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Let Sj be an abstract Hilbert space,(1) and { f,} be a sequence of 
elements of Sj • If there exists an element f in Sj such that 

lim II f. -f 11 = o , 
S➔OO 

then I say that { f,} converges strongly to f, and I write thus 

[lim] fv = f. 
s-,.oo 

If a series of elements 

(1) 

be such that [lim] Sv = f 
S➔OO 

where 

then I say that the series (1) converges strongly to f, and I write as 
follows 

f[ =] ::s a,f V • 

> 

In the strongly convergent series, the most important is the expansion 
of any element f with respect to a complete normalized orthogonal 
system { g,} in ,\): 

f[=J::S(f, gJg,. (2) 
> 

(1) For the abstract Hilbert space, cf. J. v. Neumann, Mathematische Grundlagen 
der Quantenmechanik, (1932); and M. H. Stone, Linear Transformatfons in Hilbert 
Space, (1932). 
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58 F. Maeda. 

Now, the first problem that arises, is: can we not extend the 
expression (2) of f into an integral expression ? 

Let H be a self-adjoint transformation. If, moreover, His com
pletely continuous, we can expand it as a series of projecting transfor
mations: 

Hf [ =] 2i Av Ev f , (3) 
V 

where iv is a characteristic constant of H, and Ev is the projection on 

. the linear manifold determined by the characteristic elements of H 

corresponding to f v .<1> 

Now there is the second problem: can we not extend the expression 
(3) into an integral expression ? 

In my previous paper,<2> I extended the normalized orthogonal sys
tem {"f,-v(E)} in the space of set functions, which has positive integer v 

as parameter, to the normalized orthogonal system {iJlcrn<E)} which has 
set U as parameter. And I showed that the expansions of set func
tions with repect to {iJlcrn(E)} are integral expressions. Next, I defined 
the resolution of identity E(U) as a function of set U, and proved that 
a bounded self-adjoint transformation H is expressed as follows : 

If we put 

He/> (E) = L idu E(U) c/>(E) • 

E(U) c/>(E) = Pcll)(E), 

then {P<rn<E>} is a normalized orthogonal system such as above cited. 
Thus I have shown that in the space of set functions, the two 

problems are closely connected. In this paper, I consider these problems 
with respect to the abstract Hilbert space ~ . I first extend the 
normalized orthogonal system { 9v} which has positive integer v as 
parameter, to the normalized orthogonal system {q(U)} which has set 
U as parameter. U may be a set in any metric space. Since q(U) is a 

(1) I have proved this theorem for the space of set functions, in my paper, 
" On the Space of Completely Continuous Transformations, " this journal, 3 (1933), 
156; but this property holds also in the abstract Hilbert space. 

(2) "On Kernels and Spectra of Bounded Linear Transformations," ibid., 
243-273. 
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function of set U, whose functional value is an element of Sj, which we 
may describe as a vector, I call q(U) a vector valued set function. I also 
define the integral of a point function with re.;;pect to this vector valued 
set function. Then I solve the first problem, so that when {q(U)} is 
complete in ~, any element f can be expressed in the integral form: 

f = j v°"<U) ~(,l) dq(U), 

where t(U) = (f, q(U)) and u(U) = II q(U) 112 • 

I also have additional theorems concerning the extended normalized 
orthogonal systems. 

Next, I define the resolution of identity E(U) as a function of set U 
in a metric space. Then E(U)f is a vector valued set function. I prove 
a number of theorems respecting the properties of the resolution of 
identity. 

Lastly, I consider the linear transformation expressed in the inte
gral form 

Tf = jvf(,1)dE(U)f, 

and I give brief discussions of the possiblity of integral expressions of 
self-adjoint transformations and others. Thus the second problem is 
solved, and any self-adjoint transformation H can be expressed as 
follows: 

Hf= f JdE(U) f JRl 
(4) 

when ~R/d II E(U)f 11 2 is finite, where E(U) is a resolution of identity 
defined in the Euclidean space R1 of one dimension. 

Ordinarily, it is proved that any self-adjoint transformation H can 
be expressed as follows : 

(Hf, g) = J::J.d(EW f, ~1) (5) 

for any element g in lg, when j :: J2d 11 E(,1) f 112 is finite. <ll 

(1) Cf. Stone, loc. cit., 180. 
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The expressions (4) and (5) are different in significance. Expression 
(5) has reference to weak convergence,<1> although the integral of (4) is 
defined by strong convergence. 

Integrals with respect to a Vector Valued Set Function. 

1. Let V be a Borel set in a metric space S which is half compact. <2> 

If for each Borel subset U of V, a vector q(U) in ,'p be determined, then 
q(U) may be called a vector valued set function. And q(U) is said to be 
completely additive, if 

(q(U), q(U')) = O (1) 

when UU' = 0, and 

q(U) [ =] q(U1) + q(U2) + .... + q(Un) +.... (2) 

when 

Since by (1), 

when i+.j, we have, from (2), 

Hence, if we put II q(U) 112 = u(U), 

then, o-(U) is a completely additive set function defined for all Borel 
subsets of V,<3> And 

(q(U), q(U')) = (q(UU')+q(U-UU'), q(UU')+q(U'-UU')) 

= (q(UU'), q(UU')) , 

(1) {h} is said to converge weakly to f when lim (f,, g) = (f, g) for any element 
gin~• S➔OO 

(2) A metric space is said to be half comi;act, when it is the sum of an enumera
bly infinite number of point sets which are compact in themselves. The Euclidean 
space of n dimensions is half compact. (Cf. H. Hahn, Reelle Funktionen I, Punktfunk
tionen, (1932), 95.) 

(3) In what follows, the derivatives with respect to rr(U) being treated when Sis 
not an Euclidean space, I shall consider the case where rr(U) is uniformly monotone 
almost everywhere (rr) in V. But when Sis an Euclidean space, such a restriction is 
superfluom:1. (Cf. F. Maeda, this journal, 1 (1931), 3; and 2 (1932), 33.) 
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that is, (q(U), q(U')) = a-(UU') . 

I will call a{U) the base of q(U). 

Let Ube an unitary transformation. Then, since 

(Uq(U), Uq(U')) = (q(U), q(U')) , 

we have, from (1), 

(Uq(U), Uq(U')) = 0 when UU' = 0, 

and II Uq(U) !12 = II q<U> !12. 

