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Let 2l/:J) be a class of complex valued set functions </>(E), which arc 
absolutely continuous with respect to a function of normal sets f:J(E), 

aud J1Dflu:;<p(a)i~d/3(E) exist. Then, as in the case of real valued set 

functions, 2if3) is a Hilbert space.°1 In this paper, I will consider the 
linear transformations T, defined for all set functions in 2l/:J), such 

00 

that L Ii Tt"v\12 is convergent, !t"vl being a complete normalized ortho-
•=l 

gonal system in 2;(/3). And I say that such transformations are com-
plutely continuous. I define thf' norm i I Tl I of '1 1 and the inner product 
(T, S) of two transformations T and S, as foJlmys: 

,\ r11,: -{~',' r11,r, ]'~}½ 1 1 11-Li1 1 1v1, 
v""I 

00 

( T, 8 = L ( T'fr,, S'fr.). 
V=l 

I then proceed to investigate th8 properties of the space of completely 
continuous transformations. 

Next, I find the characteristic functions of the completely continuous 
Hermitian transformations, and I discover that all completely continuous 
transformations can be expauu,~d with respect to an orthogonal system 
of transforma,tions. From these expansions, it follows that all completely 
continuous transformations T are expressed in the following integral 
form 

~ T</>(E)= l D/lcE'l .ff.(E, a') Dfl<E'l rp(a1) d/3(E'), (1) 

Jt.(E, E') belonging to S3if3f3)C2>. But all transformations of these integral 

(1) Hence, all considerations in this paper, from sec. 3 to sec. 17, hold also for an 
abstract Hilbert space. 

(2) £,(/3/3) is a class of functions of two sets S't(E, E'), which are absolutely continuous 
with respect to /3(E)/3(E') mid Iif~4 IDflcEJD/lcE'lS't(a,a')l2df3(E)df3(E') exist. 
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138 F. Maeda. 

forms are completely continuous. Hence I have the theorem : 
In order that a linear transformation T, defined for all set functions 

q, in 532(fl), may be expressed in integral form (1), it is necessary and 
sufficient that 'P should be completely continuous. 

Space of Complex Set Functions. 

1. Let fl(E) be a completely additive, non-negative function of 
normal sets defined in a metric space R which is compact in itself, and 
be uniformly monotone<1> at a fl-normal set A. Let q,(E) be a com
pletely additive, complex valued set function, defined at any ,8-normal 
subset of A, and absolutely continuous with respect to fl(E). 

If we put 

<f,(E) = f (E) + 'i'YJ(E), 

where ,(E) and 'YJ(E) are real valued set functions, then we define the 
general derivative of <f,(E) with respect to ,8(E) as 

D13cEJ<p(a)=D13cEl(a) + iD13cE)'Y/(a), 

and we have the fundamental theorem of integration and differentiation, 
i.e. 

rp(E)= Ln/3(E)q,(a)dfl(E). (1) 

Thus, if we consider two complex valued point functions, which differ 
only at points of sets whose fl-value is zero, as indentical, then by (1) 
there is a one-to-one correspondence between q,(E) and its general deri
vative J(a)=D 13cE1<p(a,). But, if we define 

IIJII = {l1J(a)[ 2 dfl (E)} !, 

(J, g)= f/Ca)g(a)dfl(E), 

then the set of all complex valued point functions j(a), for which 

Df(a) I 2 dfl(E) is finite, forms a Hilbert spaceC2>. Hence, if we define 

I I <p 11 = {Dn/3(E} rp(a) 12 dfl (E)} ½ 

(1) F. Maeda, this journal, I (1930), 3 ; 2 (1932), 175. 
(2i J. v. Neumann, _Math. Ann. 102 (1929), 109-111. 
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(<p, 't)= Jn/l(E)</>(a)D/l(E)'\f(a)d,8(E), 
A 

the set of nll set functions cp(E), for which f 'D/lu:1<f>(a)j2d(3(E) is finite, 
A 

forms an isomorph Hilbert space. If we denote this space by SJl/3), 
then s.?,2(/3) has all the properties of the abstract Hilbert space which has 
been considered in detail by J. v. Neumannc1 J_ Alternately, we can 
prove this as in the case of real valued set functionsY1 

2. But the space of complex valued set functions has, as in the 
case of real valued set functions, a peculiar property, which does not 
hold iu the space of complex valued point functions. For, by the 
Schwarzian inequality 

l I ' 
1Ln{l(E)<P(a)df3(E)i ~(3(E)liD!l(E)<p(a)l2 ,i(3(E), 

hence 

1 </>( E) [2 ~/3(E) :: g, IJ2 
for all ,8-normal subsets E of A. 

Thereforu, if !¢11(E) l converges strongly to cp(R), i.e. 

lim il¢,,-¢!1 =0, 
/l ➔ OO 

we have, by (2) 
lim 1 <j>n(J,;)-cp(E) 1 =0, 
ll➔oo 

hence 
lim c/>n(E) = cp(E) 
11--► 00 

(2) 

for all /3-normal subsets E of A. That is, l cp,, (E )l converges to <p (E) 
in the ordinary sense. But this property cannot hold generally in the 
space of point functions. 

Space of Completely Continuous Transformations. 

3. A transformation 7' is defined as an operator which transforms 
any set function cp in 2i/3) to a ;:;et function Tep in SJi,8). We define 
the following operations on transformations : 

S±T, c'l', 'J'S, rpm, 

(1) J. v. Neumann, Jfothemat,i.~che Grundlagen der Quantenmechanik, (1932) 18-31. 
(~) Cf. my previous p:tper "On the Space of Real Set Functions," (this journal, 3 

(1933) 3-7), where "linear manifolds" is equivalent to "closed linear manifolds" in 
Neumann's sense. 
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(S, T are transformations, c is a complex number, m=O, 1, 2, ... ) 

(S± T)¢=Scp± rpcp, (c'l')cp=cTcp(I) 

( TS)cp = T(Scp ), 'T 0 = 1 <2), 

(m=l,2, .... ) 

for all set functions in £if)). 
A transformation '1' is called lir1eur, ·when 

'1' ( ¢ + t) = T<j> + 'l't. 
A linear transformation T*, which satisfies 

('l'cp, t)=(cp, T*f ), 

for all set functions ¢ and t in 22('3), is called the adjoint transfor
mation of 'l'. Then 

( 'I'S)* :c= S* T* and T**= '1'. 

