Ring-Decomposition without Chain-Condition.

By
Fumitomo MAEDA.

(Received May 17, 1938.)

In algebra, the decomposition of a ring in a direct sum of simple
right ideals is discussed on the basis of ‘ chain-condition ” or “ minimum-
condition.” Thus, a ring R without radical, with minimum-condition
for right ideals, is a direct sum of simple right ideals, i. e.

R=a;+a+ - +a,, D)
and there exist idempotents ¢; (¢=1,2,....,n), such that
a;=(e;),, e;6;=0 when 137,
and l=¢+e+ - +e, L

When the ring R does not satisfy the minimum-condition, we can-
not decompose R in a direct sum of simple right ideals as in (1).
Hence we must consider ring-decomposition from another point of view.
Since the set By of all right ideals is a lattice,? from the point of
view of the lattice theory we can investigate the set of right ideals
which are used for the decompositions of R.

For example, consider the case where R without radical satisfies
the minimum-condition. Then the decomposition (1) shows that R is
the join of right ideals (aj, asz....,a,). Let V be the set of n posi-
tive integers 1,2,....,n; and let U be any subset of V, whose ele-
ments are 4, %,....,%. And write ' .

ay=a;+ag+ -+ +a; .
Then ag, N ag,=(0) when U,U;=0.

And when V is a sum of mutually disjoint sets, i.e.

(1) B. L. van der Waerden [1], 156-161. The numbers in square brackets refer
to the list given at the end of this paper.

(2) J. v. Neumann [5], 4.
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V=U1+U2+ MR +Um,
then we have a decomposition
R=ay,+ay,+ -+ +ag,, .

Hence we have different decompositions of R, so far as we decompose
V in different ways. Corresponding to these decompositions, there exist
idempotents ey, such that

0U=(eU)r’ €U1€U2=0 when Ult]z:(),

and 1=ey,+ey,+ -~ +ey, when V=U+Upt----+U,.

From the lattice-theory aspect the set of all ay forms a comple-
mented distributive sublattice of Ry, which is lattice-isomorphic to the

system {U?} of all subsets of V. We may call this system {ag; Ue{U }}
a decomposition system of right ideals. Corresponding to this system
{ag; Ue {U}}, we find a system {eU; Ue{U}} of idempotents, such
that (ey),=ay. When we define the inclusion of lattice-theory for
idempotents as follows—we say e;>>e¢; when ee;=eje;=¢;, then
{eu; Ue{U }} is a complemented distributive lattice which is lattice-

isomorphic to {au; Ue{U }}. We call {eu; U e{U}} a decomposition
system of idempotents. ey satisfies similar conditions to the resolution
of identity E(U) in Hilbert space.

When R satisfies the chain-condition, we can easily obtain the cor-
respondence between {au; Ue{U}} and {eu; Ue{U}}, since V is a
finite set. But we may expect this correspondence to hold good also
for rings without chain-condition. The object of the present paper is
to show that this expectation is true.

I investigate this problem in two cases, i e.

(i) To decompose R in a direct sum of finite system of right
ideals.

(ii) To decompose R in a direct sum of enumerably infinite system
of right ideals.

The last case is considered in the complete rank-ring introduced
by J. v. Neumann.?®

(1) J. v. Neumann [3], 344 ; [4], 161.
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Ring-Decomposition.

1. Let R be a (not necessarily commutative) ring with unit 1, and
denote by Ry (Ly) the set of all right (left) ideals. Then Ry (Ly)isa
lattice where the inclusion < of the lattice theory means the set-theore-
tical implication of ideals. The zero element of Ry is (0),=(0), and
the unit element is (1),=R.’ In what follows, all discussions about right
ideals also hold good for left ideals.

Let ay, a3, ....,0, be right ideals, and
A= UG U,
If every element a of a is expressible uniquely in the form
a=a;tast ----+a,, a;eq;,
then we say that a is the direct sum of aj, q5;....,0,, and we write
a=q+agt - 4a,.

Let a;,03....,0, .... be a system of right ideals. Then we say
that this system is independent when

SHa;3 e )X (a5 7€ J)=(0)

for every pair of non-intersecting subsets I, J of the set of integers
1,2,....,7n,....), the notation >(a;; ¢e€I) denoting the least upper
bound of the class of all right ideals a;; 7€ 1. Then we can easily
prove that when a=aq U - U0, 0 18 the direct sum of ay s
v v, Gn when, and only when, the system of right ideals (ay, as, . ..., 0,)
18 independent.

