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Let © be an abstract Hilbert space,® and {f,} be a sequence of
elements of . If there exists an element f in D such that

lim [|f,~f]l =0,
then I say that {f.,) converges strongly to {, and I write thus
imlf, = f.-

If a series of elements

a1f1+a2f2+....+avfy+.... ' (1)
be such that [lim] 8, = f
where 8, = asfitasfoat . ... +a.f,,

then I say that the series (1) converges strongly to f, and I write as
follows

=1

In the strongly convergent series, the most important is the expansion
of any element f with respect to a complete normalized orthogonal
system {g,} in :

f[_-_—] 2 @, gv) v » @)

(1) For the abstract Hilbert space, cf. J. v. Neumann, Mathematische Grundlagen
der Quantenmechanik, (1932); and M. H. Stone, Linear Transformations in Hilbert
Space, (1932).
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Now, the first problem that arises, is: can we not extend the
expression (2) of f into an integral expression ?

Let H be a self-adjoint transformation. If, moreover, H is com-
pletely continuous, we can expand it as a series of projecting transfor-
mations : :

Hf[=]1SAE.f, ®

where is a characteristic constant of H, and E, is the projection on

Ay
the linear manifold determined by the characteristic elements of H

. 1
corresponding to 2 a

v

Now there is the second problem : can we not extend the expression
(8) into an integral expression ?

In my previous paper,® I extended the normalized orthogonal sys-
tem {y, (E)} in the space of set functions, which has positive integer »
as parameter, to the normalized orthogonal system {%,(E)} which has
set U as parameter. And I showed that the expansions of set funec-
tions with repect to {Z)(E)} are integral expressions. Next, I defined
the resolution of identity E(U) as a function of set U, and proved that
a bounded self-adjoint transformation H is expressed as follows:

H$ (E) = jl 1dyE(U) $(E) .
If we put E(U)$(E) = ¥w\(E),

then {#)(E)} is a normalized orthogonal system such as above cited.

Thus I have shown that in the space of set functions, the two
problems are closely connected. In this paper, I consider these problems
with respect to the abstract Hilbert space . I first extend the
normalized orthogonal system {g,} which has positive integer v as
parameter, to the normalized orthogonal system {q(U)} which has set
U as parameter. U may be a set in any metric space. Since q(U) is a

(1) I have proved this theorem for the space of set functions, in my paper,
“On the Space of Completely Continuous Transformations, ”’ this journal, 3 (1933),
156; but this property holds also in the abstract Hilbert space.

(2) “On Kernels and Spectra of Bounded Linear Transformations,” ibid.,
243-273.
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funetion of set U, whose functional value is an element of 9, which we
may describe as a vector, I call q(U) a vector valued set function. I also
define the integral of a point function with respect to this vector valued
set function. Then I solve the first problem, so that when {q(U)} is
complete in $, any element  can be expressed in the integral form:

= | Duwr e da(o,
where §U) = (f, o) and o(U) = [[q(U)|P.

I also have additional theorems concerning the extended normalized
orthogonal systems.

Next, I define the resolution of identity E(U) as a function of set U
in a metric space. Then E(U)f is a vector valued set function. I prove
a number of theorems respecting the properties of the resolution of
identity.

Lastly, I consider the linear transformation expressed in the inte-
gral form

Ti=| F@dEW)f,

and I give brief discussions of the possiblity of integral expressions of
self-adjoint tronsformations and others. Thus the second problem is
solved, and any self-adjoint transformation H can be expressed as
follows :

Hi=| WEW)f @
By

when S R || E(U)f |2 is finite, where E(U) is a resolution of identity
defined in the Euclidean space R; of one dimension.

Ordinarily, it is proved that any self-adjoint transformation H can
be expressed as follows:

®, o) = | 2dED 0 )

for any element g in 9, when Sma?d |E@fI]? is finite.®

(1) Cf. Stone, loc. cit., 180.
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The expressions (4) and (5) are different in significance. Expression
(5) has reference to weak econvergence,® although the integral of (4) is
defined by strong convergence.

Integrals with respect to a Vector Valued Set Function.

1. Let V bea Borel set in a metric space S which is half compact.®
If for each Borel subset U of V, a vector q(U) in O be determined, then
q(U) may be called a vector valued set function. And q(U) is said to be
completely additive, if

(q@), qU) =0 1)
when UU’ =0, and
W) [=19U) +qU) + ... +qUn) + - ... (2)
when U=U+Us+....+Un+.... .
Since by (1), (qUa, oUy) =0

when =7, we have, from (2),

Ta()IF = l1a(@) [P+ q@ 1B+ ..o+ q(U) B+ ...t .
Hence, if we put 1a(O) | = o(U),

then, «(U) is a completely additive set function defined for all Borel
subsets of V.® And

(q(), qU) = (qUUH+qU—UU), qUUH+qU'—=UTY)
= (qUU), qUT) ,

(1) {iv} is said to converge weakly to { when lim (v, g) = (i, g) for any element
g in 'SD- Y-»00

(2) A metric space is said to be half comgact, when it is the sum of an enumera-
bly infinite number of point sets which are compact in themselves. The Euclidean
space of » dimensions is half compact. (Cf. H. Hahn, Reelle Funktionen I, Punktfunk-
tionen, (1932), 95.)