But, from (2), it is evident that 

Uq(U) [ =] Uq(U1) + Uq(U2) + .... + Uq<Un)+ ..•• 

Hence Uq(U) is also a completely additive vector valued set function with 
base a-(U). 

It will be convenient to agree upon the notation for a vector valued 
· set function and its base once and for all. I will denote a vector valued 

set function by q(U) and its base by a-(U), if several vector valued set 
functions denoted by the same Jetter and distinguished by subscripts or 
other suitable marks are to be considered simultaneously, the letters . 
denoting the corresponding bases will be distinguished by affixing 
corresponding subscripts or marks. For example, 

II qi(U) 112 = ui(U), II qM(U) !12 = uM(U). 

2. Let f(;.) be a complex valued point function defined in a Borel 
set Vin S, and g(;.) and h(J.) be its re1I and imaginary parts respectively 
that is 

f(J.) = g(J.) + ih(;.) • 

When g(,<) and h(;.) are Baire's functions, I will callf().) a Baire's function. 

First assume that Baire's function J(;.) is bounded in V, that is, 
there exists a positive number M such that 

!/(;.) I <M 
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for all points ;. in V. Divide the interval (-M, M) by the insertion of 
the intermediate points, such that 

and (p = 1, 2, .... , n) , 

wheres is a given positive number. 
Let Vpq be the subset of V, for all points of which 

where p, q = 1, 2, .... , n. Then Vpq are Borel sets. If Apq is a point 
in Vpq, then 

p.q 

is a vector in ~) . 
Let { e,} be a sequence of positive numbers, which converges to 

zero. Denote the vector (1), whens= s,, by fM. Then 

Hence, Sj being complete, {fM} converges strongly to a vector in~. say 
f. Since the vector so defined is independent of the particular mode in 
which the interval (-M, M) has been successively sub-divided, I say 
that f is the integral off(;.) with respect to q(U) over V, and I write 

f = JjO)dq(U). 

If we divide V into the sum of Borel sets 

V= Vi+Vi+ .... +Vi+ .... , 

such that for all ;. in Vi , 

f;, being complex numbers (i = 1. 2, .... ) ; then, it is evident that 

(1) Since 1/().)-f()I) I< ✓ifs for any two points).,)/ in Vpq• 

(2) Since/().) is bounded in V, :Eli q( Vi) is a strongly convergent series. 
i 
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3. Let J1(1.) and J2(1.) be two bounded Baire's functions defined in 
V, and write 

h = j ji(1.) dq(U) , fz = j /z(;.) dq(U) • 

Define V~~ and VJ;l for Ji(;.) and J2(;.) respectively as the preceding sec
tion. Then, since 

h . . t . Ven v· <2> h W ere Apqrs IS a porn Ill pq rs , we ave 

But 

hence (ft , fo) = j /1(J.)}i(J.) da-( U) • 

II f !12 = j JJ(;.) 12 da-(U). Especially, 

Similarly, we can easily prove that for any vector g 

(f' g) = J VJ(;.) d(q(U), g) ' 

where (q(U), g) is a completely additive, complex valued set function 
defined for all Borel sets in V.<1) And, since, by sec. 1, Uq(U) is also a 
completely additive vector valued set function, we can easily prove that 

Vf = J vJ(;.) dUq(U). 

(1) We will define the integral of a complex valued point function with respect 
to a complex valued set function as follows : 

f v{g())+ih().)} d ril(U)+i<J,(U)} = L,11().)dtj,(U)-f vh().)d<J,(U) 

+iU vg().)dt(U)+ ~ vh().)d¢(U)} 

where g, h, tf,, <J, are real valued functions. 
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4. If !1(1.) and f2(;.) are two bounded Baire's functions, defined in 
V, then 

Define VJ~ and V;;> for Ji(;.) and h(J.) respectively as sec. 2. Then 

where ;.gJ and J.t~> are points in vgJ and Vt~ respectively. But, since 

for all;. in VJ~ V;;>, we have by sec. 2 

Hence, we have (1). 

5. When 

is a non-bounded Baire's function defined in V, I will define a bounded 
Baire's functionJN().) as follows: 

fV(J.) = gN().) + ihN(;.) ' 

where gN(J.) = g(J.) when I g(;.) I <N, 

=N when g(1.)>N, 

=-N when g(J.) <-N, 

and hN(;.) = h(J.) when I h().) I< N, 

=N when hV)>N, 

=-N when h(J.) <-N. 

If f JN(;,)dq(U) converges strongly to a vector, say f, as N becomes 
V 

infinite, then I say that the integral of JO) with respect to q(U) over V 
exists, and I write 
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In this case, of c::mrse, i if(i.) 12 da-(U) exists, and is equal to Ii f 112. 
V 

Hence, f(;.) belongs to the class 22(0-).<n 

Conversely, if f(;.) belongs to -22(a-), then) f().)dq(U) exists. For, 
V 

since 

lim J ifM(;.)-F''(,l) l2 da-(U) = 0, 
M-oo V 
N➔oo 

and II r JM().) dq(U)- J JN(,l) dq(U) il2 = r I JM(;.)-JN(;.) 12 da-(U)' , J.v v Jv 

i JN(,i)dq(U) converges strongly in -~ as N becomes infinite. Hence 
V 

) f(;.) dq(U) exists. 
V 

Consequently, ) JO)dq(U) exists when and only when f(,l) belongs 
V 

Letf1().) andf2(;.) be two Baire'sfunctions belonging to 22(0-), and 

fa= f /20.) dq(U); 

then (fi ' fa) = (Ji ' fz) . 

Then (f1, fo) = lim (W, W> 
.. v--~oo 

by sec. 3, = lim J f1v(,i)ft(,l) da-(U) 
N-:::,o V 

= \ Ji(;.)f-;(~fda-(U) = (f1, h.) . 
• V 

(1) When) v If().) le de( U) exists, it is said that /(1.) belongs to 2 2(a). 2c(o-) is a 

Hilbert space, where the inner product is defined as follows: 

(f1, f2) = I v/1().)/2().)dcr(U). 

(Cf. Stone, loc. c-it., 23.) 

(2) When/().) is a bounded Baire's function, ) v f().)dq (U) always exists, and 
f().) belongs to 2z{cr). 
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Similarly, we can easily extend the following theorems for bounded 
Baire's functions<1> to the case of any Baire's functions belonging to 
.82(u). 