2. Let B be a complemented distributive sublattice of By with
unit element R. To designate each right ideal in B, we attribute to
them indices U. The system of indices {U} is a complemented distribu-
tive lattice which is lattice-isomorphic to B, V and 0 being the unit
and zero element of {U} respectively. And we denote by ay the right
ideal in B which corresponds to U. With respect to this system of
indices {U}, we write, for the sake of simplicity,

(1) J. v. Neumann [5], 4.
(2) J. v. Neumann [4], 9.
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Ulf'\ UZEU1U2
and when Uy, U,...., U, are independent
oo ---oU,=0,4+U+ -+ +U,.

Since {aU; Ue{U }} is a complemented distributive lattice, there
exist the following relations:

(@) ap,Nap,=apy;
® GU=0U1+0U2+ cree +C1Un when U=U+U,+ -+ - +U,;

(N ap=%R.
Conversely, when for every U in a complemented distributive lattice
{U} there corresponds one, and only one, right ideal ay such as to

satisfy the conditions (a), (B), (1), then {aU; Ue{U}} is a sublattice of
Ry which s lattice-isomorphic to {U}.

Let U; and U, be any elements in {U}; since {U} is a Boolean
algebra,’ we can express U;, U, in the following way :

U=0,U;+ Uy, U,=U,U,+U,,
and U;U,=0.? Then U,U,, U, U, are independent, and
U, Up=U,U,+ U+ Uy,
Hence, by (8), ap,=apw,tav,, au=apu,+ay,,
g,y =0y, +ay,+ay, .
Therefore Gp,or, =g, \J Ay, « 1)

From (o) and (1), we infer that B is a sublattice of Ry which is
lattice-isomorphic to {U}.

Since (a), (3), (r) express the states of decompositions of R, we call
{aU; Ue{U }} (that is, a complemented distributive sublattice of Ry
with unit element R) a decomposition system of right ideals.

A decomposition system of right ideals {ag; Ue{U }} is said to be
complete, if there exists no decomposition system of right ideals of

(1) Boolean algebra means the complemented distributive lattice.
(2) For, put W=U,U,, then since Wc U,, Wc U,, we have W< U,U,. But,
since W< U, U,U, N\ U;=0, we have W=0.
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which {aU; Ue {U}} is a proper subset. As considered in the intro-

duction, with respect to a ring R without radical, with minimum-condi-
tion for right ideals, the complete decomposition system of right ideals
is atomistic,¥ and it is lattice-isomorphic to the system of all subsets
of a finite set.

3. Let {aU; Ue{U }} be a decomposition system of right ideals.

Then there exists a unique system of idempotents {eU; Ue{U }} such
that :

( i ) (eU)1‘= ay,

(ii) epep,=0 when U, U;=0,

(iii) 1=eUl+6U2+ e +eUn when V= U1+ U2+ ceee 4 Un.(Z)

For any U in {U}, there exists in {U} a unique inverse U" of U.
Then, since ,
aUuaU/=§R, Guf\a[]f:(O) .

we have a unique idempotent e such that
(@,=0y, (1—0),=ap.®

Denote this ¢ by ey. Thus we find a system of idempotents {ey} which
is defined for all U in {U}. Of course, when

V=U+U,
then l=eytey and epey =epey=0.

Let Uy, U; be any two elements in {U}, such that U,U,=0. And
put
V=U+U;, V=U;+U;.

Then, since U,=U,V=Uy(U+ U) = U, U+ U,Uy,

we have U,=U,U1,
that is UioU,.
Hence ay D ag,.

(1) For the meaning of atomistic see J. v. Neumann [6], 19.

(2) We may say that this theorem is a generalisation of the theorem proved in
v. d. Waerden [1], 160.

(8) J. v. Neumann [2], 708; [5], 7.



150 F. Maeda.

Then, since ey, € Ay, < ag;=(er), ,
we have ev, =eyey, . (1)
Since 1=¢ep,+ey,
we have ey, = (eUl+eU;) ey, = ep,lu,+ eueu, .

Hence, from (1), we have (ii):
ever,=0.
Let V=U,+ U+ ---- + U, Then, since
R=ay,+ay,+ -+ +ag,,

we have R=(ev,)-+(er,),+ - -+ - +(ev)r.
Hence 1 is expressible in the form

l1=egmiteppet -+ - ey an,
where eyx; is an element in (ey),. Therefore

eUi=eUieulx1+eUieU2mg+ s +eUieUnxn .