If a number 111 exists such that for a.II set functions cp m (2lf3), 
\J'l'<t>l! ~11-111 ¢ 11 

then 'l' is said to be limited. 

4. Let '1' be a limited linear transformation defined for all set 
functions in 2i/3), then T has its adjoint transformation 1':(3)- Let 

l't,l be a complete normalized orthogonal system in 22(,8). If Lll'l''t,.',! 
V=l 

converges to a finite number, say l, then 7 is a constant number in-
dependent of the system ! t,} <4 '. For, Int I¢,.! be another complete 
normalized orthogonal system in £2({3). Expand 'I't, with respect to the 
system { </J,. l, then 

and 

00 

Tt,= L(Tt,, </>,,.)cp,. 
1-'~l 

00 

11 Tt, I 2= LI ( Tt,, ¢,.) \2.<5) 
1-'~l 

00 00 

Hence, LL I ( T-.jr., cp,.) !2 converge::i to l. Bnt 
i,:;._1 µ.----'1 

00 00 

LL I ('l''t,, ¢,.) l2=L LI (T't,, ¢,.) 12 

v=1,V..--=1 /J,=lV=l 

(1) When Tef,=0 for all set functions ef,, then I shall write 1'=0. 
(2) Transformation 1 means that lef,=ef,. 
(3) Cf. F. Riesz, ~lcta Utterarum, Szeged, 5 (19:l0), 29. 
(4) This consideration is due to J. v. Nemrninn, Quantenmechanik, loc. cit., 96. 
(5) ibid., 28. 



On the Space of Completely Continuous Transformations. 141 

Therefore l is independent of the system ! ,fr. l. 
00 

When ~ Ii T,tr,W converges to a finite number, Tis called a comp-
V'=l 

letcly continuous transformation. I will describe the positive value 

V ~II T t. f as the norm of T and denote it by the symbol I I Ti:

That is, 
00 

Ii Tll 2=2:ll Tt,11". 
JJ"=l 

By (1) we have 

11 Tll=!I T*II-
When T and S are completely continuous; then cT and T+S are 

likewise so, and 

llcTl!=lci•ll :Z'l!, 
11 l'+S II~ II TII + i! S ;[Yi 

5- Let T be a completely continuous ti·ansformation, then 

11. Tep II~ !I Til•II 4> ii 
Jot any set firnctz'.on cp in SJlfJ). 

(2) 

We can always find a complete normalized orthogonal system l v. l 
in SJifJ), so that '1r1=~11cp.

1
• Then, since ,I TW=f 11 T,tr,W, 

. <Pl ,~1 

Ii T,tr, i!~[l 'l'[i. 
Therefore 

Ii Tcp!l~!I Tll·llcf>l:. 
Hence\: Tli =0 ·when and only wheu T=O, that is, Tq:,=0 for all 

set functions cf, in SJifJ). 

If T and S m·e completely continiwns, then 'l'S is likcwisr so, and 

II 'l'Sil~il Tll·!ISI[. 
Let !v.i be a complete normalized orthogonal system m .£l2 (fl). 

Then, since by the preceding theorem 

II TS,t,,.;i~li T 11·11St,il, 

2'11 TSt.112~11 Tli22'1I s+.T=il TW·IISW. 
V-1 V=1 
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"' Hence, .L 11 'l'S,fr. \ I 2 is finite, and 
,~1 

i I 1'8 I I ~ 11 1' 11 -: I s I I . 

6- If we define the distm11c1' between two completdy continuous 
transformations T and S by I! '1' - S Ii , then by sec. 5 

(a) ii T-TII =0, 
(/3) !I T--S II= II S-TII >0 

and by sec.4 (2) 

( 7) 11 'I' - R I! ~ I I T- S 'i + i I S- B I I -
Hence, the set of all c01nplelely CO'llti.11•11ons trarisjormatio11,q, defined 

Jo1· all se!jnnction,q in 2a(/3), is a metric space. I denote this space by !2. 
Let { T, l be a sequence of transformations in Q; if, in Q a trans

formation '1 1 exists so that 

Iim I! 'I'.- 'l' I I =0, 
v➔oo 

then I will say that ! T. l co1111erges strongly to T, and denote it by 

[Iim]T,= T. 

S:inco 

I ( 'l', - T)cp I i ~ I i 'l'v - 'l' 11 . I I </> i I , 

[liin] T,= 'P, 

then { 7'.cp l con-ve1'f/Ni Rtrongly 'l'</>, i. e. 

[lim l T.</> = '!'cf> 
V,+oo 

for all ,qet .fm1 ctfon,q <p in 'i.M/3). 

If { T,l be a seqMC?1cc of transformations in !2, wltic7t converges 
8tro 11 g ly to 'I', then 

[lim]S'i'.=ST 
V,+oo 

and 
[lim]'l',S= TS 

v➔ oo 

for any tmnsjormatioris S in !2. 

For, 

II S'l',-b''l'II = II S('l'.- T) !! ~ 11 S II· 11 71.-TII, 
and 
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II 'l'.S-TSll=li(Tv-T)Sll~II T.-Tll·l!SII-

Let { Tnl be a sequence of transformations in !J, and {en} be a 
sequence of complex nmnbers. If n transformation T of !2 exists so 

that 

[liin]{c1T1+c2T2+ .... +c,,Tnl=T, 

then I will say that the series 

C1 '1\ + C:J '1'2 + , ... + Cn 'l'n + .... 
converges strongly to '1', and denote it by 

T=c1'l\+c2T:J+ .... +cn'l'n+ .... 