When 

then 

f = f vf(A) dq(U), 

(f, g) = j vf(i.) d(q(U), g) 

for any vector g • 

And ifV is a unitary transformation, then 

Uf = j vf(,i) dVq(U). 

6. If f (i.) belongs to 22(0-), then I /f(,l) /2 da-(U) exists, and 
V 

therefore ~ lfW l2du(U) exists for any Borel subset U of V. Hence 
u . 

~ f(,l)dq(U) exists, and 
u 

Lf(A) dq(U) = j /(A) hw>(i.) dq(U) , 

where han(A) is de la Vallee Poussin's characteristic function of U, that is 

Put 

hwi(A) = 1 

=0 

when A is a point of U, 

when A is not a point of U. 

p(U) = j uf(A) dq(U) , 

then, from the preceding section, 

(p(U), p(U')) = f f(A) hw>(A)f(i.)h(U'>(A) da-(U) = [ lf(,l) 12 da-(U). (1) Jv Juu 

Especially, II p( U) 11 2 = j) f(A) 12 da-( U). (2) 

(1) Cf. sec. 3. 
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Let U1 + U2 = Us, and put 

/(;.) hcu,>().) = f;(;.) (i = 1, 2, 3) • • 

And define jw(;.), ft(;.) (i = 1, 2, 3) as sec. 5. Then 

ft(;.) = Jw(;.) hcu,>(;.) U = 1, 2, 3) , • 
and 

Then by sec. 4 J vff(;.) dq(U) + J v/tl;.) dq(U) = f vft(;.) dq( U) • 

But, since [~~] J /t(;.) dq(U) = J j';,(;.) dq(U) = f u((i.) dq(U) 

(i = 1, 2, 3), 

we have f /(;.) dq(U) +J f(i.) dq(U) = f /(;.) dq(U). Ju1 . u2 Ju8 

That is, 

Next, let 

and put 

Then, by (2) and (3) 

II p(U)-p(Mi) 112 = II p(U-Mi) 11 2 = L_M_ if().) 12 du(U) . 
• 

Hence [lim] p(Mi) = p(U) • 
i..,.oo 

That is p(U) [ =] p(U1) +p(U2) + .•.. +p(Ui) + .... 

But, from (1), (pCU), p(U'>) = O 

(3) 

,,7 

when UU' = 0. Consequently, when/(;.) is a Baire'sfunction in 22(u), 

p(U) = Jut(;.) dq(U) 

is a completely additive vector valued set function dPfined for all Borel 
subsets U of V. 
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7. Let/1(;.) andfh) be two Baire'sfunctions in £2(0-). Then 

L {fi.0.)+J;(;.)}dq(U) = Jufi.(;.)dq(U)+ Lh().)dq(U). 

Since .fs(,l) =f10)+h().) belongs to 22(CT), ) fs(,l)dq(U) exists. Let 
u 

UN be the set of all points;. of U, where 

I Ji().) I < N and lh(;.) I <N. 

Sincef;,(;.)h<uN)(,{) (i = 1, 2, 3) are bounded, we have by sec. 4 

that is r .fa(;.)dq(U)=r .fi().)dq(U)+f j;().)dq(U). 
JuN JuN JuN 

But, by the complete additivity of Jufi(;.) dq(U), we have 

f f;,(;.) dq(U) = [Jim] f f;,(;.) dq(U) (i = 1, 2, 3) . 
Ju N-oo JuN 

Consequently, 

j uh(;.) dq( U) = j 0 .fi(;.) dq(U) + f uh(;.) dq(U) • 

8. Letf(}.) andfv(;.) (i; = 1, 2, .... ) be Baire'sfunction in B2(CT). If 

[lim] f,(;.) = J(;.) (1) 

then [lim] f fv(;.) dq(U) = f f(i.) dq(U) [in ,'p]. (2) 
v~oo Ju Ju 

From (1), we have ~~~ J v 1/v{.t)-/(;.) 12 dCT(U) = 0. 

But II Juf,(;.) dq(U)-fuJ(;.) dq(U) ij2 = J )fvO.)-f(,i) j2 dCT(U) 

.::; J)fv(,1)-fl,1) l2 da-(U) • 
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Hence, we have (2). 

9. Letf1(,l) andf2(,l) be two Baire's functions in 22(<T), and f1(,l) be 
equal to f2(,l) at all points of V except those which belong to a Borel set 
H where <T(H) = 0 . Then, since 

J !1(,l) dq(U) = O and J f2(,l) dq(U) = O, 
H H 

we have J /;_(,l) dq(U) = J /2(,l) dq(U) • 

Thus the integral i f(,l)dq(U) is independent of the value of f(,l) at H. 
V 

Now, I will extend the definition of the integral of Baire's functions 
to the integral of any point functions. Letf(,.l) be a point function. If 
f(,l) is equal almost everywhere (<T) to a Baire's function f'(,l) which be
longs to 22(<T), then I say that 

J vf(,i) dq(U) 

exists and I shall define its value by i f'(;.)dq(U). In this case, the 
V 

value of J(;.) may or may not be defined at the points in H, where 
<T(H) = 0. 

Extensions of Normalized Orthogonal Systems. 

1 o. Let {g,} be a normalized orthogonal system in ~. That is, 

where o,,., = 1 
=0 

when 
when 

(1) 

µ =1,), 

µ==!=1,). 

And let We be the closed linear manifold determined by { g, }. Let f be 
any vector in We. Then 

f[ =] ~ c, g, 
> 

where c, = (f' gv) (1,) = 1, 2, .... ) . 

~ I c, 12 is convergent, and 
V 

~ I c, 12 = 11 f 112 • 
> 

When f is any vector in~, we have Bessel's inequality 

(2) 

(3) 
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~ I c, 12 < 11 f I i2 • (4) 
V 

I will denote the class or space of all sequences { c, } of complex 
numbers such that ~ I c, /2 is convergent, by 22(Z). If we define the 

V 

inner product of two elements c = { c,} and c' = {c~} of 22(Z), by 

( c , c') = ~ c, c~ , 
V 

then 22CZ) is a Hilbert space. By the relation (3), for any vector fin 
ill, there is a corresponding unique element { c,} of 52z(Z). Conversely, 
by the generalization of Riesz-Fischer's theorem, for any element {c,} of 
22(Z) by the relation (2), there is a correponding unique vector f in file. 