(3) In what follows, the derivatives with respect to ¢(U) being treated when S is
not an Euclidean space, I shall consider the case where ¢(U) is uniformly monotone
almost everywhere (s) in V. But when Sis an Euclidean space, such a restriction is
superfluous. (Cf. F. Maeda, this journal, 1 (1931), 3; and 2 (1932), 33.)
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that is, (a@), o) = o(UT) .
I will call 6(U) the base of q(U) .
Let U be an unitary transformation. Then, since
(U@, Ug) = ), aU"),
we have, from (1),
(Uq(), UgU") =0 when UU =0,
and HUq(U) P =[] q@) 1.

But, from (2), it is evident that
Ug(U) [=]1U0g(U) +Uq(U) + . ... +UqUD)+. ...

Hence Uq(U) is also a completely additive vector valued set function with
base o(U).

It will be convenient to agree upon the notation for a vector valued

" set function and its base once and for all. I will denote a vector valued
set funetion by q(U) and its base by o(U), if several vector valued set
functions denoted by the same letter and distinguished by subscripts or
other suitable marks are to be considered simultaneously, the letters
denoting the corresponding bases will be distinguished by affixing
corresponding subseripts or marks. For example,

@) IF = o), [aPO)IP =oM(U).

2. Let f(2) be a complex valued point function defined in a Borel
set Vin S, and ¢(4) and 2(2) be its real and imaginary parts respectively
that is

S@) = g(A)+13h(2) .

When g(2) and h(2) are Baire’s functions, I will call f(4) a Baire’s function.

First assume that Baire’s function f(3) is bounded in V, that is,
there exists a positive number M such that

lfI<<M



62 F. Maeda.

for all points 4in V. Divide the interval (—M, M) by the insertion of
the intermediate points, such that

—M=l1<l2<....<l-n+1=M
and . lp1—1l, < ¢ =12 ....,n),

where ¢ is a given positive number.
Let V,, be the subset of V, for all points of which

lp_—<.:g(z) <lp+1 ’ lqgh(z) <lq+1 ’

wherep,q¢=1,2,....,n. Then V,, are Borel sets. If 4, is a point
in V,,, then

;q S(pe) 4(Vipo) 1)

is a vector in O.

Let {e,} be a sequence of positive numbers, which converges to
zero. Denote the vector (1), when e = ¢,, by . Then

_ 1
[[§69 =0 || < V2 (e +e){(V)]E .

Hence, $ being complete, {{®} converges strongly to a vector in 9, say

f. Since the vector so defined is independent of the particular mode in

which the interval (—M, M) has been successively sub-divided, I say
that { is the integral of (1) with respect to a(U) over V, and 1 write

i={maw.

If we divide V into the sum of Borel sets
V=Vi+Vet+....+Vit+....
such that LA —fi]<e for all 2in V3,

f: being complex numbers.(¢ =1, 2, ....); then, it is evident that

| fda) = pim S favy. ©

(1) Since | f()—f (/)| < v2¢ for any two points %, ¥ in Vp,.
(2) Since f(?) is bounded in V, 3 f; a(V5) is a strongly convergent series.
K2
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3. Let £i(2) and f2(2) be two bounded Baire’s functions defined in
V, and write .

= [ f0da@), =A@ d@).

Define V9 and V2 for fi(2) and fx(2) respectively as the preceding sec-
tion. Then, since

fr = [lim] >3 > fi(tngre) (VO ve),
g Dq 7,5
fe = [lei_gl] g‘; %fZ('zmrs) Q(ng) Ve,

where Ay is a point in V) V@ | we have

(fr, f2) = T 25 35 fi(Apars) Felwer) @V VE), VR V).

a8
But (V) V), a(Viy VD) = o(VE) V) ;
hence (i, ) = | SOAW do(D) .
Bspeciall, — IfIF = 10 Pdo(D).

Similarly, we can easily prove that for any vector g
G0 = | 0@, g,
where (q(1), q) is a completely additive, complex valued set function

defined for all Borel sets in V.9 And, since, by sec. 1, Uq(U) is also a
completely additive vector valued set function, we can easily prove that

Ui = | fwdua).

(1) We will define the integral of a complex valued point function with respect
to a complex valued set function as follows:

§ {oor+ine] a {s)+iuw) = [ gods@)—{ poanw)

+i{{ gmduw)+ | noyas@))
where g, k, 4, ¥ are real valued funetions.
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4. If fi(2) and f(2) are two bounded Baire’s functions, defined in
V, then

|, {0+ = | s dao)+ | 5w ).
14 14 14
Define V) and V2 for fi(4) and fi(2) respectively as sec. 2. Then
j £@) dq(U) +j So(Adq(U) = [lim] >33 37 {ﬁ(z;‘;)%(ag’)}q("% Va),
%4 14 >0 p,q7s
where 20) and 22 are points in V) and V® respectively. But, since

F@+HD—{ FD) +H08) | | <2v/ 2

forall 2in VQ V2, we have by sec. 2

|, {A@+A@}daU) = lim] S5 {AGD) +AGD]a(VE V).

»q 7,8

Hence, we have (1).

5. When JQ2) = g(2) +1h(2)

is a non-bounded Baire’s function defined in V, I will define a bounded
Baire’s function f¥(2) as follows:

FY@) = g+ @),

where gV @) = 9(2) when  |g()|< N,
=N when gA) >N,
= —N when 9(A)) <—N,

and hNQ) = h(R) when [hQ) | <N,
=N when h()) >N,
= —N when h() <<—N.

If SVfN(i.)dq(U ) converges strongly to a vector, say f, as N becomes
infinite, then I say that the integral of f(2) with respect to q(U) over V
exists, and I write

i=| faw).
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In this case, of course, gvlf(i.) [2do(U) exists, and is equal to |{flj%
Hence, f(2) belongs to the class L{cs).