In this case, by the first of the above theorems 

Tep= C1 '1\cp + C2 T2c/> + .... + Cn 'I'n<P + • • • • 
for any set function cp iu Bl/3), the series being strongly convergent; 
and by the second theorem, 

S'l'=c1ST1 + c2ST2 + .. • • + CnSTn + · • • • l 
'l'S = C11\S + Cz '11/-J + , • + Cn 'I'nS + • • • • • 

7. Thr space !J is complete, i. e. if 

lim!i Tm-'1',,][=0, 
m➔oo 

then, a transformation '1' exists in !J, so that 

[liin] 'l'n = T. 

For, let cp be any set function in Bi(/3), then since 

lim 11 (Tm- Tn)cp i I= 0, 
11l ➔OO 

n➔ oo 

Bl/3) being complete, a sot function ¢* exists m 532(/3) so that 

(1) 

[lirn]'l'nc/>=</>*. (2) 
n➔ oo 

Denote the trausformation which trausforms qi to qi* by T, i. e. 

'l'c/>=¢*, 

then 'l' is obviously a linear transformation. 
Next, I will show that T belongs to .Q, and 

[lim] 'l'n = T. 

Let { 'tvl be a complete normalized orthogonal system in Bl/3). 
Then, by (2) and (3) 
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[lim]1'n'P'v= Tf, (4) 
n➔ "" 

for all values of v. 
By (1), an integer N exists so that for all values of m and ri 

greater than N 

(5) 

for a given positive number g_ But, c,ince 
P r 
.L II lim T,n,Yv-Tni/r:l l2 =lim_L' ii 1'mi/r,-T,;f. jj ', 
V= l 'nt➔OD rn➔oo V=l 

from (4) and (5), we have· 

(6) 

for any value of p. 

Since 11 T,fr,I I~ 11 Tntv Ii + i I 'l'tv - Tn,Yv Ii' 

tt 11 T,fr. 112r½~[t. {II Tnt, II+ 1 1 Tt.-T,,,fr. 111 r]½; 
hence by Minkowski's inequality 

i~II Ty.W}½~{t11 'l'nt,l l2}½+{i111',fr.-Tni/r.)I }½. 
"" 

But since .LI T,,t. \?= ii T, II._., by (6) 
V=l 

"" 
But this inequality holds for any value of p, therefore L 11 Tt,, · 1" con-

v""1 

verges to a finite value. That is, J' belongs to Q. And from (6), as 
p tends to oo, 

II 'l'- 'Pn II <e 
for n > N. Therefore 

[lim] Tn = T. 
n ➔oo 

Volterra's Solution of Functional Equations. 

8. The functional equation 

cp=,fr+ Tep, (1) 

where ,fr is a given set function in Bl/3), and cp an unknown set func-
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tion, is a generalization of Fredholm's integral equation of the second 
kind. When i IT l 1. < 1, we have a solution which corresponds to Vol
Jerra's solution of the ordinary integral equation. 

Instead of interated kernels, consider the iterated transformations. 
By sec. 5, W<' have 

11 '1'2 \ 'l $ 'i 'l' I' • I I 'l' I' = I' Tl '12 
I ,-ii ,I I 11 !I I• 

Generally 

Let 

1',.= T+ 1'2 + .... + Tn, 

Then, since 1/ Ti/<1, we have for m>n 

Hence 

111' -·1' ii< 11'"+11 i+/·T"+2 '\+ +f/T'"'1
,

1
, 

1 m- n 11 = , 1 I : • • • 

:,:; f T::n+l __ l_~_ 
-, " 1-:ITf 

1. I r '1' n, / ' 0 llll i : vi - 1 n '. == , 
m➔oo 

n-+oo 

therefore, 52 being complete, there exists a transformation S in S2 
so that 

[lim] 1'n= -S; 
n~oo 

that is, 
-S= 1'+1'2 + .... +T"+ . ... , 

the series being strongly convergent. By sec. 6, we have 

-S-1'=1'(T+1'2 + ••.. +T"-'+ ... . )=-TS, 

=('l'+ 112 + .... + 1'"-' + .... )1'= -ST. 

HenC(\ we have the so-called reciprocal property between T and S : 

S+T='l'S=ST. (2) 

From (1) we have 

Sif>=Si/r+STcp, 

then, from (2) 
Sep= S,Jr + Sep + 'l'cp, 

that is, 
S,Jr+ Tcp=O, 

Combining with (1), we have 

if> =i/r-S,Jr. (3) 
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Hence, if (1) has a solution in 53a(/3), it is given by (3). Using (2), we 
can easily Y<'rify that (3) satisfies (1). 

To shew that (1) has only one solution, it is sufficient that the 
solution of 

¢=1'¢ 
is a null function. From (4), it must be that 

I ¢ 1 ~I T!!-1,¢11. 
But, since II 'l'II <1, we hiwc 

II <t> II =0, 
that is, 

So we get the conclusion : 

Io. the fnnctioncil eqiiation 

¢=t+ 1'¢, 

if t cmcl 1' belong to 53l{3) and !2 respectively, and 

: I 'l' ii< I' 

(4) 

(5) 

then this eq'llation has one and only one solution belonging to 2i/3) 
and th·is solution is given by 

cf>=t-St. (6) 

Normalized Orthogonal System of Transformations. 

9. Let ! 'l'n} be a finite, or infinite sequence of transformations in 
!.J. If a transformation '1' in !.2 is l•xpressed as 

'l'=c1'1'1 + c2'l'2 + .... + c,,'l',, + .... , 
tlw seri(•s being strongly convngc·ntti then I say that 'l' is a li11car 
coinbinntion of the elements of! '1',,l. And if a sequence {c,,j of complex 
numlwrs exists, not all of them bdug zero, so that the snies 

C1 '1'1 + C2 T2 + .... + Cn 'J'n + .. • • 
converges strongly to 0, then I say that tlw elements of { 'T,,J are 
linear·ly cl cpcii cl cnt. 