Thus, by relations (2) and (3), there exists a one-to-one correspon
dence between 9)1 and ~2(Z). Let f and f' be two vectors in m, which 
correspond to c = { c, } and c' = { c~} in 22(Z) . Then, a f and f + f' 
correspond to ac = { ac,} and c+c' = {c, + cD. Hence, the transfor
mations (2) and (3) are linear. Moreover, by the extension of Parseval's 
theorem, 

(t, f') = (c, c') . 

Hence the transformations (2) and (3) are isometric.<n 

11. { g, } is a normalized orthogonal system which has positive 
integer J.1 as paramater. I will now extend this system which has Borel 
set U as paramater. Let q(U) be a completely additive vector valued 
set function. Then, from sec. 1 

(q(U), q(U)) = cr(UU') • 

Since this relation is similar to (1) of the preceding section, considering 
U as parameter, I say that {q(U)} is a normalized orthogonal system in 
~ with base cr(U). 

Let 9J,(q) be the closed linear manifold determined by the system 
q{(U)} .<2> Then any vector g is orthogonal to ffic(q) when and only when 

(q(U), g) = 0 (1) 

(1) Cf. Stone, lac. cit., 76. 
(2) That is, IDl(q) is the smallest closed linear manifold which contains all the 

vectors of the system { q(U)}. Cf. Stone, lac. cit., 7. 



Theory of Vector Valued Set Functions. 71 

for all Borel sets U. Hence, when q1(U) and q2(U) are two vector 
valued set functions such that 

for any Borel sets, U and U', then ~lJ1(q1) and 9R(q2) are orthogonal. 

Any vector expressed in the integral form 

f = I VJ(;.) dq(U) 

where JW is a Baire's function in E2(a-), belongs to IJJc(q). For, let g be 
any vector which is orthogonal to IJJc(q), that is, 

(q(U), g) = 0 

for all Borel set U. Then, by sec. 5 

(f, g) = ) vf(i.) d(q(U), n) = 0. 

Therefore, f belongs to IJJc(q). 

Let f be any vector in IJJc(q). And put 

~(U) = (f, q(U)). (2) 

When 

smce q(U) [ =] q(U1) + q(U2) + .... + q(Ui) + .... , 

we have (f, q(U)) = (f, q(U1)) + (f, q(U2)) + .... + (f, q(Ui)) + ..... 

That is, ~(U) is a completely additive set function. And, it is obvious 
that ~tU) is absolutely continuous with respect to a-(U). 

Divide V into the sum of Borel sets, i.e. 

V = Ui + U2 + .... + Ui + . . . . . 

Then, since when i=pj, 

{J~&s} (i = 1, 2, .... ) is a normalized orthogonal system in ©. 
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Moreover the coefficients of the expansion of f with respect to this 
system are 

(i = 1, 2, .... ) . 

Hence, by Bessel's inequality 

b H(U_i)_~ < II f 11 2 • 
i u(Ui) 

But, since this inequality holds for any division of V, ~(U) belongs to 
22(u),(l) and 

! I ~ 11 s: 11 f 11 • <2> 

Now Dawl(?.) is equal to a Baire's function in 22(0-) almost every
where (u); hence by sec. 5 

f V Da(U) ~(A) dq(U) 

exists. Denote this integral by f', then f' belongs to illc(q), and 

(1) For the sake of simplicity I prove this theorem in the case where ~ (E) ~ 0. 

Denote the set of points, where pE ~ [Da(U) ~().)]2 ~ (p+ 1) E, by Up. Then 

Hence 
~(Up)=) UpDo(U) ~().)da(U);;;;;1/pc a(Up). 

[~(Uv)r 
psa(Up) ~ ,;(Up) • 

[~(U )]2 [ 
Since ~ a(d;,) - ~ II f 112, ~ pea(Up) is convergent. Therefore, J v [Do(U) w.)]2 do( U) 

exists and is not greater than II T w. In the general case where ~(U) is a complex 
valued set function, a slight modification is needed to prove the theorem. 

When~( U) is absolutely continuous with respect too( U), and J v I Da(U) W-) 12 da( U) 

exists, it is said that ~(U) belongs to the class 2 2(0). 2kr) is a Hilbert space, where 
the inner product is defined as follows: 

{~1, ~2) = ) VDo(U) ~1().) Do(U) ~l).) da( U). 

(Cf. F. Maeda, this journal, 3 (1933), 3-13, 243.) 

(2) This inequality holds for any vector in &;;,, and we may call it Bessel's ine

quality with respect to the normalized orthogonal system {q(U)} with base r;(U), for 
it corresponds to (4) of the preceding section. 
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llf'll=ll~ll-

Since q(U) = JV h(U)(A) dq(U)' 

by sec. 5, we have 

(f', q(U)) = JV Dow> ~(,1) hw>(A) du(U) = ~(U) . 

Combining with (2), we have 

(f-f', q(U)) = ~(U)-~(U) = O. 

Hence, by (1), f-f' is orthogonal to im(q). Therefore, 

f = f'. 

Consequently, any vector fin im(q) is expressed as follows: 

where 

f =JV D,,(U) ~(A) dq(U) 

~(U) = (f, q(U)) . 

(3) and (4) correspond to (2) and (3) of the preceding section. 

When f' is another vector in im(q), then 

f' = j V Da(U) t(A) dq(U), 

where e(U) = (f' , q(U)). And by sec. 5, 

(f, f') = J v Da(TJ) ~(,1) Daw> ~'(11) du(U) = (~. n . 

(3) 

(4) 

73 

This expression corresponds to the generalized form of Parseval's 
theorem. 

Corresponding to any set function ~(U) in ,~.'z(u), there exists a 
vector 

in im(q), and 

f = JV D,,(U) ~(,1) dq(U) 

llf II= II ~II -
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This statement corresponds to the generalized form of Riesz-Fischer's 
theorem. 

Thus, as in the case of { g, }, (3) and (4) represent isometric trans
formations between 9Jc(q) and 22(a-). 

