallehsm is regarded
as taking place in X7 ™,

‘ Now we put the following three assumptions in three cases
separately.
Case I. General assumptions :

(a) X, is a space with general linear® parallel displacement of
vector i.e. if #* at P(x) is parallel to v* at Qx+dzx), then
7 = v +dv* + I () de .

In this case, we say that 7* is parallel to v* with respect to X...

(b) the parallelism in X7?™ is a reversible one — to — one
correspondence between the vector manifolds E,._.(x) and
E, (x+dz):%* Zv*; in this case, we say that 7" is parallel to
v* with respect to X» ™ . '

(¢) if ¥ is contained in E,_n(x) then 7" is also parallel to v* with
respect to Xz, e.i. if 1‘)’5) =0 then 7" =7".

Case II. Restricted assumptions :

(a) X, is the same as before,

(b) ?*—o* is at most the same order with the difference dxz* (be-
tween two coordinates of P and Q) and kv* is parallel to kv*
with respect to X7 ™™ where k is any multlpher,

(e) if v*tA—O then 7* = 7".

(1) We shall treat the general subspace which is holonomic or non -holonomie.
(2) When the connection (I'zx, v, dx)) of parallelism is linear with respect to »*
and da?(4, e, T )(x)v*da ), we say the parallelism is linear.
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We may conclude that in the case I and II subspaces with non-
linear connection with respect to v* are dx* are induced in X,, .®

Case III. ,
(a) X, is the same as before,
(b) the parallelism in X” ™ is linear with respect to v* and dx*.

(¢) if 74 =0 then 7 = .

§ 2. The treatment of cases I and II will be found to be nearly
the same as that for case III, so we will first consider case III.

Let the coefficients of connection in X7~ be. (@) .
From (b) we can put

I}, = )+ D),

and if v* is contained in E,_.(z+dzx); i.e.

P @+ @A dE) =0 « e, (2),
then we have
v* = "+ D vt de .

From the definition® of parallelism in X7 ™, we have tlﬁj‘ =0 or
rewriting this,

. £, (v +dv* + T o  do* + D2, ot das”) = 0,

and from (2) this becomes '
o+ { dbu—(TAA+ D2 bdr ) = 0 e, (3).

Therefore, neglecting the term higher than the 1st order of dz* in (8),
we have : ' '

D}, = Zn*&w—kz T’hﬁi‘.(ffﬁﬁ szvfn ...... (4),
i 1 a a i 1

2

(1) IncasesIand II, Bg'w_ 7 in (11) can depend on #* and dz?.

a
(2) C.f. (b) in case I on page 178.
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. ’ [
% i
where ay, = —%% —Iht s

and n* and T* are any independeﬁt vectors defined by the respective
1 a
following equations :

wt,=8: T =0 @=1,2,.....n—m),

and f)m, is a certain tensor. (Here la),w may be arbitrary but later it
will be restricted by condition (¢)).

Since the last terms in (4)>va.nish while we are concerning v* and
dx* lying in E._.{x+dx), we can leave them out of consideration;
and therefore we have

D} =S Gyt ST Do, (5).

a a

Thus we have

P = (zn au,+2 T b M)v“dxv (6),
and since
Zﬂ“ﬂ = (V*+dv*+ Tho' dw‘“);h
= (v + vt de't) . (by @)
= &Mv“dx“ ,
equation (6) becomes
o = (8- St )vwr ST Byt do
-—B,iv‘+ZT*B e (7).

Next, the assumption (c) is written down as follows :
if - a,v*de’ =0 then DA oPde’ =0 .v.ceuvueen.n. (8).

If 4* and w* are any vectors in X, , and we substltute (5) in (8), the
above equation becomes as follows :

if  wwBge =0 then ww'BiiDy=0........ (9).
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So, putting
" i i . . a a
Ba., = A, and B D., = B,,,

and eliminating w* from (9), the condition (¢) can be fasten in the
following equation :

a
where p may be any function of !, 2, ...., u™.
1

a . i d a
Since »* is any vector in X, and B,, and A,, are independent of u*, p
. [3

is homogeneous zero th order with respect to u°.