A subset r of !.J is called a lincai' manifold when all tho linear 
combinntions of the elrnnn1t~ of r bdong also to r. Lirn·nr ma11ifolds 
nrn closed, for if 

(1) Finite series are considered as strongly convergent. 
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thl·n 'Pis a linear combination of 1\, 'l\- T1 , •••• , Tn- Tn-1, . . . . . If 
there exists a sequence ! 1'n I of transformations belonging to I', so that 
all the d0mvnts of I' nre lirwar combinations of { Tn!, thl·n { 1'n l is 
called the fmidamental scq'U,cnce of the linear manifold I'. 

10. Lot S and 1' be uny liuoar transformations in J2, and l-t.l be 
a compktt> normalized orthogonal system in 2~(/3). Now I will shew 
that 

00 

2 (S-t., T"l/r.) 
V=l 

convnrgos to a finite numbc•r, which is independent of the system !-t.l. 
Let lc/>/-..i bo another con1.pletu normalized orthogonal system in 2i/3). 

Then, sincn by Holder's im"qunlity 

awl 

co "' 

----· ·-- ----

j;yst., <pp.)(c/>ii, Tt.) ! ~ \/ t/St., <pp.) 12tl: (<pp., TtvW 
= II S-tvi! • 11 Tt.11, 
---------

~I: St. I I• I: 'l'tv:; ~ y\~:: Ii Stv i l2t 11 Ttv W 

=IISll•II Tl[, 
2 21 (St v, <pp.)(<pp., 1't.) l converges to a finite value less than 11 S 11 • [ 11' I!-
JJ'= 1 µ....=. 1 

Hc•nco 

and 

convnrgo to the same finite number, say 1. Since 
00 

Stv= 2 (S"1/rv, <pp.)<p_u, 
P.~l 

W{' have 

hence 
00 

l= 2 (St., Tt.). 
V=1 
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But 
00 00 

2 L (Si/rr, ep,,.) ( cpl', Tt.) =- 2 2 ( T*¢1', ,Jr.)(,Jrv, S''tepl' 1 
µ=1V=1 ~=1V=l 

00 

== L < 'l'*epl'> S-'"epl') ; (1) 
I'-~ 1 

hence, l is a nu,_,mber independent of tho system lt,(. 
Therefore, L (S,Jr,, Tt.) converges to a finite number l which is 

V'=l 

independent of the system !t,l. I will describe this number as the 
i,,ncr pYodiwt of S and T, and dPnote it by (S, T). Then 

and by (1) 

Of course, 

From 

I (S, Tl 1 2a 11 s I I • 11 T 11, 

(S, 'l')=(T*, S*). 

(Sep, 'l'ep)=('l'ep, Sep), 

(Sep,(T1+'l\)cp)=(Sef>, T1cp)+(Scp, '1'2¢), 

(cSef>, Trf>)=c(Scp, T<f,), 

we have following relations 

If 

then by (2) 

hr,nce, by (4) 

In other words, if 

(S, T)=(T, S), 

(S, T1 + '1'2) = (S, '1'i) + (S, T2), 

(cS, T)=c(S, '1'). 

[liml Tn=T, 
n~00 

I (T- '1'n, S) I 2 II T-Tnll · 's ;\, 

Jim ( 'l'n, S) = ( T, S). 
1l➔ OO 

T= C1'1\ + C2T2+ .... + CnTn + .... , 
the series being strongly convergent, then 

( T, S)= C1('1't, S) + cl'1'c, S) + .... + en( Tn, S) + ..... 

(2) 

(3) 

(4) 
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11. If 
(7', 8)=0 

then, by (3) of the pniceding section, · 

(S, '1'!=0. 

149 

In this case, I will say that the two linear transformations '1' and S 
are orthogonal. 

If 
Let ! T,il be a s<'quonce of linear transformations bdonging to Q. 

(T.;, 'l1)=0 

=1 
for 
for 

then l Tnl is 3aid to be a norma1ized orthogonnl .~ystem, as m the case 
of sequence of set functions. 

An orthogonal system l 'l'nl is said to be complete in a linear mani
fold I' of lirn·ar tmnsfornrntions, if no transformation S of I', the null 
transformation oxcept(•d, exists so that 

(S, 'T,,)=0 
for all values of n. 

Thnll as in the case of sPt functions, riJ we haw: the following 
tlworems: 

Tho neces'lary and sufficient condition that a normalized orthogonal 
system ) T,J should be complete in a linear manifold I' is that l 'Z'r,l is 
a fundamental system of I'. 

If ! T,,l is complete in I', ::my transformatiou T in I' may be ex
panded as follows : 

when' 

and 

Cn=(1', ']_'n), 
"' I, ,,112 'v I '" ,, '1 , =,.:._., Cn • 

n=-1 

"' Conversely, if {c,,l be a sequence of complex numbers such that 

21 c,, i 2 is conwrgent, thiin there exists a uuique linear transformntion 
,t..cl 

1' in I', so that 
T=c1T1 +c:iT2+ .... +c,.'l'n + .... r2i. 

And, if S and T be any two transformations in I', then 

(S, T)=---= f (S, '1',,)(T,,, T).<3> 
'II=.~ 1 

(1) This journal, 3 (1933) 10-11. 
(2) This corresponds to the Riesz-Fischer theorem. 
(3) This corresponds to Parseval's theorem. 
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Hence, if we consider lcnl as the coordinates of the linear trans
formation T, then I' is a Hilbert space. 

Expansion of Completely Continuous Hermitian Transformation. 

12. A linear transformation H, which satisfies the relation 

H=II*, 

is called a Hermitian tmn,".formation. 
An example of a completely continuous Hermitian transformation 

is the following projecting transformation. Let £ be a linear manifold 
of p dimensions in £if3), and 

'T/1, 'T/2, • • • •, 'TJp 
be a complete normalized orthogonal system in B. · Then any set func
tion rp in £l,8) can be decomposed into two components, one in £ and 
the other orthogonal to 2 ; i. e. 

where 

and 

¢=¢' +cf>", (1) 

r!>'=(r/>,'TJ1)'TJ,+(</>,'TJJ'TJ2+ ... +(</>,'TJvh, 
¢"=cf>- cf,'. 