12. Let q1(U), qz(U), •••• , qi(U), 

be a sequence of completely additive vector valued set functions, such 
that 

l)Jc(q1), illc(q2), • • • •, Wc(qi), • • • • (1) 

are mutually orthogonal. In this case I say that {qi(U), q2(U), •••• , 
q,(U), ••.• } is an orthogonal. system. If there exists no vector ortho
gonal to all the closed linear manifolds of (1), then I say that the 
orthogonal system {q1(U), q2(U), •••• , qi(U) •... } is complete in~-

The three following assertions concerning the orthogonal system 
{q1(U), q2(U), •••• , qi(U), ••.. } are equivalent. 

(a) {q1(U), q2(U), ••.. , Qi(U), •••. } is complete in ,'Q; 

(fJ) for every vector f in ~ , 

where MU) = (f, qiCU)) (i = 1, 2, .... ) ; 

(,y) for every pair f, gin~, the identity 

(f, g) = ~ (~i, "h) 

is true, where 

i 

MU) = (f, qiCU)) 

1h(U) = (g, qi(U)) 
(i = 1, 2, .•.. ) . 

Now, I shall show that the following inferences are possible: 

(a) - (fJ) - ('Y) - (a) , 

each arrow being directed from hypothesis to conclusion. The equiva
lence of the three assertions is then obvious. 

Assume that (a) holds. Let f be any vector in ~. Denote the 
component of f which is contained in Wc(qi) by f,. Then 
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f [ =] 2J fi. 
i 

But, by the preceding section 

where 

But, since 

we have (/3) • 

fi = r Da-(U) M-<) dqi(U) JV • 
fi(U) = (f i, q.(U)) . 

(f, qi(U)) = (fi, qJU)) , 

Next, assume that (/3) holds. Then 

f [ =] ~fi' 
i 

g [ = ]~gi' 
i 

where 

9i = f Do.cu> 7Ji(;.) dqi(U) , JV • 7J;(U) = (g, q;<U)) • 

But, since when i ==l=i' 

and 

we have (f, g) = Li (f.' gi) = ~ (fi' 'TJi). 
i i 

That is, (ry) holds. 
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Next, assume that (ry) holds. Let f be a vector orthogonal to all of 
(1). Then 

MU) = (f, qiCU)) = O 

for all sets U. But from (ry) 

Consequently, 

That is, (a) holds. 

(f, f) = Li (f.' fi) . 
i 

f = 0. 

(i = 1, 2, .... ) 



76 F. Maeda. 

13. Let {q1(U), Q2(U), •••• , qi(U), ••.• } (1) 

be an orthogonal system. If 

u1(U)+ui(U)+ .... +ui(U)+.... (2) 

converges to a finite value, say u(U), then 

q1(U) + q2(U) + .... + qi(U) + . . . . (3) 

converges strongly to a completely additive vector valued set function, say 
q(U), with base u(U).<1) 

uiCU) being non-negative, it is evident that u(U) is a completely 
additive set function. 

Since (2) converges, it is evident that (3) converges strongly to a 
vector, say q(U), for any set U. And 

(q(U), q(U')) = ~ (q.<U), q;<U')) = ~ ui(UU') = u(UU'). (4) 
i i 

It is evident that 

Now, let 

and put 

Then 

Hence 

that is, 

q(U1+ U2) = q(U1)+q(U2). 

U = U1 + U2 +- •••• + Ui + . . . . , 

Ii q(U)-q(Mi) 112 = II q(U-Mi)ll 2 = u(U-Mi). 

q(U) = [lim] q(Mn), 
i-co 

q(U) [ =] q(U1) + q(U2) + .... + q(Ui) + .... 

Combining with (4), we conclude that q(U) is a completely additive 
vector valued set function with base u(U). 

14. Letf(,l) and g(J.) be Baire'sfunctions. If 

. p(U) = Lf(,l) dq(U)' 

(1) Cf. F. Maeda, this journal, 3 (1933), 266. 

(1) 
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then 

when the left hand integral exists. 

Put f = J vg(A) dp(U) , 

then f belongs to 9Jc(p). Hence f may be expressed as follows: 

where 

and 

f = JV Dp(U) ((ii) dp(U) ' 

r:;(U) = (f, p(U)) , 

p(U) = II µ(U)ll2 = L lf(il) 12 dcr(U). 

Therefore, it must be that 

almost everywhere (p).<1> 

(2) 

(3) 

(4) 

(5) 
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But, since IJJc())) c::::: 9Jc(q), f belongs to 9Jc(q). Hence f may also be 
expressed as follows : 

where 

f = JV Do(U) ?J(il) dq(U) 

11(U) = (f, q(U)). 

Hence, from (1), (3) and (6), 

(6) 

r:;(U) = (f, )J(U)) = Ju Do(U) ?J(il)f(il) du(U) • (7) 

But, from (5) and (4), we have 

C:(U) = f g(il) dp(U) = 1 g(il) j /(ii) 12 du( U) . <2> (8) Ju Ju 
-------------

(1) Since p(U) is absolutely continuous with respect to 11(U), p(U) is uniformly 
monotone almost everywhere (p) in V. (Cf. F. Maeda, this journal, 3 (1933), 257 
footnote.) 

(2) By the theorem proved in my paper, ibid., 258 footnote. 
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From (7) and (8), we have 

Do<U> 71(.t) = g(l)f(-<) 

almost everywhere (o-). Hence, from (2) and (6) 

If we put g(;.) hw>(-<) instead of g(;.) in (9), we have 

j ug(.I.) dq(U) = Jug(l)f(.l.)dq(U). 

Resolution of Identity. 

(9) 

15. Let E(U) be a self-adjoint transformation which depends on 
Borel subset U of a Borel set Vin the metric space S. If E(U) satisfies 
the following conditions, then I say that E(U) is a resolution of identity. <1) 

E(U) E(U') f = E(UU') f ; (a) 

(ft) E( U) f [ =] E( U1) f + E( U2) f + .... + E( Ui) f + . . . . , 

where 

('Y) E(V) f = f; 

all for any vector f . 
From (a), we have 

E(U) E(U) f = E(U) f. 

Hence E(U) is a projection on some closed linear manifold which de
pends on U.<2> From (/3), if Lis an empty set, then 

E(L) f = 0; 

(1) Ordinarily, resolutions of identity are defined as self-adjoint transformations 
which depend on real or complex numbers. (Cf. Stone, loc. cit., 174 and 314.) Here, 
I extend this conception. 

(2) Stone, ibid., 71. 