From (ii) we have
ey, = ey X; for all 7.

Consequently 1=ey,tey,+ -+ +ey, .

Thus we have (iii). .
The uniqueness of ey is evident, since 1 expressible uniquely in the
form (iii) where ey, €Ay,

When U=U1+U2+""+Un;
put V=U+U. @
Then V=U+U+Upt - +U,.

Hence, by (iii), 1=ey+eyteg,+ - - tey,.

But, from (2), we have
1= eytey .
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Consequently we have

ey=ey,tey,+ - tey

.-
n

3)
Next, let Uy, U; be any two elements in {U}. And put
U= U,Up+ Us, U= U,U+ Uj,.
Then U;U,;=0. Hence, by (3)
v, =euv, ey, , ev,=eyutey,.

Consequently  ep.ev,=evv, +evev,v.t+ evv.bu.t+eveu, -

Since Uy(U,Up)=0, (UU)U,=0, UU,;=0, from (ii) we have

e, =ey,u, -

Thus, the above-obtained ey has the following properties :

(@) evev,=ev,uw

(8) ev=ey tey,t+ -+ +ey, when U=Uy+Upt ----+U,,

(r) ev=L.

In this way, ey has similar properties to the resolution of identity
E(U) in Hilbert space. Now we define as follows: If, for each
element U of a Boolean algebra {U}, there corresponds one, and only
one, idempotent ey which satisfies the following conditions,

(I) eper,=0 when UU;=0,

(II) 1=6U1+€Uz+ e +eUn when V= U1+ U2'+' ceee Un,
then we call ey a decomposition of unit, and {eU; Ue {U}} a decomposi-

tion system of idempotents. ey satisfies the conditions (a), (8), (7) cited
above,

Decomposition of Unit in R.
4. Denote by & the set of all idempotents in R, And let e, e

(1) The resolution of identity E(U) is a system of projections which is defined
in a system of sets, and satisfies the following conditions:

(@) E(Uy) E(U,)=E(U,U,),

B EU)=EU)+EU)+:--«+ +E{Up)+---- where U=U,+ U+ -+ +Up++- -+,

() EWV)=1
where V is the total space. (Cf. F. Maeda [1], 78; [2], 198.) The logical structure of
{E(U)} is the same as that of {My}, i.e. the orthogonal system of closed linear
manifolds, which is investigated in F. Maeda (3], 18-21.
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be two elements in €. When
€162=€261= 6z,

we say that e,>>e,.L Of course ¢, >

When e;>>e, ¢;>>¢, we have e, >>e¢;. For, since ee;=¢, e03=¢3,
we have ejgz=eiee5=ew3=¢; Similarly ege,=e;.
- Hence, if we use “>" as the inclusion in the lattice theory, € is
a partially ordered system. Consequently, we can define in €, the
meet (greatest lower bound) e;e, and the join (least upper bound)
ei\ve, of two idempotents. When a subset {e} of € is closed with
respect to these two operations, I say that {e} is a sublattice of €,
even if € is not a lattice.

When e, e; are any two idempotents such that ee,=ex, then
e\Je and egex always exist and ey e;=e61+e—e16, exMe=ee.

Put ep=e+e—ee;.

Then we can easily see that ey is an idempotent, and ep > ey, €1 > ¢a.
Let ¢ be any idempotent in &, such that ¢ >>e, ¢ >e. Then, since
e =e;, e¢ =e, we have

et =ef tee —eed =6t e —an=ep.
Similarly, we have e’e¢,=¢ep. Therefore ¢ >>e¢;,.
Consequently e U=¢ep=e+e—ee.
Next, put ’=e0.

Then we can easily see that ¢ is an idempotent, and &2 < ¢, e2<e,.
Let ¢’ be any idempotent in €, such that ¢’ < e, ¢/ <e,. Then, since
e’ =é"’, e/’ =¢"”, we have

6]26”—':61626”-:816”:@” .
Similarly we have e¢”’¢2=¢"”. Therefore ¢’ < e2
Consequently eMNe=ec?=¢pe;.

5. Let ey be a decomposition of unit. Then {eU; Ue {U}} 8 @

(2) J. v. Neumann defined e,>e;, by ee,=e, for idempotents in a special com-
mutative ring used in the quantum mechanical formalism, and investigated the lattice
of idempotents. (J. v. Neumann [1], 443-447.)