(2) 

A linear transformation which transforms rp into cf,1, is called a 
p1·ojecting transJ01·mation 11 i of 2, and is denoted by P2, i. e. 

P2cp=rp' (3) 

for any set function rp in 22(,8). 
Let 

'T/1, r12, • • • • , 'T/v• ~1, /;2, · • · · , l;n, 

be a complete normalized orthogonal system in 22(,8), then since 

Ai;,,=0 (n=l, ~, .... "), 
we have 

hence P2 belongs to Q, and it.s norm is equal to the square root of the 
number of the dimension of 2. 

P2 is a Hermitian transformation. For, decompose any set functions 
rp and y in ~t(,8) in two components as (1), 1. e. 

rp =r/>' + rf>"' 
'V = i/r' + i/r"' 

(1) Cf. J. v. Neumann, loc. cit., 40. 
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Thon, smce (cf,', y'') = 0 ancl ( rp11 , y') = 0, 

That 1s, 

U-\icp, y) =(cf,'' +'+'fr")= (cf:/' y'), 
(cJi, n.s-t) = ( 1'' + </>", 'fr')= (cf>', +'). 

(Air/>, '1r)=(c/>, Ai-t). 
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Let two linear manifolcls £ ancl SJR of finite dimensions, say p and 
q, br; orthogonal, i. e. nny set function iu £ is orthogonal to auy set 
function in sm. And let 

171, 171, .... ' 171!• 

f1, fc, .... , l;q, 

bu complek normaliz<·d orthogonal systems in 2 and SJR respectively. 
Thrm w0 can take 

171, 17I, • • • •, 17JJ, /;i, f c, · · · · , l;q, X1, Xe, · · • • , Xn, · · · · 

as a complete normalized orthogorntl system in 2,//3). Then, since 

P<m17i=O (,i,=1, 2, , p), 

A/;1=0 
P£X;=0 

(i=l,2, .... ,q), 

(i=l, 2, .... ), 

That is, P£ and P<m are orthogonal. 

If we denote the linear mnnifold, whose fundamental system 1s 
composed by only one set function 17, by [17l], then 

p[T/;Jc/>=(c/>, 17;)17;. 

And 

when i=j, 

=O, wht111 i4'j. 

Hnnce, Pl7111, Pl712i, .... , P 171111 form a normaliztd orthogonal system. And, 

fi"om (2) and (3), we have the expansion of P2 with respect to this 
nornrnlizt,d orthogonal system, i. e. 

Pr3=P,7111+P['12J+ •: • • +P['lvl• 

In ,vhat follows, I intend to expand completely continuous Her
mitian transformations with respect to tho orthogonal system of pro
jecting transformations. 
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13. Let ?\, be a number ; if, in 5!,z(/3), the null function excepted, 
there exists a set function "7 which satisfies the relation 

(1) 

then ?\, is called a characteristic comitant of H. And, when ?.. is a charac
teristic constant, all set functions in f!,2(/3), which satisfy (1), are calfod 
cha1·acteristic functions of H with respect to ?... Then, we can easily 
prove that all characteristic constants of H are real, and any two 
characteristic functions of JJ with respect to different characteristic 
constants are orthogonal. 

For any completely continuous 1-Iermitian transf onnation, there 
exists at least one characte,!'istic con.slant. ci) 

By sec. 5, for any set function cf> in 5!,l/3) 

11 H</> 11 ~ 11 H 11 ·II cf> 11, 
therefore, there exists a finite upper bound, sav l of ll HcpJl for all set 

1 
' i I cf> 11 

functions cf> in fil/3). If H has a characteristic constant ?.. and 

'l'J=='AH'l'J, 
then 

1 therefore, the absolute value of ?.. can not be less than - . In what 
1 1 l 

follows, I will show that at least one value of - or -- is a character-
z l 

istic constant of H. 
As in the previous paper, 

11 +-+H+ ii or II+++ JJ-t 11 

£l/3), is zc·ro. 

Denote the value, 1 or 
l 

we can shew that the lower bound of 

for any normalized set function y m 

1 l , by ?.., such that the lower bound of 

11 't-?..H't 11 

for any normalized sot function 't, is zero. Then there exists n sequ
ence l't,! which satisfies 

lim II 't,-?..H't, 11 =0. 
0➔00 

(1) Since all the considerations about the sequence of linear manifolds in the space 
of real valued set functions hold likewise _in the space of complex valued set functions 
without any essential change, the proof of thiA theorem is almost identical with that of 
my previous p3per (this journal, 3 (1933), 30-33). Hence, I will here give only an outline 
of the proof. 
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I will call such a sl•quence !tv!. tho minimal sequence of! I t-xIIv I!. 
Let ltvl be of p asymptotic dimensions, then there exists an 

associated sequence l2nl of linear manifolds of p dimensions.<1' Let 

7101, 7ln2, • • • •, 71nJ/ 

be the normalized orthogonal sy:;tem in 2n, then as in tho previous 
paper, 

1. ii JI 11-0 llll I 1 'T/ri - A 'T/n 1 1 - • 

n➔oo 1. 

U=l,2, .... ,p) 

Since I I 7111. ; j = 1 for any value of n, then 
' 

l • 'i JT if 1 
llll ii 17], I =-. -. 

lt➔OO' I ' i 71. I 
(i=l, 2, .... , p) 

11 

Since 1IHW~EliJTrJ,.ii 2 for any vahw of ·ii, we have 
t--=l l 

[!Hif2~{~-

That is, the asymptotic dimensions of minimal sequences of If 't-11.Htil 
can not be greater than :\.2 I! H 11

2• But for any minimal sequence ltv!, 
the asymptotic dimPnsions are ~1; for, I! 'fv I! =1 for Hll vahws of v. 

Lot p be the greatest asymptotic dimensions of ~all the minimal 
sequences of II t-),.,Ht :i; then as in the previous paper, there exists a 
linear manifold 2 of p dimensions, composed of all the characteristic 
functions of H with respect to A, I will dPscribe this linear manifold 
2 as the charactfwistic rrwn~f old of II with respect to 'X. 