Theory of Vector Valued Set Functions. 

and if Lim Vn = U, then 
n_,.oo 

[lim] E(Vn) f = E(U) f. 
n-+= 

Let b be a vector, and put 

q(U) = E(U) b, 

Then, from (a) 
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(q(U), q(U')) = (E(U) b, E(U') I,) = (6, E(U) E(U') o) = (b, E(UU') b) • 

Hence (q(U), q(U')) = 0 when UU'=O. 

And, from (/3) we have 

q(U) [ =] q(U1) + q(U2) + .... + q(Ui) + .... 

Therefore, q(U) = E(U) bis a completely additive vector valued set func
tion. In this case, I say that q(U) is generated by E(U). 

then 

16. When q(U) is generated by E(U), if 

f = j vf(,l) dq(U) , 

E( U) f = j uf(;.) dq(U) . 

Whenf(,1) is bounded, by the definition of the integra1<1> 

f = [lim] fM, 
V➔oo 

where fM is expressed in the form 

p,q 

Then E(U) f = [lim] E(U) fM , 

where E(U) fM is expressed in the form 

~f(;.pq) E(U) q(Vpq). 
p,q 

(1) Sec. 2. 
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Hence E( U) f is expressed in the integral form 

Next, when/(;.) is not bounded, by the definition of the integral,(l) 

f = [~~J J VJN(;.) dq(U) • 

Hence E{U) f = [~~E(U) JVJN(,l) dq(U) = [_~-~] LJN(,l) dq(U) 

= J uf(J.) dq(U) . 

17. If f = J vf(J.) dE(U) a and g = J vg(J.) dE(U) b, 

then (f, g) = J vf(?.) g(J.) d(E(U) a, b) . 

By sec. 5, (f, g) = J vf(;.) d((U), 

where t:(U) = (E(U) a, g) = (a, E(U) g) . 

But, since E(U) g = Lg(J.) dE(U) b' 

by sec. 5, we have ((U) = Lg(J.) d(a, E(U) b) 

Therefore, from (2) and (3), we have (1). 

(1) 

(2) 

(3) 

18. Let E(U) be a resolution of identity. Then there exists an 
orthogonal system {qi(U), q2(U), ...• , q;(U), .... } which is complete in 
~. such that q;(U) (i = 1, 2, ..•. ) are generated by E(U). 

Since S;, is separable, there exists a sequence {bn} which is dense in 
.~. Put 

(1) Cf. sec. 5. 
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Let bn1 be the first element of the sequence {bn} which is not contained 
in fil(q1). And let c,,1 be the component of bn1 which is orthogonal to 
Wc(q1). And put 

Then, since (q1(U), q2(U')) = (E(U) b1, E(U') Cn1) = (E(UU') 01, Cn) 

= (q1(UU'), Cn1) = 0 

for any Borel sets, U and U', Wc(q1) and 9Jc(q2) are orthogonal. 

Let bn2 be the first element of the sequence {on} which is not con
tained in im(q1) EB im(q2).<1> Of course n2> n1. And let Cn2 be the com
ponent of Dn2 which is orthogonal to im(q1) EB 9Jc(q2). And put 

qs(U) = E(U) Cn2 • 

Then, as above, Wc(qs) is orthogonal to 9Jc(q1) and Wc(42), 

Continuing this process indefinitely, we have an at most denumera
bly infinite orthogonal system {q1(U), q2(U), •... , qlU), .... }. Then 
this orthogonal system must be complete in .p. For, if there exists a 
vector f which is orthogonal to Wc(q1) $ Wc(q2) EB .... EB Wc(qi) EB ...• , 
then f must be orthogonal to all the vectors of {bn}, Hence f must be 
the null vector. 

19. Conversely, let {q1(U), q2(U), .... , qiU), .... } be a complete 
orthogonal system in .p. Then there exists a resolution of identity E(U), 
which generates q;(U) (i = 1, 2, .... ) . 

Let f be any vector, and put 

(i = 1,2, .... ), (1) 

where ~i(U) = (f, q;(U)). Then, by sec. 6 pi(U) (i = 1, 2, .... ) 
are completely additive vector valued set functions with bases Pi(U) = 
II p;(U) 11 2 • 

Since Pi(U) belongs to Wc(q;), 

(i.,;<U), PiU')) = 0 when 

(1) 9Jl(q1) EB 9R(q,) signifies the closed linear manifold determined by the sets of all 
vectors which are contained in 9Jc(q1) or 9Jc(q,). Cf. Stone, loc. cit., 21. 
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for all Borel sets U and U'. Hence {p1(U), l)2(U), .... , Pi(U), •..• } is 
an orthogonal system. 

Let fi be the component of f which is contained in 9Jc(qi), then 

and by sec. 11, 

MU) = (f, qi(U)) = (fi, qiU)) , 

II fill= Ii fill. 

Hence, from (1), we have 

pi(U) = Ju I Doi(U) ~iU) 12 da'i(U) < 11 fi 11 2 = II fi 11 2 • 

Therefore, pi(U) + P2(U) + .... + Pi(U) + .... 

converges for all Borel sets U. Hence by sec. 13 

P1(U)+p2(U)+ .... +pi(U)+ .... 

converges strongly to a completely additive vector valued set function, 
sap µ(U). And by sec. 12 

p(V) = f. 

Let E(U) be the transformation which transforms f to p(U). Then 
E(U) is a bounded linear transformation whose domain is S:,. Let g be 
any vector, then by sec. 12 

g [ =] 2i f Do-<UJ C'i(..l) dqi( U) 
i j V ' 

where C';(U) = (g, qiCU)). But since 

we have 

Similarly 

Hence 

E(U) f = p(U) [ =] ~ _\ v Doi(U) M..l)hcu>O) dqi(U) , (2) , 

(E(U) f, g) = ~ .\ v Doi(U) fi(..l) h(U)(,l) Doi(U)(i(,l) dui(U) , 

(f, E(U) g) = 2i f Do.elf) fi(,l) n;.cU)C:i(i) hcu>(..l)dui(U) • 
i j V ' ' 

(E(U) f, g) = (f, E(U) g) 

for any vectors f and g. Therefore, E(U) is a self-adjoint transformation. 
Now, by (2) 

E(U) E(U') f [ =] ~ .\ v Dai(U) f;(..i) hcUJO) dqi(U) (3) 



where 

But, since 

we have, by (2), 
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~;(U) = (E(U') f, qi(U)) • 

qi(U) = f v hwi(J.) dqi(U) , 

e(U) = f D,,_<UJ ~lJ.) hw>U) hwi(J.) da"i(U) JV • 

That is 

almost everywhere (a-i). Hence, from (3), 

E(U) E(U') f [=]~JV Do/U) MJ.) h(U')(J.) hw>(J.) dqi(U) 

[ =] ~ f Do-WJ ~;(J.) hcurn(J.) dq;(U) • 
i j V ' 

Hence, from (2), E(U) E(U') = E(UU') f. 
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Thus, E(U) satisfies the condition (a) of the resolution of identity.(1) 
But, since p(U) is completely additive, and \.)( V) = f, it is evident that 
E(U) satisfies the conditions (f)) and ('Y) of the resolution of identity. 