Conversely, if f(2) belongs to L:(0), then Sv fA) dg(U) exists. For,
since

tim 10— @ [ de(U) = 0,

N-»>x

and | [ 0 aa@)— | r@aa@) | = | 10— @rd@),

{, @dq(U) converges strongly in © as N becomes infinite. Hence
Svf(i) dg(U) exists. ‘

Consequently, SVf(R)dq(U) exists when and only when f(4) belongs
to Lc).@

Let ﬁ(a) and f2(2) be two Baire’s functions belonging to Llo), and

i

= | A0a@), = ADd@);
then (fl ’ fZ) = (.fl ’ f‘Q) .

For,put ' = [ AW, & =[ A @dy).

Then (f1, ) = 17152 (&, )
by sec. 3, = }\i]m Vﬁv(l)sz@ do(U)

- j SWEQ do(U) = (fi, f2) -

1) WhenSV | () |2do(U) exists, it is said that £() belongs to 2y(s). 2.(c) is a
Hilbert space, where the inner product is defined as follows:
(1, £ = [, AOFEOEAD).
(Cf. Stone, loc. cit., 23.)

(2) When f(2) is a2 bounded Baire’s function, SV F0)da(U) always exists, and
J(2) belongs to 8.(s).
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Similarly, we can easily extend the following theorems for bounded
Baire’s functions® to the case of any Baire’s functions belonging to
(o).

When i={ fwa),

then (.0 = | @ e, o

Jor any vector g .

And if U s a unitary transformation, then
Uf= S £ dUg(U) .
Vv

6. If f(») belongs to %ic), then Svlf(z) 2de(U) exists, and
therefore SUIf(A) 12do(U) exists for any Borel subset U of V. Hence
Suf (Adq(U) exists, and

| wda@) = | 10 har) daw),

where h)(2) is de la Vallée Poussin’s characteristic function of U, thatis

han(d) =1 when 2 is a point of U,

=0 when 4 is not a point of U.

Put o(U) = yuf(z) dq(U),
then, from the preceding section,
GO, T = | _F0) hen® S0 @ do(U) = | 15D P o). (1)

Especially, @) 1E= | 17D da(D). @

(1) Cf. sec. 3.
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Let U1+ U; = Us, and put
JA) by () = fi(2) (=123).
And define /M@), 7)) (:=1,2,3) as sec. 5. Then
@ =D by  (=1,2,3),
and D +FQ) =@ .

Then by sec. 4 ijIN(z) dq(U)+§szNu) do(U) = SV 3 (2) da(U) .

But, since [lim] [ £20)da@) = | £y da(0) = | s da(@)
(=123,

wehave [ f)da@)+[ fda@) = | f@da@).

That is, p(0h) +9p(U2) = p(Ur+ Uy) . 3)
Next, let U=U+U+....+Ui+.... ,
and put M;=U+Ue+....+U;.
Then, by (2) and (3)
1P@) =) [P = p@-M) [ = [ 170 do(@)

Hence (lim] p(M:) = p(U) .
That is p() [=1vU)+p(U)+.... +p(U)+.... .
But, from (1), (@), pUH =0
when UU’ = 0. Consequently, when f(i) is a Baire’s function in Lu(s),

p(O) = | F0da(0)

s a completely additive vector valued set function defined for all Borel
subsets U of V.
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7. Let f1(2) and f(2) be two Bdire’s Sunctions in L(c). Then
|, (A0 +£@}da@) = | A®ar@)+ [ _A@da) .

Since fi(4) = f1(1)+12(2) belongs to Lu(o), SUfg(&)dq(U) exists. Let
Ux be the set of all points 2 of U, where

|AWD|<N and |A@W|=N.

Sinceﬁ(z)h(UN)(z) (t =1, 2, 3) are bounded, we have by sec. 4
J 0 by (@) da0) = | @ b @ da@)+ [ ) by da(0)
thatis [ A0da@) = [ f@da@+| A@d@).
Un Un Un
But, by the complete additivity of jv fiA da(U), we have

| ra@ =nim| @@ (=123.
U N=oo JUps

Consequently,

| i aa@) = | r@da@)+] fwdaw).

8. Letf(Handfo(A) v=1,2,....)be Baire’s function in Lls). If

Rim] £,() =) in @), ()
then  [im] | A d@) = | fWda@) sl @

From (1), we have  lim jv (D —FR) 12 do(U) = 0.

But || | A@Wa@)=[ fda@) | = | 1£@~0Fde®)
” <, IfO—rFard@.
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Hence, we have (2).

9. Let fi(2) and f»(2) be two Baire’s functions in (o), and fi(2) be
equal to f»(2) at all points of V except those which belong to a Borel set
H where o(H) = 0. Then, since

| fdda@ =0 and | @@ =o,
we have j AW dq(U) =j £(3) da(U) .
14 Vv

Thus the integral SVf(z)dq(U) is independent of the value of f(2) at H.

Now, I will extend the definition of the integral of Baire’s functions
to the integral of any point functions. Let f(2) be a point function. If
f(2) is equal almost everywhere (¢) to a Baire’s function f’(1) which be-
longs to (o), then I say that

| fwa@
14

exists and I shall define its value by SVf "(Adq(U). In this case, the

value of f(2) may or may not be defined at the points in H, where
o(H)=0.

Extensions of Normalized Orthogonal Systems.

10. Let {g.} be a normalized orthogonal system in $. That is,

(9 8) = 8uus 1)
where S.,v=1 when p=v,
=0 when pv.