14. In the preceding section, we find a characteristic constant of 
JI which has the least absolute value. We will denote this characteri
stic constant by :\.11 ', nnd the characteristic manifold of H with respect 
to A. tl) by ,2c1i, and lot its dimension be p1 • 

Since two characteristic_ ;functions of H with respect to different 
characteristic constants are orthogonal, in order to find characteristic 
functions of H with respect to ),.,, different from A.(1), it is sufficient to 
consider the set functions which are orthogonal to ,2c1 >. 

Let 

(1) 

then, since I-I and AP) arA Hermitian transformations, Ll1 is likewise 
so. Decompose any s0t function cf> in ':iJ2{/3) into two components 

(1) Cf. my previous paper (this journal, 3 (1933), 21.) 



154 F, Maeda. 

¢=cf,'+<!>", 
where ¢' lS contained in sri, and -/J'' is orthogonal to 3ci)_ Then 

H1¢=H(<f>' +¢"'- 1<1JA_i°l(dJ' +</>") 
'X. 

=___!__ct,, +II¢" ____ 1_ cf,'. 
-x.•l) A(l) 

Hence 

(2) 

If cf, is a characteristic function of II with respect to 'X. dill\·rl'nt to 
'X.' 1 ', tlwn ¢ must be orthogonal to Bc1i, that is, ¢=¢''. Hencl', by (2) 
cf, is also a characteristic function of I-I1 with n~spect to the same 
characteristic constant A. 

Next, let cf:> be a characteristic fnnction of H 1 with respect to A, 

thvn, since by (2) H 1 transforms all set functions in 3cu into null 
function, ¢ must h<· orthogonal 1o i? 1>. That is, <p=rp''· Then by (2) 
<f> is also a characteristic function of H with r<·spect to the same elrnrac
teristic constant 'X.. 

Therefore, to find all th<· charactt0ristic constants an,l eornisponding 
characteristic manifolds of II, different to :\ <1J and B(l>, it is sufficient to 
con::;ider all the charaeteristic constants and c01Tespon•ling charnct<·ristic 
manifolds of H 1 . 

Let 

171' 172, . . . , 17,., 

bo tho complete nornmlized orthogonal system. rn 3ciJ, and 

be a eomplote normalized orthogonal system in Bl/3), then smcc, 

H117i=O (i=l, 2, .... , p1), 

and (i = 1, 2, .... , n, .... ), 

\\T have 

That is, II1 nnd Pscii is orthogonal. H<ince by (1) 

A,'llW=IIH I:!- Pi . l'I H1 l2 =!i H 111 2 ----1-. 
• A•,l):l. ~ A.(1)2 

If 
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then 

But, if 

by the rrn·thod of preceding section, we find u characteristic constant 
;\.eel of 1[1 which has the least value, and a characteristic manifold £C2J 

of pe dimm1sions. Then I A'1l I~ j Ac2 , I and 

Now put 

Ho=H1 - __ l __ p"'ce> 
- Ac,> ~ ' 

an<l apply the above method to H2 instead of JI1• Aud so on. 

If an int<'gt•r n exists so that 

then 

1s tho n•quiro:1 result. 
But if 

1 I JI i I' - --.1!__(11)._,- _2),_ - .. , , -~) ,>O 
I~ • /\. CC,·! A.(,t C 

for m1y valno of n, thf'n, since the infinite series 

converges, 

. l _ I'<>(l) + _ _!__ p,,(") + . . 1 p (n) + 
A (ll ~ :\ c2; ~ .. + i. en> 2 .... 

converges strongly to a Hermitian transformation, say S, in !2. But as 
in the previous papnr/1 1 we can prove that S is H. And we have the 

(1) This journal, 3 (1933), 37. 
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expansion of H with respect to the orthogonal system of projecting 
transformations : 

1J = _!_ PQ (1) + -- 1 - AF) + .... + _ 1 . p (n) + .... (lJ ._, , ( 3) 
A. (1) ~ )._(2) A. (11) l3 

and 
/'n 

+;\.cnj2+ 

Let 
'l])n1, '1]~"1, ___ . , 17;,'.'.) 

be a normalized orthogonal system of ,S(nJ. And put 

and 

'1]1 =11l1), 
- (1) 17,-17, , .... , 'T/v, =11b~, 

11. 1 =:>..,c= ........ =Am=X<I), 

A1,,+1=Av,+2= · • · • =i\v,+v2=t1Y1, 

Then, by sec. 12, lPl,,,,1! is a normalized orthogonal system. Since 

Pi3(t)=Prri,1 + p['lzl +. --.... · +PL,,v,J, 
P (2, p p p 

l3 = l'IJ'l+l1 + ['l1,1+2l + .... + ['lv1+1121, 

by (3) we luLVe the following e.cprnsion of H with •J'espect to the 1101·

malized orthogonal system of prnjccting transfonnation,,: 

1 1 1 
H =-Pr,,,1 +---P,,,21 + . --. +-·-Pt,,,,1 + .... , 

/1.1 ;-., 11.,, 

and 

, H 112 = ~-/ :~ + . - .. + :T, + . . . , 

where 

(1) Using this expansion of H, we can find the solutions of ,f,=Ilc/> arnl <p=,f,+>..Hef, 
by the method of undertermined coefficients. (Cf. i!nd., 40-42.) 
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Expansion of Completely Continuous Transformation. 

15. Let T be a completely continuous transformation. Then, since 

('l"P*t~·= T*·x-r·*= 'l'T*, 

(T'fTr-= T'(·T**= T'"T, 

1"1'* and T·*'l' are Hermitian transformations. Let rx be any charac
trhtic constant of TT*, and µ, be a non-null characteristic function of 
TT* with respect to ,x, 1. e. 

fJ,=OlTT•;fµ,. (1) 

Then, since 

(TT*µ,, µ,)=(T*µ,, 1'*µ)>0, 

and (TT*µ,,µ.)= 1- (µ,, µ,), 
Cl 

e1. must be positive. Denote 1Cl by A, Put 

V=AT*µ,, (2) 

then by (1) 

(3) 

Eliminate µ, from (2) and (3), 

(4) 

That is, ).," is also a characteristic constan,t of T*T, and the characteri
stic function of T*'l' with respect to )..2 is v, connected with µ by the 
relation (2) or (3). Conversely, all characteristic constants of 'J.''f1' are 
also characteristic constants of TT*. 