Now, put 

Then 

where 

Hence 

fi=q;(V) U=l,2, .... ). 

E(U) fi [ =] ~ju D,,i<m ~?>().) dqi(U) 

~~i>(U) = (fi, qiU)) = (qi V), q;CU)) 

{ = II qi(U) 11 2 = a-i(U) 

=0 

E(U) fi = f dq;(U) = q;(U) . Ju 

when i =j, 

when i:=j=j. 

Therefore, qiU) (j = 1, 2, .... ) are generated by E(U). Consequently, 
E(U) is the required resolution of identity. 

(1) Cf. sec. 15. 
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20. Let {q1(U), q2(U), ••.. , q;(U), .... } be an orthogonal S'!JStem, 
generated by a resolution of identity E(U); and let MU) be set functions 
in 22(0-i) (i = 1, 2, .... ). If 

~ f u I n ai<u> fi,n 12 da-l u) 

converges to a finite value, say p(U), for all Borel subsets U of V, then 

2t f u Daiw> ~i(-1) dqiU) 

converges strongly to a completely additive vector valued set function, say 
p(U), with base p(U). And p(U) is generated by E(U).(1) 

Put 

then 

(i=l,2, .... ), 

{l,J1(U), l,J2(U), •.•• , l,Ji(U), .••• } 

is also an orthogonal system with base 

{p1(U), P2(U), .... , pi(U), .••. } , 

where pi(U) = f I Da.w> M-1) [2 da'i(U) Ju • (i=l,2, .... ). 

Hence, by sec. 13, ::8 \Ji{U) converges strongly to a completely 
i 

additive vector valued set function, say p(U), with base p(U). 

Put 

Then 

o = p(V), (Ji= ,l.Ji( V) (i = 1, 2, .... ) . 

o [ =] 61 + b2 + .... +bi+ . . . . . 

But, by sec. 16 

E(U) bi [ =] f Da.<Ul M-1) d1;(U) (i = 1, 2, .... ) • Ju • 

Hence E(U) o [ =] ~ E(U) bi [ =] ~) u Dai<u> Mi.) dqi(U). 

That is, E(U) o = l,J(U) • 

(1) Cf. F. Maeda, this journal, 3 (1933), 270. 
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Consequently, p(U) is generated by E(U). 

21. Conversely, when {q1(U), q2(U), •.•. , Cfi(U), .••. } is a com
plete orthogonal system in~, generated lyY a resolution of identity E(U), 
any completely additive vector valued set function p(U) generated by 
E(U), is expressed as follows: 

p(U) [=]~ju Daiw> ~'i(i) dqi(U) , 

where f;(U) are set functions in 22(0-;) (i = 1, 2, ...• ) .<1> 

Let b be the vector such that 

E(U) b = p(U) . 

By sec. 12 b is expressed as follows : 

where MU) = (f, q.<U)) (i = 1, 2, .... ) . 

And ~.(U) belongs to 22(0-.) for each value of i. Now, by sec. 16 

E(U) b [ = J ~ E(U) j v Da/m fi(A) dqi(U) 

[ =] 2t Ju Da.w> f.(i) dq.(U) • 

Hence, we have the required result. 

Linear Transformations expressed in the Integral Forms. 

22. Let E(U) be a resolution of identity, and let f(;.) be a finite 
Baire's function defined in V almost everywhere (E).<2> If we denote the 
set of vectors f such that 

JV lf(,l) 12 d II E(U) f 11 2 

(1) Cf. F. Maeda, ibid., 270. 
(2) That is,f(),) is defined at all points of V except the points of the set H where 

EH)= o. 
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is finite, by '1:>(f) then '1:>(f) is a linear manifold which is dense in .p ~ 

Since j v lf(J.) 12 d II E(U) af 112 = a2 ) v lf(1.) 12 d II E(U) f 11 2 , 

af belongs to '1:>(f) with f. Next, let f and g belong to '1:>(f). Since 

II E(U)(f+g) 11 2 = II E(U)f 112+ (E(U) f, g) +(E(U) g, f) + II E(U) g !1 2, 

and by sec.17 J )JO) l2 d(E(U) f, g), ) )f(J.) J2 d(E(U) g, f) are finite, 

jvlf().)l2 dllE(U)(f+g)ll2 is finite. Therefore, f+g belongs to '1:>(f). 

Consequently, 'l)(f) is a linear manifold. 

Next, I will shew that '1:>(f) is dense in .f;,. Let VN be the set of 
points where If(;.) I< N, N being a positive integer. Then, if we put 

V' = Lim VN, 
N-+oo 

then E(V') = E(V). 

Let f be any vector in S:,, then by sec. 15 

[Iim] E(VN)f = E(V) f = f. 
N-,.oo 

(1) 

But, since 

r 110012a 11 E(u) E(VNH 11 2 = J 11<1.) 12 a II E(u> f 112 , 
JV VN 

E(V N) f belongs to <J;;(f) for any value of N. Therefore, by (1), <JJ(f) is 
dense in S:, • 

23. Let Un} be a sequence of vectors belonging to '1:>(f), such that 
there exists a constant number K satisfying 

J vlf(J.) 12 d II E(U) fn 112 <K (n = 1, 2, ..... ) . (1) 

If [Iim] fn = f, 

then f belongs to '1:>(f). 
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LetfN(~) be the bounded Baire's function defined in sec. 5. Then 

Hence 

But, from (1) ) VlfNO) 12 d II E(U) fn /12 < K 

(2) 

(n = 1, 2, .... ) 

for any N. Hence, from (2) 

) v/fN(~).12 d II E(U) f /12 ~ K 

for any N. That is, ) v If(~) /2 d II E(U) fll2 is finite, and f belongs to 
~(f). 