Ring-Decomposition without Chain-Condition. 153

complemented distributive sublattice of €, which is lattice-isomorphic to
the index system {U}.

Let ey, ey, be any two elements in {eU; Ue{U}}. Since, from
sec. 3 (@), ey, and ey, are commutative, by sec. 4 we have

oo, \J ey, = ey, tey,—epeu, , (1)
and

ey, M éey,=¢éyly, . (2)

Since {U} is a Boolean algebra, we can decompose U; and U; as

follows :
U1= U1U2+ U3, U2=U1U2+ U4,

where U;U,=0.” Then
Ulu U2= U1U2+ U3+ U4 o

Therefore, by (8), ev,=evu,+eu,, e, =evu,teu,
and eU1UUz=eU1Uz+eU3+eU4 .
Hence ey o, =6p, t ey, — ev, -

Consequently, from (1),
e, \J ey, = eyt -

That is, ey, \wey, belongs to {eU; Ue {U}}.
From (2) and (a), we have

ey, M ey, = ey, - (4)

That is, ey, N ey, belongs to {eU; Ue{U }}.

From (8) and (4), {eU; Ue {U}} is a sublattice of €, which is lat-
tice-isomorphiec to {U}. Thus the theorem is proved.

6. We have the converse theorem :
Let {e} be a subset of € which satisfies the following conditions :
(1) {e} 1s a complemented distributive sublattice of €, with unit
element 1;
(ii) when e belongs to {e}, then 1—e also belongs to {e}.
Then {e} is a decomposition system of idempotents.®

(1) Cf. sec. 2, footnote.
(2) Analogous theorems are given in F. Maeda [3], 19 and 22.
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Let {U} be a Boolean algebra which is lattice-isomorphic to {e}.
And denote by ey the element of {e} which corresponds to U. Then,

we have
eU]_ ) eUz = eU|U2 ’ eU1 ) eUz = eUluU; .

1°. Since ¢(1—e)=(1—c¢)e, we have, by sec. 4,
eu(1~—e)=e+(1—e)—e(1—e)=v1, en(l—e)=e(l—e)=0.

Hence, 1—e¢ is the complement of e.
2°. When U=U;+ U, we have

ey= e(jl ey, , eUlr'\eU2=0 . (1)
But from property of the Boolean algebra® (1) has a unique solution
eo,=evn(l—ey),

where 1—ey, is the complement of ey,.
Since UD Uy, ey>ey,. Hence eyey, =epev=ey,.

And ev(l—ey)=(1—ey,)ev .
Therefore we have, by sec. 4,
evN(L—ep)=ex(l—ep)=ep—ey,.

Consequently the unique solution of (1) is

ev, =ey—ey, .
That is, ey=ey,tey,.

3°. When V=U+U+ - --- +U,,

from 2°, we can easily obtain the relation

1=ey t+ep,+ - - +ey, .

40. When U1U2=0, put U= U1+ U2.
Then, from 2°, ey=ey,+ey,.
Since ey>-ey, We have epep=ep,.

(1) F. Maeda (3), 17.



" Ring-Decomposition without Chain-Condition. 165

Hence ev, = epeu=ey,+eyev; .
That is, ever,=0.

b°. Thus {ey} is a system of idempotents defined in a Boolean
algebra, and satisfies (I) (II) in sec. 3. Hence ey is a decomposition
of unit.

7. In sec. 3 we obtained the decomposition of unit from the de-
composition system of right ideals. Now we proceed to the converse
problem.

Let ey be a decomposition of unit. Then {(ev),; Ue{U}} is a
decomposition system of right ideals which 1is lattice-isomorphic to

{eU; Ue {U}}.“’
Since {eU; Ue {U}} is commutative, we have, by sec. 4,

ey, M ey, = ey, = €uaUs » ev,\Jey,=ey,tey,—epey,. (1)
Since ey,v,=¢euv.ev, € (ev,)r evv,=ev,eu, € (eu,)r, We have
(ev.n)r < (ev)r N (ewy)r - (2)
Let  be any element in R such that

z € (ev,)r O (ew)r .

Then r=epX=ey, .