Let 

and 
P.,1, P.,z, • . • • , /J,n, - .•• 

V1, V2, ..•. , Vn, ..•. 

(5) 

(5') 

be the normalized orthogonal system of all characteristic functions of 
TT•:c and Tx- T respectively, and their corresponding characteristic 
constants be 

Ai, A~, .... , >,.;,, .... ciJ 

Denote the linear manifolds, which have (5) and (51) for their 
fundamental systems, by m and ?Jl respectively. 

Sinco, by (2) 

(1) Cf. Vivanti-Schwank, Lineare Inteuralgleichungen, (1929) 188. 
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(n=l, 2, .... ), 

if T¢=0, then ¢ is orthogonal to 91. 
Conversely, if ¢ is orthogonal to 91, then ¢ is orthogonal to all the 

characteristic functions of '1'*1', hence T*T¢=0. But 

11 '1'¢ 11"=('1'¢, '1'¢)=('1'*1'¢, ¢), 

therefore, 'l'¢ = 0. 
H<mce, the nccc,9sary cind snfjicicnt condition that 

'1'¢=0 

is that ¢ is orthogonal to 91. 
We have a similar theorem for T"~-. 

16. Let 

V1, Ve, .... , Vt, .. • , X1, X2, · • • ·, Xi, · · · · 

be a complete normalized orthogonal systc·m in 53c(/3). Then 

but, by (6) of the preceding section, 

'l'x;=0 (i=l,2, .... ). 
Hence 

00 00 00 

I ' T 11 2 ..,_, 11 ·'1' 1 2 ~ ( '1' '1' ) ~ ( '1' * '1' ) I ==L,_. Vil: =,L._ Vi, Iii==~ Vt, Vi' 
i=1 i=l i=l 

then by ( 4) of the preceding section, 

II 'l'W=i:-\(v;, v;)=fl2. 
,~1 A; ,~1 A; 

00 1 
Therefore, L·.~ con·vcrgl's to II TW. 

; ~1 i\.7 

17. Decompobe any set function ¢ into two components: 

¢=¢' +¢", 
00 

(6) 

where ¢' = L (¢, vn)vn, and ¢" is orthogonal to 91. Then, since by sec. 
n=l 

15 (6) T¢'' =0, we have 
00 

Tep = 1'<p1 = L ( <p, Vn) '1',, v,., 
u=l 

hence, by sec. 15 (3) 

(1) 
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Similarly, we have 

(2) 

Denote the transformation which transforms cp into (¢, v,,)µ,n by Q11, 

i. e. 

(3) 
Then 

that is, 
Q;;,y=('V', P.,n)v,,. (4) 

Let 
Vi, V2, · • • •, V;, • • • •, Xi, x,, · • · • > Xi, 

be a complete normalized orthogonal system in 'iJl/3). Then 
00 00 

(Qm, Qn)=2 (Q11,Vi, Qnvi) + L (Q.,nlX;, Q,,x1) 
I =1 i=l 

00 00 

= L ((v1, 1·,,,)µ,,,,, (v;, Vn)/J,n) + 2 ((xi, Vm) µ,.,, (x1, 11n)J,1,n), 
i -1 I c~l 

hence 
(Q,,., Q,,)=1 when ?11.=11, 

=0 when 111=!=11. 

And similarly, 

(Q:,, Q;;)=l when 111 =", 
=0 when rn=l=n. 

Hence )Q,,! and lQ1:! are normalized orthogonal systems. Since, by sec. 
16 ~_!_ , ..:::.. converges, 

lt=l A7i 

and 1 Q* 1 Q''f 1 Q-l:· 
-~- - I +- ~ + · • • -+- - n + • • • • 
A1 A2 An 

are strongly convergent. Hence, by (1) (2) (3) (4), we have the conclu-
1::nou: 

The completely co11clim1,ous t?·ansformations T a11d T* c,rn alway.~ be 
e:cpandcrl with 1·espcct to tl,c 1w1·malizcd 01·thogonal sylltern.~ { Qnl and 
{ Q;;! respectively; i. e. 

T=_!_Q1+_!__Q2+ .... +l-Q,,+ 
A1 A2 An 
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and 

where 

F. Maeda. 

Qncp=(<p, Vn)P,n, 

Q;;cp = (cp, P,n)Vn. 

Integral Forms of Completely Continuous Transformations. 

18. Let H be a completely continuous Hermitian transformation. 
Then, by sec. 14, II can be expanded with respect to th(• normalized 
orthogonal system of projf•cting tram,;formations, i. e. 

and 

where 

Since (2) may be written in the integral fonn 

Pl.,,nlcp(E) ='1]n(E) f D13cE'Jcp (a')D13 cE~~,t(a')cl /3(E') 

= Ln{3(E')st(")(E, a')D{3(E')c:p(a')d!3(E'), 

where 5t(n (E, E') = 'l}n(E)TJ,,(E'), 

Pr.,,n1 is a linear transformation with kernel TJ,,(B)TJ,.(E'). 

(2) 

Now, 1TJiE)11,~(E')I is a normalized orthogomil system rn .£?o,(/3fj).(1) 
For 

( 'T/m~m, "7n~ n) = f i D13(fiJJ'T/11,(Cl )°"lJ/3,E')'l}·;.(cl')li;EJ'T/n(O, )D f',CE')'T/,,(a')d/3(E)d/3(E') 

( ) ) {1 when m=ll, = 'T/m, 'l}n ('1],n, 'l}n = O 
when m=l=n. 