24. If we put 

then Tf is a closed linear transformation with domain <J:>(f). <1> 

Since it is evident that Tf is a linear transformation with domain 
<J:>(f), I need only show that Tf is closed. 

Let {fn} be a sequence of vectors such that there exist vectors f 
and g satisfying 

[lim] fn = f, 

[lim] Trfn = g • 
n-,oo 

From (2), there exists a constant number K such that 

(n = 1, 2, .... ) • 

Hence, by the preceding section, f belongs to <J:>(f). 
Let lj be any vector in <J:>(f). Then, from (2), 

lim (T1fn, lj) = (g, lj). 

(1) Cf. Stone, loc. cit., 229. 

(1) 

(2) 

(3) 
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But 

(Tffn, f)) = J vf(A) d (E(U) fn, f)) = J VJ(i) d(fn , E(U) f)) = (fn , T7f}). 

Hence, by (1) 

lim (T,fn, lj) = lim (fn, Tylj) = (f, T7f}) = (Tff, lj). (4) 
n--+;X) n~oo 

From (3) and (4) (g, lj) = (Tff, lj) 

for any fJ in :JJ(f ). Therefore, since :JJ(f) is dense in S~, we have 

That is, Tf is closed. 

Let U' be any Borel subset of V. Then, d f belongs to '1:!(J), then 
E( U') f belongs to '1:!(f), and 

(5) 

Since J v lf(i) 12 d II E(U) E(U') f 11 2 = J )f(i) 12 d II E(U) f 11 2 

is finite, E(U') f belongs to 'JJ(f). And 

T1E(U') f = f f(i) dE(U) E(U') f = f f(i) dE(U) f, JV Ju, 

But, by sec. 16 E(U') Tf f = J uf(i) dE(U) f. 

Hence, we have (5). 

As Stone did, we can prove that T7 is the adjoint transformation of 
Tf,<2> and other properties of T1 which arise from the properties of /(A).<3> 

25. Let E(U) be a resolution of identity, and 

(1) Cf. Stone, loc. cit., 222. 
(2) Ibid., 229. 
(3) Ibid., 222, 230, 232. 

(1) 
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then., as I have noted at the end of the preceding section, Tf is a self
adjoint transformation when/().) is real almost everywhere (E), and a 
unitary transformation when I/(,;.) I = 1 almost everywhere (E). 

Now the converse problem is : Any self-adjoint or unitary trans
formation can be expressed in the integral form (1). 

First consider the bounded self-adjoint transformation H. Since 

(Hf, f) = (f, Hf), 

(Hf, f) is real. Let the upper and lower bounds of (Hg, g) for all 
normalized vectors !J be Mand m, respectively. Then, as M. H. Stone 
proved,<ll corresponding to any real Baire's function/(,;.) such that 

lf(,;.)l<K 

for any point ,). in the interval m ~,).:::;: M, K being a constant number, 
a bounded self-adjoint transformationf(H) exists, and 

11 f(H) f 11 ~ K II f II (1) 

for any vector f • 
Denote the closed interval [m, M] by J. Let hcu>W be da la Vallee 

Poussin's characteristic function of Borel subset U of J.C2> Then hw>(,;.) • 
is a bounded Baire's function. Hence there exists a bounded self
adjoint transformation hcm(H). But, since 

we have 

When 

put 

hw>(.).) hwi(A) = hcuU'l(,;.) , 

hwi(H) hw>(H) f = hcuU'l(H) f . 

U = U1 + U2 + .... + Ui + .... 

then, since {h<Mi>C.).)} is a sequence of bounded Baire's functions which 
converges to hem(.).), we have 

[lim] h<M·> (H) f = hcu>(H) f. <3> 
i➔oo i 

(1) Stone, loc. cit., 230. 
(2) Cf. Sec. 6. 
(3) Stone, loc. cit., 226. 
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That is, 

And, since 

we have 

F. Maeda. 

h(I>(il) = 1, 

h<n(H) f = f. 

Therefore, by sec. 15, hwi(H) is a resolution of identity defined 
in the Euclidean space of one dimension R1. Denote this by E(U). 

Decompose I into the sum of intervals 

I = U1 + U2 + .... + Ui + .... 

such that the length of Ui is less than a given positive number e. 
Hence, if iii is a point in Ui, then 

for any point ii in Ui. Therefore, if we put 

JU) = ~ iii hw)(i,), 
• l 

?, 

then lf(il)-il I :SC 

for any point ii in I. Hence, by (1) 

II {f(H)-H} f ii< e llfil. 

Hence 

converges strongly to Hf. That is, 

Hf= j/dEtU)f. 

Thus, we find the resolution of identity E(U), defined in R1 , which 
corresponds to the bounded self-adjoint transformation H, and 

H f = L ildE( U) f . 

where I is the closed interval [m, M]. 

Then by conveniently modifying the method of J. v. Neumann,<1> 

we find the resolution of identity E(U), defined in R1 , which corre
sponds to the unitary transformation U, and 

(1) J. v. Neumann, Math. Ann. 102 (1929), 115-122, 91-96, 410-416. 
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Vf = J1 e
2"'i">-dE(U) f, 

where I is the semi-closed interval (0,1]. And corresponding to any 
self-adjoint transformation H, we can find a resolution of identity 
E(U), defind in R1, and 

Hf= J J.dE(U) f 
R1 

for all f, such that I J.2d 11 E U) f 11 2 are finite. 
JR1 

Similarly, corresponding to any maximal normal transformation T, 
we can find a resolution of identity E(U), defined in R2, and 

Tf = J (dE(U) f <1> 
R2 

for all f, such that ~R2 I ( 12d II E(U) f 11 2 are finite. 

By the preceding section, when E(U) corresponds to H, 

HE(U) f = E(U) Hf. 

Put E(U) f = q(U), 

then, by sec. 16 Hq(U) = Ju;.dq(U). 

Therefore, q(U) corresponds to what is called by Hellinger "a differen
tial solution" .(2> 

(1) ~ is a point function whose value is a complex number~ at the point~ in R2 • 

(2) Cf. F. Riesz, Les systemes d'eqiiations lineaires a une infinite d'inconnues, 
(1913), 149; and E. Hellinger, Crelle's Journal, 136 (1909), 240. 
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