Hence L= eper®=ep,u,% ,

that is, x € (ecnvy)r -

Therefore (ev)r N (ev)r < (evin)r - (3)

From (1), (2), and (3), we have
(evi M ewy)r= (€)M (ew,)r . 4)

With respect to the relation of v, first consider the case where
U=U;+ U, Then, since U,U,=0, by (1)

(1) We may say that this theorem is a generalization of the theorem given in
van der Waerden [1], 161, Aufgabe 4.
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ey \J ey, =ey,t+ey,=ey.
Since ey=ey,+ey, € (ern)-\w (ey,)», We have
(e)r < (ery)r v (e - (5)

And since epey,=ey, we have (ey),D(epy)r. Similarly (er), D (ew,)

Hence e(v)r > (er)r v (er)r : (6)
From (5) and (6) we have
(ev)r= (ev)rw (er)r - M

Next, let Uy, Uz be any two elements in {U}. Then
U,=U,U0:+Us, U,=U,U,+ U;.
and U;U,=0.Y Hence
Uy U,=U,U,+ U+ U, .

Then’ bY (7): (eUl)T = (eUxUz)rU (eUa)r ’ (eUz)r= (eUle)r v (eU.;)r ’

(eUIUUz)7'= (eUle)T 4 (eUs)r N (eU4)r .
Hence

(ern)r v (ew)r = (1) (er)r w (ev)r = (eriory,)r = (ev,  ery)r . (8)

Since ep=1, {(eg),; Ue{U}} contains R.

Hence, from (3) and (8), {(eU)r; Ue{U}} and {eU‘; U e{U}} are
lattice-isomorphie, and {(eU),.; U e{U}} is a decomposition system of
right ideals.

8. Let 3 be the centre of R, that is, the set of those ae R
which commute with every zeR: ax=xa. And denote by 3. the set
of all idempotents contained in 8. Then 3. is a commutative system,
and when ¢, ¢;¢ 3. then, by sec. 4,

e\ve=et1e—ee;, M e=¢0;,

and they belong to 3.
Let ey, ¢, 65 be any idempotents in 8,. Then

e (e es) =ep (62 e3— exes) = 16+ 0103 — ere003

(1) Cf. sec. 2, footnote.
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(e1e2) w (1M ) = €102\ 163= €151 €103 — €102163= €165+ €103 — €16505 .
Hence in 3., the distributive law

an(eue)=(@ne)uleMe)
holds good.
When e belongs to 3., then 1—e belongs also to 3.. And since

evu(l—e)=et+(1—e)—e(l—e)=1, en(l—e)=e(l—e)=0,

1—e is the inverse of e.

Hence 3. is a complemented distributive sublattice of €, and, by
see. 6, 8. s a decomposition system of idempotents. When ee 3,
(e),=(e);. That is, it is a two-sided ideal, which we denote by (€)«.
Then by sec. 7, {(e)x,ee B.} s a decomposition system of two-sided
ideals, which 1is lattice-isomorphic to 3.

Now denote by R (L) the set of all principal right (left) ideals
of the form (e), ((e)l), e being any idempotent in R. And let Z§ be

the intersection of Ry and L% When (), is an ideal in Zg, there
exists an idempotent f such that

€)r=().

Then, since fe (¢),, we have f=e¢f; and, since ee€ (f);, we have e=ef.
Hence e=f. Consequently any ideal in Z% is a two-sided ideal (e)«,
and this e is uniquely determined.

Let 2 be any element in R. Since exe(e)«, we have ex=ex -e,
and since xe € (¢)+, we have xe=e¢ - xe. Hence ex=xe. Therefore ¢e 3..

Consequently, the elements of Zy are precisely the ideals (e)x with
e€ 3., and the correspondence between ideals in Zy and idempotents in
Be thus defined is one-to-one. And, by sec. 7, Zy s a decomposition
system of two-sided ideals {(e)«; ee 3.}. Hence {(e)x;ee€ 3.} is the
unique complete decomposition system of two-sided ideals.

When R is a regular ring, since every principal right (left) ideal
is expressed in the form (e), ((f )l), e (f) being idempotents, R (L)

is the set of all principal right (left) ideals. Hence the above-obtained
results coincide with J. von Neumann’s.®

(1) The completeness is defined in a similar way to that in sec. 2.
(2) J. v. Neumann [2}, 718, Theorem 7; [5], 14, Theorem 2.10.
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Decomposition of Complete Rank-Ring.