And let M be the closed linear manifold determined by {g.}. Let{ be
any vector in 9. Then

fl=12e0 @
where ¢, =, g =12 ....). 3)
Z‘. le,J? is convergent, and
Se=1fIF.

When f is any vector in $, we have Bessel’s inequality
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SeP<IFIE. @

I will denote the class or space of all sequences {¢,} of complex
numbers such that > |¢, |2 is convergent, by $(Z). If we define the

inner product of two elements ¢ = {e,} and ¢/ = {c}} of ¥(Z), by
€, ) =ed,

then 2(Z) is a Hilbert space. By the relation (3), for any vector f in
M there is a corresponding unique element { ¢, } of 8(Z). Conversely,
by the generalization of Riesz-Fischer’s theorem, for any element {¢, } of
A7) by the relation (2), there is a correponding unique veetor f in M.

Thus, by relations (2) and (3), there exists a one-to-one correspon-
dence between M and ¥(Z). Letf and {’ be two vectors in I which
correspond to ¢ = {¢,} and ¢’ = (¢!} in L(Z). Then, af and f+{’
correspond to ac = {ac,} and ¢+¢’ = {¢» + ¢}. Hence, the transfor-
mations (2) and (3) are linear. Moreover, by the extension of Parseval’s
theorem,

(f, f)=1>(,).
Hence the transformations (2) and (8) are isometric.??

11. {g.} is a normalized orthogonal system which has positive
integer v as paramater. I will now extend this system which has Borel
set U as paramater. Let q(U) be a completely additive vector valued
set function. Then, from sec. 1

(q@), qn) = o(UT) .

Since this relation is similar to (1) of the preceding section, considering
U as parameter, I say that {q(U)} is a normalized orthogonal system in
O with base o(U).

Let M(q) be the closed linear manifold determined by the system
6{(1)}.® Then any vector g is orthogonal to $(a) when and only when

G, 9 =0 ey

(1) Cf. Stone, loc. cit., 76.
(2) That is, M(q) is the smallest closed linear manifold which contains all the
vectors of the system {q(U)}. Cf. Stone, loc. cit., 7.
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for all Borel sets U. Hence, when q(U) and q(U) are two vector
valued set funections such that

’ (T, UM =0
for any Borel sets, U and U’, then M(q:) and M(q2) are orthogonal.

Any vector expressed in the integral form
i=| sndaw)

where f(4) is a Baire’s function in L), belongs to M(q). For, let g be
any vector which is orthogonal to M(y), that is,

g, q9=0
for all Borel set U. Then, by sec. b

(. 9) = | f6) dla@), ) = 0.

Therefore, f belongs to MM(q).
Let f be any vector in M(3). And put

&U) = (@, aU)) . 2
When U=U0+0e+....+ Ui+ ...,
since G [=19(U)+q(U) +« oo +qU) + e eun s
we have  (f, qU) = (f, qUD)+ (G, qU)+ e oo o+ qU) + . ve e s

That is, &(U) is a completely additive set function. And, it is obvious
that &U) is absolutely continuous with respect to o(U).

Divide V into the sum of Borel sets, i.e.
V= U1+U2+.-..+Ui+.-.. .

Then, since qUy, qU)) =0 when  i=k7,

{JQL)_A} =1,2....) is a normalized orthogonal system in é’g
vV a(Uy)
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Moreover the coefficients of the expansion of | with respect to this
system are

oU) \_ AU ‘
(f, 1/;@5) Sy =L

Hence, by Bessel’s inequality

= EOIE < e
© a(Uh)

But, since this inequality holds for any division of V, &(U) belongs to
LaAo),® and

el <1Ifl

L@

Now De1)&(2) is equal to a Baire’s function in 2:(c) almost every-
where (o) ; hence by sec. 5

SVDG(U) £() dq(U)

exists. Denote this integral by §/, then {’ belongs to M(g), and

(1) For the sake of simplicity I prove this theorem in the case where §(E) 0.
Denote the set of points, where ps < [Don43)]* < (p+1)¢, by Up. Then

E(Up) = SUpDo(m )T )=y pe o(Uy) .
Hence ,
LT

pea(Up) < o(Up)

[«
o(Up)
exists and is not greater than || {}|®. In the general case where £(U) is a complex

valued set function, a slight modification is needed to prove the theorem.

When g U) is absolutely continuous with respect to o(U), and S v 1 Do 80) [*ds(U)
exists, it is said that §U) belongs to the class 24(a). &4(s) is a Hilbert space, where
the inner product is defined as follows:

G, &) = | Do 50) Do 600 do(U)
(C1. F. Maeda, this journal, 3 (1933), 3-13, 243.)

(2) This inequality holds for any vector in 9, and we may call it Bessel’s ine-
quality with respect to the normalized orthogonal system {a(T)} with base s(U), for
it corresponds to (4) of the preceding section.

Since 3} <1113 2 pes(Up) is convergent. Therefore, SV [DU(U) E(),)]2 da(U)
» »
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i =1liell.
Since aW) = |_han®da(v),
by sec. 5, we have
(7, 60 = | D) €0 i@ do(@) = &)

Combining with (2), we have

(f—F, a@)) = &U)—&(U) = 0.
Hence, by (1), f—f" is orthogonal to M(q). 'Therefore,

f=f.
Consequently, any vector | in I(q) is expressed as follows :
i={ Do 0 da(U) ©)

where &§U) =, ). 4)

(8) and (4) correspond to (2) and (3) of the preceding section.
When { is another vector in I(q), then

P =, Dowr €0 da(@),
14
where £/ (U) = (', (10). And by sec. 5,

(. 1) = | Daor 60 Don €@ do(D) = &, €)

This expression corresponds to the generalized form of Parseval’s
theorem.