Consequently, in the case of III the most general parallelism induced
in X 4s given by the following equation :

P =B+ T Bt de’ | eeeeene- e ),

where B,, is given by equation (9).

The process of inducing »* from »* may be called a ‘¢ pseudo-
projection ”’.

In.cases I and II, T* and ﬁw can depend on v* and dx*, but by a
little modification, th; cases are treated in the same way as the
case III.

§3. In the general case (10), I have not succeeded in finding the
general form of éuv . So we shall treat a somewhat restricted case.

We assume that ; has the form :

@) ...

LT

't

plu) = —
' q) w

ey

(! is any positive integer).

e/ el
Looou

Substituting this into (10) and comparing the power of u*, we have
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a a a
q(2) een.q(®) B
(CHT-Y, EmygeeeeEmyl W)V
n-m-tl n »
m a - ‘ a a n-m+r
=M q(x) vee (@) eee.q(x) A ... (12).
.or=l (e, LereeEnl Eppyennerl Bty 1eee ol PV
n—-m n-m+r n

So, if we can find Z)el....sl, ae,....q and ﬁ,“ from the above, ﬁw isa
solution of (10). : '

Bm, so obtained is not in general linear in AM(I e. Z hA,”> We
will illustrate this by an example Namely, in the case when,

n n n-1 n-1
Ap() = Ay = An = A and other 4,,=0,
if we take B, so that
Bu—Bp=—(Bu—Bx) and B,=0 (forp v=1,2),

and take p,, q;‘suéh that
@tqa=1, po—p1 = Bp—By and p,, q,, =0 for 1+1,2,

then Ig’w, o, ¢y satisfy (12). Aeccordingly ]§M is a solution of (10).
Hence B,, is not in general expressed linearly by A...

. a [3
But when and only when B,, are linear forms of A,,, we can
identify #’* with * by suitably choosing the normal vectors of X",

So we have the result : Since éuy 'is not, in general, linear in fim
we know that, 'm Sact, Z n aw + 2 T* B,., in (6) cannot be expressed in
the form 2 nx a,w but gwes more complzcated connection of sub-space,
i.e. our pseudo projection’’ is a generahzatwn of projection.

1 It an =3 ;L;lw , then from (6) and (7) we have
T a
W = ot 3 (A +3 THh)apwrday . (within the X7=m)
12 1 a a a
= 6} — 2 /mAhuyor

. VA= /Bior = 1w, where ’n’\ =nr+t 2 T)
[ aa

ﬁ;ﬂp



An Extension of the Parallelism in X7™™ in X, . 183

€

Therefore by means of the ‘‘ pseudo-projection ’’, non-symmetric sub-
space can be induced in symmetric space, or Weyl’s subspace can be
induced in euclidean space.

§ 4. In the case of X7*! the most general tensor ].'(i»l’,Lv satisfying
(10) is obtained as pA,,, as can be easily seen by normalizing the
bilinear form A.,u"*w” by a coorninate tranformation at a point.

Hence in X7 the pseudo-projection becomes a projection.
Now, a question arises :

(d). In X, when X is contained in X™, in what case does it occur
that the parallelism in X} induced from X™ in which the parallelism
first induced from X, , and the parallelism in X!, induced directly from
X. , are always equivalent for each value of m less than n.

In this case ng becomes a linrear form of fiw by means of the
iteration of hypermanifolds, X2~ therefore our pseudo-projection be-
comes projection. Conversely, in the case of projection (a), (b), (¢) and
(d) are clearly satisfied. So we have the result :

The conditions (@), (b), (¢) and (d) characterize the projection.

In conclusion the author wishes to express his hearty thanks to
Prof. T. Iwatsuki who has given his kind guidance.
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