9. Next assume that R is a rank-ring, that is, that there exists
a real function R(a), a € R, such that

(¢) 0ZR(@Z1 for every aeR;

(8) R(a)=0 if, and only if, a=0;

(rn) R(1)=1;

() R(ab) < R(a), R(});

(¢) For e*=e, fi=f, ¢f=fe=0 we have R(e+f)=R(e)+R(f).
If we define the rank-distance by R(a—b); then R is a metric space.’
A sequence {a;;7=1,2,....} is convergent to the limit a if
P}E R(a;—a)=0, and we write a=lima;, Assume that R is complete

s

in the topology of the rank-distance R(a—b).
Let a;+az+ -+ +a,+ - be aseries of elements in B. And put

Sn=tapt ot g,
If there exists an element a, in R, such that

lim R(s,—a)=0,

then we say that the series converges to a, and we write
a=mtagt e Fapt e,
Let a,az..... yQpye... bE A séquence of right ideals, and
A=qQU0T *  UAp T e,
If every element of a of a is expressible uniquely in the form
a=ataet - Fa,t oo (@r€ay),
then we say that a is a direct sum of a5, az....,0...., and write
a=a;+at -+t -,
Then we can easily prove the following theorem :
When A=qQ U0\ I\ T e,

1) J. v. Neumann [3], 344; [5], 161. J. v. Neumann writes E(a) instead of R(a).
Here it is assumed that ® is regular. But if we add (¢) R(a+b) < R(a)+ R(b), then
this assumption is superfluous in the present paper.
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a s the direct sum of a, z....,0p,.... When, and only when, the
system of ideals (a5, Az, ...., Qy,....) 8 independent.
10. Any sequence of idempotents such that
Qe e 1
(@e<e< - << )
éonverges to an idempotent e such that

e;>e (e:<e) for all 2.
And Il(ei;i=1,2,---.)=@, (2(61;74:1, 2,,,._):3) _(1) (3)
n(e),; i=1,2,....)=(),, (2((ei)r; i=1, 2,----)=(e)7). @

First consider case (1). When j<C1, since ei¢;=e¢je;=¢; we can
easily see that e¢;—e; is an idempotent, and

(e;j—ee;=e;(e;—e;)=0.
Hence, by sec. 9 (¢), we have

E(e;)=R(e;—e;)+E(e:) . ®)
Hence Rle)=Re)=----=Re)=----,
and, R(e;) being convergent,

1}}1} {R(ej) —R(e))}=0.
Therefore, from (5), T
lim R(e;—e;)=0.

1-»00
J>e

Since R is complete, there exists an element e in R, su(;.h that -

lime;=e.
>0
In the equality ei;=e¢6;=¢; (<<7), let ¢—> ; then, since, by sec.
9 (9), lim e;e;=ee;, lim eje;=ese, we have
>0 >0
(1) In this paper the symbof Sie;; 1=1,2,....) means the least upper bound in
the lattice theory, and not the sum in the ring theory. Similarly for II.
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ee;=ee=ce. (6)

Next let 7> ; then we have ¢?=¢; that is, e is an idempotent. And,
from (6), ¢;>¢ for all .
Next, let f be any idempotent in €, such that

e;>f  for all .
Then e.f=fe;=f.
Let 2—> 00 ; we have
ef=fe=f; that is, e>f.

Hence, from the definition of the greatest lower bound of {e;; 1=1,

2,....}, we have
Ie;; 1=1,2,....)=e.
Thus we have (3).

Since e e, we have ee=e.
Therefore ee(e)r for all .
Hence eeﬂ((ei)r;i=1,2,....) ,
that is, (@, <= ((e)r;1=1,2,....) .

Next, let  be any element in R, such that
x€ II((e,-),;i=1,2,. ) .

Then, since z ¢ (¢;),, we have

r=emx for all 7.
Let i— o ; we have

r=ex; that is, xe(e),.
Hence ((ed;=1,2,....)= (o).

Consequently 11 ((ei)r; 1=1,2,... ) =(e),.
Thus we have (4). '
In a similar manner we can prove for case (2).

11. Let B be a complemmented distributive X;-sublattice® of Ry
whose unit element is R. Let {U} be a complemented distributive

(1) For the definition of X,-lattice see J. v. Neumann [6], 5.
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¥;-lattice which is lattice-isomorphic to B. And denote by ay the right
ideal in B which corresponds to U. Then there exist the following
relations :

(@ ag,~Nag,=ayu,;
(A ay=aytag+ -+ Fayg + oo
when U=U,+Up+ ---- +U,+ -+ -+

(7) ay=R, V being the unit element in {U}.