Corresponding to any set function £(U) in (o), there exists a
vector

f=| Do &@ da(@)

in M(q), and HEIEHE
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This statement corresponds to the generalized form of Riesz-Fischer’s
theorem.

Thus, as in the case of {g.}, (8) and (4) represent isometric trans-
formations between M(q) and La(o).

12. Let a(0), qU), ..., q:(U), ....

be a sequence of completely additive vector valued set functions, such
that

M(ar), M(@2), - oo P@a), ... 1)

are mutually orthogonal. In this case I say that {qiu(U), qx(0U), ....,
qi(U), .... } is an orthogonal system. If there exists no vector ortho-
gonal to all the closed linear manifolds of (1), then I say that the
orthogonal system {qi(U), qU), ...., q(U)....} is complete in $.

The three following assertions concerning the orthogonal system
{qu(T), q2(U), «..., ai(U), .... )} are equivalent.

() {aU), qx(U), ...., qiU), ....} is complete in H;
(8) for every vector fin D,

=132 Doyor 60 das(0),
where EU)= (a0 (@E=12,....);
(v) for every pair f, g in 9, the identity
(f, 9) = 33(&, )
is true, where &(U) = (f, q4))
1(U) = (3, 4:0)

=12,....).

Now, I shall show that the following inferences are possible :
@—>®B —— @,

each arrow being directed from hypothesis to conclusion. The equiva-
lence of the three assertions is then obvious.

Assume that (a) holds. Let | be any vector in $. Denote the
component of { which is contained in M(q;) by f;. Then
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=15

But, by the preceding section

fi = yv Do,y §:(4) dai(U)

where &(U) = (fi, q/0)) .
But, since (f, ) = (:, a1,
we have (B).
Next, assume that (8) holds. Then
fl=1] 2 fis
q [=] Z‘L Qi ’
where fi = jVDOi(U) EM) da(U),  &(U) = (f, qU)),

3 = |, Dor n D dai0),  7(U) = (3, 94V -

But, since (fiya)=0 when  i2=7,
and (fi, 02) = jVDoi(U) £i(2) Do, n 7:(2) doi(U) = (i, ),
we have (9 = G, 09 = &, 7).

That is, (y) holds.

Next, assume that (y) holds. Let { be a vector orthogonal to all of
(1). Then

EU)=(f,qU)=0 (=1,2,....)
for all sets U. But from (y)
D=3, 6.
Consequently, f=0.

That is, (a) holds.
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13. Let {a(0), a(V), «..., q0), ....} 1)

be an orthogonal system. If
a()+a(U)+....+c(U)+.... - (2
converges to a finite value, say o(U), then

QD) +q(U)+.... +q(U)+.... 3

converges strongly to a completely additive vector valued set function, say
a(U), with base o(U).W

a(U) being non-negative, it is evident that «(U) is a completely
additive set function.

Since (2) converges, it is evident that (3) converges strongly to a
vector, say q(U), for any set U.. And

(@), qU) = 21 (a0, 0UN) = S (UT") = «(UT"). 4)

It is evident that
q(U1+ Up) = q(U1) +4q(U2) .

Now, let U=U+Uet+....+Ui+....,

and put M;=U+U+....+U;.

Then lla(@)=a(M) [P = [q(U—M)I]? = o(U— M) .
Hence qU) = [133] q(M,.) ,

that is, o) [=19(0) +qU) + ... +q(U) +....

Combining with (4), we conclude that q(U) is a completely additive
vector valued set function with base o(U).

14. Let f(2) and g(2) be Baire's functions. If

PO = | fnda@), ®)

(1) Cf. F. Maeda, this journal, 3 (1933), 266.
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then | swapw) = | g0 da@),
when the left hand integral exists.

Put P=| g0, )
then f belongs to M(p). Hence { may be expressed as follows :

= Dt ap(@),

where eu) = {, py, 3)
and p@) = [1pOE = | 1D o). @
Therefore, it must be that

9(2) = D, £(2) )
almost everywhere (p).®
But, since M(p) = M(q), f belongs to M(q). Hence f may also be
expressed as follows:
= | Doy 10 da@) ©®)
where 2(U) = (f, o)) .
Hence, from (1), (3) and (6),
¢U) = (G, p) = jU Do M) fR) do(U) . @

But, from (5) and (4), we have

(W) = [ odp@) = | o) 170 Pde@).® @

(1) Since p(U7) is absolutely continuous with respect to o(U), o(U) is uniformly
monotone almost everywhere (p) in V. (Cf. F. Maeda, this journal, 3 (1933), 257
footnote.)

(2) By the theorem proved in my paper, ibid., 2568 footnote.
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From (7) and (8), we have

Doy 7(2) = 9() f ()

almost everywhere (¢). Hence, from (2) and (6)
| swar@) = | s daw) . ©
v 14
If we put g(2) k() instead of g(4) in. (9), we have

| owaa@) = g 7® da@).
U U

Resolution of Identity.

15. Let E(U) be a self-adjoint transformation which depends on
Borel subset U of a Borel set V in the metric space S. If E(U) satisfies
the following conditions, then I say that E(U) is a resolution of identity.®

(@ E(U) E(U") | = E(UU)T;

®  EU)f[=1EWU){+EU)f+.... +E{U)f+....,
where U=U+Uc+....+Ui+....;

) EV)f=T;

all for any vector f.
From («), we have
E(U)EWU)f=EU)f.
Hence E(U) is a projection on some closed linear manifold which de-

pends on U.@ From (B), if L is an empty set, then
E(L)f=0;

(1) Ordinarily, resolutions of identity are defined as self-adjoint transformations
which depend on real or complex numbers. (Cf. Stone, loc. cit., 174 and 314.) Here,
I extend this conception.