Since 

1 1 1 -+-+ --- . +-+ .... Ai X~ A~ 

(1) Cf. my previous papers, '' On the Sp,ice of Real Set Functions," (this journal, 3 
(1933), 24-26) and "Repeated Integmls in Metric Space," (which recently appeared in 
Tohoku Jlfathematical Journal.) 
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converges, therefore 
1 -· - 1 -----c - 1 ----

- '1]1 (E)'l}1(E') +- 'lJiE)'l}Lb'') + , , , . +-'lJn(E)'l}r,(E') + . , . , 
X1 Xc A" 

converges strongly to a function of two :-;et:c in .r!lf3/3), say ff.(E, E'), and 

·1"'112 1 1 1 I J\- =---.;+--;;+ .... +-.,+ .... 
Ai Az X;, 

which is equal to 11 H lf2. 
Hence, (1) may be written as follows: 

H¢(E)= Lnfl(E')•\t(E', a')D/3cE')¢(a1)d/3(E1). 

Thm;, ue have the integral Jonn of the completely continuovs Hermitian 
trawiforrnation H with kernel st(E, E'), and 

St(E, E') = st(E', E}), 

l iJti;=\;HI:. , 11 , ,1 

19. In sec. 17, I have shown that a completely continuous trans
formation 'l' and its adjoint transformation T* can be expanded with 
respect to the normalized orthogonal systE;ms IQ,,! and IQ;; l repectively, 
i. e. 

and 

where 

that is, 

1'* 1 Q* 1 Q'"- 1 Q* =- I +-." + ... , +- "+ .... > 
A1 X, An 

ilTll=liT*i12= 1.,+1-2 + ... +.l+ .. , 
Ai Xc X! 

Qn<fJ = ( 'P, V n)P,n, 

Q;;<p =- (<p, µ,,)v11, 

Q,,rp(E)= f µ,,(E)D/l(E 1v,.(a')Dflwl¢(a')d/3(E'), 
.l 

Since ! µ,n(E) l and j vn(E) j are normalized orthogonal systems in 
53l/3), the sequence of functions of two sets {µ,n(E)~J.E')} it:1 ali;o a 
normalized orthogonal t:1ystem in 53,(/3/3). For 
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( JJ,mVm, JJ,n~,,) = J J Df3(EJ/J,m(a)D13cE'JVm(a')D13cRJ/J,11(Ct) D/J,E')Vn(a').1 /3(E)dt3(E 1) 
.! A 

= (µ,m, JJ,n)(v.,,,~-;,,) = g when rn=11, 

when m=l"i1. 

S. ~ 1 h . 1nce L.. --;; convergc•i:i, t e series 
11=1 A;; 

convsrges strongl? to a function of two sets in 5.!:,(8/3), say Sf.(E, R'), and 

which is equal to 11 T 112- Now we hai·c thr- integral form of 11 1Pith 
kernel Sf.(E, E'), i. e. 

Tcp(E) = l D/lcE'J!ft:(E, a')D/JrE'Jcp(a')d /3(.E'). 

Similarly 

T*cp(E) = f D/JcE•JSt/·(E, a1)D 13 wJ¢(a')d,B(E1), 
~ . 

where 

5e*(E, E')= .l{(E', E). 

20. Now, I proceed to the converne problem: Are all the lim·ar 
tnmsformation8 

Tcp(E)= lDf3rE•)Jt(E, o')DflcE'Jcp(a')J,f-J(J,_.") 

with kernel se(E, E') belonging to 5.!:l -3/3), completely continuous? 
First, let T have a Hermitian kernel, i.e. 

Jf.(E, E')=Sf.(E', E). 

Tlwll, ;is in the pn·viou8 papc·r,c'J "·e find a normalized orthogonal 
system ! 17,.(E) I of all characterii:itic functions of .ff.(E, E'), and a i,;equence 
{71.nl of corresponding characteristic con:-;trmt8; and '1' tran:-;forms a 8et 
function '-vhich is orthogonal to all 1711(£) into null functio11. Let 

111(E), 11lE), .... , 1Jn(E), .... , x1(E), xlE), .... , xn(E), 

be a complete normalized orthogonal system in 22(/3); then 
----------- ------

(1) This journal, 3 (1933), 38. 
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But, i: \ converges to j 1 -~ I I", therefore all transformatiotis with Her-
n~1 :\;, 

mitian kernel are completely continuous. 

Next, consider the general transformation 'l' with kernel st(E, E'). 
Then 

and 

.f)i(E, E')=st(E, E') +st(E', E) 

f:JlE, E')=i{St(E, E')-st(E', E) j 

are H0rmitinn kernel:,;, and 'l' may be expressed as 

1'= ~ (H1-iH2), 

where I-I1 and H2 are transformations with kernels i;J1(E, E') and Sj2(E,E') 
respectivel;v. Since lI1 mid I-I2 are completely continuous, by sec. 4, 1' 
1s likewise oo. 

Combining thio re.;ult with the theorems of the preceding sections, 
we have the following conclusion yi 

I11 ordc!' that a. linear frcrnefonncitio11 'l', defined for all set func
tions in Bi/3), ?nay be expn"Bsed in an integml form, i .. c. 

Tq; (E) =0=f Dfl<F:ist(E, a')Dfl,E'Jcp(a')d fJ(E') 
.1 

wit/; kernel !t(E, E') bc7011gi11:1 to 53,(S/3), tt is,,, 'l1ecessn'!'y ancl silfficient 

tliat 'l' iN completely co11tinuow:;, that is, L /I 1\hil" conve1·ges to a 
v=l 

_finite vnluc, where !tvl is a complete 110-rmaliZ!'d orthogonal system in 

SJlf3). 

----- --~ ------· -- -- -

(1) From this theorem, we have a similar theorem for a linear point functional 
tran8forma tion 

Tj(a)=I K(,;, a')j(u')d/3(E') 
A 

defined for all point functions j(a) in metric space, [j(n) 1 2 being integrable with respect 
to /3(E). J. Radon considered the case where f (a) are continuous functions in Euclidian 
space. (Sitzgsber. clfod. Wiss. Wien Ifa, 128 (1919), 1100). 
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