Since (a), (B), (r) express the states of decomposition of R, we term
{aU; Ue{U}} a decomposition system of right ideals in the generalized
sense.

Let B ={aU; Ue{U }} be a decomposition system of right ideals in
the generalized sense. Then there exists a unique system of idempotents
{eU; Ue{U}} such that

(i) (e)r=0ay,

(ii) eper,=0 when U U,=0,

(iii) l=ey+ey,+ ----+ey + - -

when V=Ui+ Ut -+ + Upt -+ --.

Since B={0U; Ue{U}} is a complemented distributive sublattice
of Ry, by sec. 3, there exists a unique system of idempotents
{ev; Ue {U}} such that (i) (ii) and

(iii) l=ey,tey,+ -+ +ey, when V=U+Upt - - +U,
hold good. Hence we must prove (iii). When

V=U+U+ - +U,+ ----,
put UP=U+Up+ ---- + U,
then ey@=ey +eg,+ - tey, is an idempotent, and
ep®<eg@ <o Ly <o v v e,
Hence, by sec. 10, there exists an idempotent ¢ such that

limeyw=e,

and S(ew@),;i=1,2,....)=(0), .
But, since  3((eg®),;i=1,2,....)=3((e)r; i=1,2,....
we have e=1. Thus (iii) holds good.

Il
=
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As in sec. 3, the above-obtained e¢; has the following properties:

(2)  evev,=ev,un
(2)] 6U=€U1+6U2+ RPN +9Un+ ceen

when U=Ui+Up+ - + U+ -+,

(r) ey=1.

Thus ey has the same properties as the resolution of identity E(U)
in Hilbert space.® Now we define as follows: If, for each element
U of a X;-Boolean algebra {U}, there corresponds one, and only one,
idempotent e, which satisfies the following conditions,

(i) ewer,=0 when U, U;=0,

(ii) 1=8U1+6U2+ e eUn+ A

when V=Ui+U,+ ----+U,+ ----,
then we call ey a decomposition of unit in the generalized sense, and

{eU; Ue{U}} a decomposition system of idempotents in the generalized
sense. ey satisfies the conditions (o), (8), (r) cited above,

Decomposition of Unit in Complete Rank-Ring.

12. Let ey be a decomposition of unit in the generalized sense.
Then {eU; Ue{U}} 18 a complemented distributive X,-sublattice of €,
which s lattice-isomorphic to the index system {U}.

By seec. 5, {eu; Ue{U }} is a complemented distributive sublattice

of €, which is lattice-isomorphic to {U}. From sec. 11 (a), ey, <ey,
when, and only when, U;< U,. Hence, when

e, <oy, <+ <ey <-:,
then Ucho - -cU,=----.
Now let U,=U,4+U,; and > (U,;n=1,2,....)=U.
Then (U, UY, Uy,...., U,....) is independent, and
U=U+ U+ U+ -+ U+ -
Hence, by sec. 11 (), we heve

ev=ey ey tey + - teyrt oo,

(1) Cf. sec. 3, footnote.
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Since ey, =ey,teyy teyy+ - ey,
we have limey =ey,
n>o0
and by sec. 10 Silew,;n=1,2,....)=ey. (1

Next, let {eym;n=1,2,....} be any sequence of idempotents in
{eu;Ue{U}}. Put ‘

U,=ULU®y - U™,
then ey, =€y ey - Uegm
and ey, <eg, <+ <eg, <:co-.

Hence, by (1),
E(eU("); ’ﬂ=1, 2, ce -)=E(6Un; n=1r 2’ cee -)=eU’ (2)

where U=x(U,:n=1,2,...)=>(U"; n=1,2,....).
When ey, > ey, > - ey >,
then UIDUZDDUnD.

Put Il(ey, ; n=12,....)=e, nmnu,;n=12,...)=U.

Let U, be the inverse of U, in the Boolean algebra {U}. Then we

have
eUi<eUé<....<eU’,:<-...

and UVicUjc----c U,

Then, by the preceding case,
Sevs;n=1,2,...)=er

where U=U,:n=1,2,....).
Since l1=ey tev, , limey =e, lim ey’ =ey’,
N>R N>
we have l=¢e4ey’.