(2) Stone, ibid., T1.
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and if Lim V,, = U, then

n-»o0

im] E(V.) | = E(U)f.

Let b be a vector, and put

q(U)=EU)b,
Then, from («)

79

(a0, qU") = (EW) b, EU)b) = (b, EU) E{U")b) = (b, EUU"b) .

Hence (@), qUN =0 when uU' =0.
And, from (8) we have
a) [=1qU)+q(U)+ ... +qU) +....

Therefore, q(U) = E(U)b is a completely additive vector valued set func-

tion. In this case, I say that q(U) is generated by E(U).

16. When q(U) is generated by E(U), if

i={ aam),

then EO) = ) da(v) .
When £(2) is bounded, by the definition of the integral®
f = Dlim] o,
where ™ is expressed in the form
Z;Z__;f (o) a(V3g) -
Then EWU)f= [lyi_’rg] E(U){™,

where E(U) f is expressed in the form

quf(Rm) E(U) a(Vyo) -

(1) Sec. 2.
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But  E(U)q(Ve) = E(U)E(Vpa) b = E(UV,q) b = q(UV>0) .

Hence E(U){ is expressed in the integral form

[ s o).

U
Next, when f(2) is not bounded, by the definition of the integral,®
= im) | £6) da@)

Noowe JV

Hence  E(U)f=[im]ED) | f6) do@) = Mim] | £0) da@)
N> 1’4 N-»0 U
= | f ).

17. If f=jvf(/z)dE(U)a and g=jvg(x)dE(U)b,

then (o) = | @90 dET 0, 1) W
By sec. 5, G = fwaw), @

where ¢U) = (EW)a, g) = (a, E)g) .

But, since E(U)g = jug(A) dE(U) b,

by sec. 5, we have  &(U) = [ g d(a, BT &) )

Therefore, from (2) and (3), we have (1).

18. Let E(U) be a resolution of identity. Then there exists an
orthogonal system {qi(U), q2(U), ...., qU), ....} which is complete in
9, such that q.(U) (1 =1, 2, ....) are generated by E(U).

Since $ is separable, there exists a sequence {b,} which is dense in
9. Put

q(U) = E(U) b: .

(1) Cf.sec. 5.
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~ Let by, be the first element of the sequence {b,} which is not contained
in M(q1). And let c,, be the component of b, which is orthogonal to
M(q;). And put

0(U) = E(U) t, -

Then, since (a0, (U") = (EW) by, EU) ¢,) = (E(UU") by, ¢n)
= (UT", t) =0

for any Borel sets, U and U’, M(q1) and M (qe) are orthogonal.

Let by, be the first element of the sequence {b,} which is not con-
tained in M(qy) & M(q2).» Of course nz>n;. And let c,, be the com-
ponent of b,, which is orthogonal to M(q1) & Ni(qz). And put

93(U) = E(U) tn, .

Then, as above, M(qs) is orthogonal to M(q:) and W(yge).

Continuing this process indefinitely, we have an at most denumera-
bly infinite orthogonal system {q:(U), q2(U), ...., qi(U), ....}. Then
this orthogonal system must be complete in $. For, if there exists a
vector f which is orthogonal to M(q) PM(q2) F .... M) & ...,
then f must be orthogonal to all the vectors of {b,}. Hence f must be
the null vector.

19. Conversely, let {qi(U), q2(U), ...., qiU), ....} be a complete
orthogonal system in . Then there exists o resolution of identity E(U),
which generates q(U) 1 =1,2,....).

Let f be any vector, and put
W) = | Do 6@daU)  G=1,2....), (@

where &(U) = (f, q«U)). Then, by sec. 6 p(U) (=12 ....)
are completely additive vector valued set functions with bases p;(U) =
[Tp(T) 112,

Since p;(U) belongs to M(q:),

(T, pAU") =0 when  i-=kj,

(1) M(q)) $ M(a.) signifies the closed linear manifold determined by the sets of all
vectors which are contained in 9i(q,) or M{as). Cf. Stone, loc. eit., 21.
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for all Borel sets U and U’. Hence {p;(U), p2(U), ...., ps(U), ....} is
an orthogonal system.

Let f; be the component of { which is contained in 9(q,), then
&(U) = (f, qlD) = (fi, qU))
and by sec. 11, &) =ifill.

Hence, from (1), we have
pU) = |1 Doyor 60) P o) <1 1P = 11 sl

Therefore, (D) +p(T) + oo +pi(U) + .. ..
converges for all Borel sets U. Hence by sec. 13
piU) +0(U)+ ... +p(U)+....

converges strongly to a completely additive vector valued set function,
sap p(U). And by sec. 12

p(V) =7.

Let E(U) be the transformation which transforms f to p(U). Then
E(U) is a bounded linear transformation whose domain is . Let g be
any vector, then by seec. 12

0 1=15 | Do 6i) das®)
where &(U) = (g, qU)). But since
E@)f = p0) =13 | Do 6@hen@dad®), @

we have  (E(U)f,q) =) ijoi(Z]) £i(2) hn(A) Do, 1n€i(2) doi(U) .

1

Similarly ~ (f, EU)g) = ) SVDW §2) Doyin&i) by (Ddei(U) -

Hence EO, 9) = ED) g

for any vectors fand g. Therefore, E(U) is a self-adjoint transformation.
Now, by (2)

B EW =12 | Do @ ho@®du® — ©
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where E(U) = (EUNT, qlD) .
But, since 0(U) = fvh(u,(z) da(U) ,
we have, by (2),

W) = | Doy & han@ hen® do(U)

= [ Do 8 b do(0) -
That is Dy ) €4 = Do,an §(A) hiiry(2)
almost everywhere (¢;). Hence, from (8),

E@) EW) =15 | Doy 660 () hen® das(V)

[=1] Z,“ SVD%-(U) &) b (2) dai(T) «
Hence, from (2), EU)E(U) = E(UU)f.

Thus, E(U) satisfies the condition (a) of the resolution of identity.®
But, since p(U) is completely additive, and p(V) = f, it is evident that
E(U) satisfies the conditions (&) and (vy) of the resolution of identity.

Now, put = qi(V) G=1,2....).
Then EO) G[=1S | Doan 690 daV)
* where ENU) = (5, qU) = (LV), q4U))
{ = ||q(U) |F = a:(U) when =7,
=0 when 74=7.
Hence B = | da(0) = a0).

Therefore, q(U) (7 =1, 2, ....) are generated by E(U). Consequently,
E(U) is the required resolution of identity.

(1) Cf. sec.15.
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20. Let {u(U), q2(U), ..., qU), ....} be an orthogonal system,
generated by a resolution of identity E(U); and let £{(U) be set functions
in ) t=1,2,....). If

5[, 1 Doy 80 P do(D)

converges to o finite value, say p(U), for all Borel subsets U of V, then
52| Dagn 60 das)

converges strongly to a completely additive vector valued set function, say
p(U), with base p(U). And p(U) is generated by E(U).®

Put  piU) = | Doyon & da(U) G=1,2....),
then 0T, 92T, v e, 9T, )
is also an orthogonal system with base
(), PU), ey piT)y oen ),
where pi(U) = jU | Doyn &) Pdo(U) (=12, ....).

Hence, by sec. 13, > pi(U) converges strongly to a completely
additive vector valued set function, say p{U), with base p(U).

Put b = p(V), b; = pi(V) =12 ....).
Then b[=]b1+bo+ .. F0+..n. .
But, by sec. 16

B0 0:=] | Do &@dU)  G=12....).

Hence  B(U)b[=] SEW)0 [=] 3| Do &0 da(0) -

That is, E(U)b = p(U) .

(1) Cf. F. Maeda, this journal, 3 (1933), 270.
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Consequently, p(U) is generated by E(U).

21. Conversely, when {q1:(U), q2(U), ...., qU), ....} is a com-
plete orthogonal system in ©, generated by a resolution of identity E(U),
any completely additive vector valued set function p(U) generated by
E(U), is expressed as follows :

WO =1S( Doon 80 dav)

where £(U) are set functions in Ley) (1=1,2,....).0
Let b be the vector such that

EWU)b =pU).
By see. 12 b is expressed as follows:
b[=133{ Do 6(2) dasV)
where &(U)Y = (, q10) =12 ....).
" And &{(U) belongs to L(c;) for each value of 7. Now, by sec. 16
E(U)b[=1NEW) | Dagan &2) das®)
(=15 | Doyon 60 das) -

Hence, we have the required result.

Linear Transformations expressed in the Integral Forms.

22. Let E(U) be a resolution of identity, and let f(2) be a finite
Baire’s function defined in V almost everywhere (E).®0 If we denote the
set of vectors T such that

| 1 raiEw e

(1) Cf. F. Maeda, 4bid., 270.
(2) That is, f(») is defined at all points of V except the points of the set H where
EH)=0.
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18 finite, by D(f) then D(F) is a linear manifold which is dense in .
Sinee [ 17 PAIE@)aflE=a* | 1A FAIEODTIF,

af belongs to D(f) with f. Next, let f and g belong to D(f). Since
EW)G+0) |2 = || E(U)f 1P+ EID{, g) +ET) g, ) + | EU) g |1,

and by sec. 17 jvlf(z) PAED)T, g), Svlf(l) [Pd(EU)g,f) are finite,
Svlf(i) FA|E(U)§+gq) ! is finite. Therefore, {+g belongs to D(f).

Consequently, ®(f) is a linear manifold.

Next, I will shew that D(f) is dense in H. Let Vi be the set of
points where | f(2) | <N, N being a positive integer. Then, if we put

VI = le VN ,
N>
then E(V) =EV).

Let f be any vector in §, then by sec. 15
im] B(Vx) f = E(V)f = {. ®
But, since
[ @ rAED EVYTIE= | 1f0FAIEDIF,
N

E(Vw 1T belongs to D(f) for any value of N. Therefore, by (1), D(f) is
dense in 9.

23. Let {{.) be a sequence of vectors belonging to D(f), such that
there exists a constant number K satisfying

L,If(/z) EAEU) . IP<K (=12, ..... ). @)
If [lim] f, =T,

then | belongs to D(f).
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Let () be the bounded Baire’s function defined in sec. 5. Then

|| r@aeai—t) [ = [ 1770 pdIE@)G—) P S Nl =T -

Hence [iigl] Svf N@A) dEU) fn = SVfN(R) dE(U){. (2)
But, from (1) SV]fN(A) RAIED) WP<K (=12 ....)

for any N. Hence, from (2)

[ i @raiE)iir< K

for any N. That is, sV[f(z) PA||EU){|? is finite, and { belongs to
D(f) .