But, since 1=U+U", we have l=ey+ey.. Hence e=ey.
Consequently Il(ey,; n=1,2,....)=ey, 3)
where U=IIU,;:n=1,2,....).
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Next let {ezmw;n=1,2,....} be any sequence of idempotents in
{ey; Ue {U}}. Put
Uy=UPAUPA - AU,
then ey, =ey® N ey@ N -+ Neym,
and ovy > euy > ey, >

Hence, by (3),
Meym;n=1,2,....)=1(ey ; n=12,....)=ey, 4)

where U=1U,;n=1,2,...)=1{U";n=1,2,....).

By (2) and (4), we see that {eu; Ue{U }} is lattice-isomorphic to
{U}, and it is a complemented distributive X;-sublattice of €.

13. Let {e} be a subset of € which satisfies the following condi-
tions : . .

(i) {e} is a complemented distributive Xi-sublattice of & with unit
element 1.

(i) When e belongs to {e}, then 1—e also belongs to {e}.

Then {e} is a decomposition system of idempotents in the generalized
sense.

Let {U} be a X;-Boolean algebra which is lattice-isomorphic to {e}.
And denote by ey the element of {¢} which corresponds to U. Then,
by sec. 6, ey is a decomposition of unit in the restricted sence. Hence
we must prove the following property: when

V=UAUpt - +Upt -,

then l=ey, +ey,+ -+ ey, + - (1)
Put UP=U+Up+ -+ +U,,

then U P e UM e

and V=3(U"™;n=1,2,....).

Hence, by the lattice-isomorphism, we have
erO<eg@< v Loy o vee,
and 1=Segmw;n=12,...),

where epm=ey tey+ - ey .
1 2 n
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Hence, by sec. 10, limeymw=1.
N>
Consequently we have relation (1).

14. Let ey be a decomposition of unit in the generalized sense.
Then {(eu)r; Ue {U}} 18 a decomposition system of right ideals in the
generalized semse, which s lattice-isomorphic to {eU; Ue{U }}.

In see. 7, we have seen that {(eU)r; Ue{U}} is a complemented

distributive sublattice of Ry which is lattice-isomorphic to {U}. Now
we must prove that it is a X;-sublattice of Ry, which is lattice-iso-
morphic to {U}.

When eUl>eU2>....>eUn>....’

from sec. 10, we have
H((ew)r; n=1,2,....)=(ev)r,
where eU=II(eUn; n=1,2,....).

If {ey®;1=1,2,....} be any sequence, put

ey, = ey Mey®@M -« -+ Ney,
then (e0)r = (e ) A (e®), -+ (o)
and eg, ey, > e >
Hence, by the above result, we have

H((eU(@),; 1=1,2,--- ) =1l ((eUi),; i=1,2,... ) =(ev)r
where ev=IM(ey;; 1=1,2,...)=1(ey®;1=1,2,....).

Similarly, we can prove that
2((3U(i))r ’ 7:= 1) 2’ e ') = (eU)r ’
where eg=(eg®;1=1,2,....).

Thus {(ev),; Ue{U}} is a X-sublattice of Ry, which is lattice-
isomorphic to {eU; Ue {U}}, that is, to {U}.



166 : F. Maeda.

15. Let 3 be the centre of a complete rank-ring R. And denote
by 3. the set of all idempotents contained in 3. We have seen, in
sec. 8, that 3. is a complemented distributive sublattice of €. Now I
shall show that it is a X;-sublattice of €.

Let {¢;;7=1,2,....} be a sequence such that

656,83, Tl PRIl TSR
Then, from sec. 10, there exists an idempotent e such that

lime;=e and Ie;;1=1,2,....)=e.
Since ¢; € 3.,
e x=1e; for all rxeR.

Let 2> 00 ; then we have
ex=xe.
That is, ¢ belongs to 3..
Next, let {¢?;%=1,2,....} be an arbitrary sequence such that

¢ e 3,. And put

e;=ePNe@ e,
Then e¢; e 3., and

el>ez>.....>.ei> e,

Hence, from the above discussion, there exists an idempotent e in 3.,
such that
He?;1=1,2,...)=1I(¢;; 2=1,2,....)=e.

In a similar manner, we can prove that there exists an idempotent
¢ in 3. such that
Sie®;1=1,2,....)=e.

Thus B. is a X;-sublattice of €.

Consequently, by see. 13, 3. is a decomposition system of idem-
potents in the generalized semse, and, as in see. 8, {(e)+,ee 8.} is the
unique complete decomposition system of two-sided ideals in the general-
ized semse.
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