24. If we put
Tof = | /0 dE@)T,

then Tris a closed linear transformation ’w@'th domain D(f). DV

Since it is evident that T, is a linear transformation with domain
D(f), I need only show that T,is closed.

Let {f.) be a sequence of vectors such that there exist vectors f
and g satisfying

Bim] fa = . W
[lim] Trfa = g - @

From (2), there exists a constant number K such that
T P<K - (n=1,2,....).

Hence, by the preceding section, { belongs to (f).
Let § be any vector in D(f). Then, from (2),

lim (T, B) = @, 5). ©)

(1) Cf. Stone, loc. cit., 229.
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But

Hence, by (1)
}g& (Ttfu, B) = Eﬂ(f“’ T7H) = (f, T7h) = (Trf, ) . )
From (3) and (4) (5, B) = (Trf, b)

for any h in D(f). Therefore, since D(f) is dense in $, we have

g = Tsf.
That is, Ty is closed.

Let U’ be any Borel subset of V. Then, if | belongs to D(f), then
E(U") { belongs to D(f), and

TE(U) | = E@) T/ . © ©)
Sinee [ 170 PAIE@) E@)FIF = |0 Fal EQfI?
is finite, E(U’) f belongs to D(f). And
T,EW) f = | A0 dBW) BW) | = | ) dED)F.

But, by sec.16  E(U)T/f= | f@AED)T.

Hence, we have (5).

As Stone did, we can prove that T7 is the adjoint transformation of
Tr,® and other properties of T, which arise from the properties of f(2).®

25, Let E(U) be a resolution of identity, and

T,f = | faEwf, )

(1) Cf. Stone, loc. cit., 222,
(2) Ibid., 229.
(3) Ibid., 222, 230, 232,
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then, as I have noted at the end of the preceding section, Ty is a self-
adjoint transformation when f(%) is real almost everywhere (E), and a
unitary transformation when [f(2) | = 1 almost everywhere (E).

Now the converse problem is: Any self-adjoint or unitary trans-
formation can be expressed in the integral form (1).
First consider the bounded self-adjoint transformation H. Since

(Hf, ) = (, Hf),

(Hf,f) is real. Let the upper and lower bounds of (Hgq, q) for all
normalized vectors g be M and m respectively. Then, as M. H. Stone
proved,® corresponding to any real Baire’s function (1) such that

/<K

for any point 2 in the interval m <2< M, K being a constant number,
a bounded self-adjoint transformation f(H) exists, and

A Il < Kl @

for any vector §.

Denote the closed interval [m, M] by I. Let hw)(4) be da la Vallée
Poussin’s characteristic function of Borel subset U of 1. Then Zw)(2)"
is a bounded Baire’s function. Hence there exists a bounded self-

adjoint transformation A (H). But, since

hw)(2) b (2 = hy(A),

we have b\ (H) b (H) f = hoy(H) | -
When U=U+Us+....+U;+....
put M;=U+U+....+U;,

then, since {hwpy(4)} is a sequence of bounded Baire’s functions which
converges to hw)(d), we have

[tim] gy (D f = heop(HD) £ ©

(1) Stone, loc. cit., 230.
(2) Cf. Sec. 6.
(8) Stone, loc. cit., 226.
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That is, haoyH) F[=12hwy (H)T.
And, since hay(D) =1,
we have haoy(H)f=F.

Therefore, by sec. 15, hqn(H) is a resolution of identity defined
in the Euclidean space of one dimension B;. Denote this by E(U).

Decompose Iinto the sum of intervals
I=Ui+ U+ ...+ U;+. ...

such that the length of U; is less than a given positive number «¢.
Hence, if 4; is a point in U;, then

[hi—2| < e
for any point 2in U;. Therefore, if we put
) = > dhawy@,
then fA—2 <
for any point 2in I. Hence, by (1)
A —H) fil < ellfil.
Hence g Aihay (H) | = 21] LEW,) f

converges strongly to Hf. That is,
Hf= S MEW)f .
I

Thus, we find the resolution of identity E(U), defined in R;, which
corresponds to the bounded self-adjoint transformation H, and

Hf= deE(U)T.

where I is the closed interval [m, M].

Then by conveniently modifying the method of J.v. Neumann,®
we find the resolution of identity E(U), defined in R;, which corre-
sponds to the unitary transformation U, and

(1) J.v. Neumann, Math. Ann. 102 (1929), 115-122, 91-96, 410-416.
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Uf = | e e,

where I is the semi-closed interval (0,1]. And corresponding to any
self-adjoint transformation H, we can find a resolution of identity
E(U), defind in Ry, and

Hf = jR 2B(U) §

for all f, such that SRI 2d||E U){|? are finite.

Similarly, corresponding to any maximal normal transformation T,
we can find a resolution of identity E(U), defined in Rz, and

T= | cdBw)f e

for all f, such that SRZ [¢12d || E(U) {||? are finite.

By the preceding section, when E(U) corresponds to H,

HE(U)f = E(U)Hf.
Put E(U)f=q(0),

then, by sec. 16 Ho(U) = SUAdq(U) .

Therefore, q(U) corresponds to what is called by Hellinger *‘a differen-
tial solution ’’.®

(1) ¢is a point function whose value is a complex number ¢ at the point ¢ in R,.
(2) Cf. F. Riesz, Les systéemes d’éguations linéaires a une infinite d’inconnues,
(1913), 149; and E. Hellinger, Crelle’s Journal, 136 (1909), 240.
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