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In order to remove difficulties in the treatment of continuous 
spectrum I have introduced two kinds of orthogonal systems in Hilbert 
space, viz. the orthogonal system of closed linear manifolds {Wcu}, and 
the orthogonal system of elements { q( U)}, which both have set indices 
u.m In the present paper I investigate the structures of these ortho­
gonal systems in terms of the lattice theory. 

If we consider the manifold implication as the inclusion in the 
definition of lattice, {Wcu} is a complemented distributive lattice. And 
in {Wcu} the manifold calculations obey the same laws as in the set 
calculations ; for example, 

when U:::::>U', 

Let f and g be any elements in ~. when (f, g)=llflF, we write, as 
v. Sz. Nagy,<2> f-<g. If we use this "-<" as the inclusion in the 
lattice theory, then {q(U)} is a complemented distributive lattice. And 
if we denote the meet and join of q(U), q(U') by q(U) · q(U') and 
q(U)-t-q(U') respectively, we have the following relations similar to 
the set calculations : 

q(U)>q(U') when U:::::>U', 

(1) .. F. Maeda,·this Journal, 4 (1934), 57-91; 6 (1936), 115-137; 7 (1937), 103-114, 
191-213. . 

(2) B. v. Sz. Nagy, ,, Uber die Gesamtheit der characteristischen Fonktionen im 
Hilbertischen Funktionenraum ", Acta Szeged, 8 (1937), 167. When {q(U)} is complete 
in ~. q(U) is represented by a(EU), a(U) being llq(U)[!3• Since a(EU) is the integral 
of the characteristic function of U with respect to a(E), the conditions obtained 
by Nagy are nothing but the condition for a system of elements to be an orthogonal 
system of the form {q(U)}, Bot on the lattice theory Nagy's conditions cannot be 
used. 



16 F. Maeda. 

q(U) • q(U')=q(UU'), q(U)+q(U')=q(U+ U'). 

From the fact that {imu} and {q(U)} are complemented distribu­
tive lattice we can infer the conditions required in order that any 
system of closed linear manifolds { im}, and any system of elements 
{f}, shall be orthogonal systems with set indices. In the present paper 
I investigate these problems, first where the domain of the set index 
U is a field (Korper), and next in the more-generalized case. 

Definition of Lattice. 

1. We shall consider a class L of elements (undefined entities), 
which will be denoted by a, b, c, . . . . . L satisfies the following pro­
perties: 

I. L is a lattice ; that is, 
11• In L, a relation of inclusion a :::::, b is defined, such that 

(i) a :::::ia. 
(ii) From a:::::, b, b :::::, c it follows that a:::::, c. 

Remark.-1°. We define equality a=b in L as the simultaneous 
exsistence of the relations 

a :::::ib, b:::::ia. 

The class which satisfies 11 is usually called a partially ordered 
system. 

12• For every couple of a, b there exists an element d = a fl b, the 
meet or greatest lower bound of a and b, having the property that 

dca,(1) deb, 

and d1 c d for every other d1 having the same property. 
13• For every couple of a, b there exists an element s=aub, the 

join or least upper bound of a and b, having the · property that 

s::::ia, s:::::ib, 

and s1 :::is for every other s1 with the same property. 
Remark.-2°. The definitions of meet and join show that they are 

uniquely defined and satisfy the following relations : 

(1) dca means a=id. 
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ar-.b=br-.a, 

ar-.a=a, 

ar-. (br-.c)=(ar-.b)r-.c, 

av(ar-.b)=a, 

avb=bua, 

aua=a, 

au(buc)=(aub)vc, 

ar-.(avb)=a. 

3° The relations a :::::> b, a r-. b = b and av b = a are equivalent. 
II. L fulfils the distributive axiom, that is, 

af""'I (bvc)=(ar-.b)v(af"'\c). 

Remark.-4°. From I and II, we have 

au(bf"'\c)=(avb)r-.(avc). 

III. L is complemented, that is : 
III1• There exists an element 0, zero element, in L such that 

a:::::> 0 for every element a in L ; and there exists an element e, unit 
element, in L such that a c e for every element a in L. 

Remark.-5°. The zero element and the unit element are unique. 
III2• For every element a in L, there exists an element a', the 

complement of a, statisfying 

ava'=e, af""'la'=O. 

Remark.--6°. The complement a' of a is unique, and (a')' =a. 
7°. (af"'\b)'=a'ub' and (avb)'=a' f""'lb'. 
8°. a c b implies a'::::> b'. 
9°. When a c b, the simultaneous equations 

xva=b, 

have a unique solution bf""'la'. 

xr-.a=O 

We call the class L which satisfies the axioms I, II, III, the com­
plemenud di,stributive lattice, or Boolean algelrra.<0 

2. For example, let ~ be a field (Korper) of subsets of an ab­
stract space V, which contains V itself. If we consider the set im-

(1) For details, cf. M. H. Stone, "Postulates for Boolean Algebras and Generalized 
Boolean Algebras," American Journal of Math., 57 (1935), 703-732; and G. Birkhoff 
and J. v. Neumann, "The Logic of Quantum Mechanics," Annals of Math., 37 (1936), 
827-831. 
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plication as the inclusion in the definition of lattice, then S? is a 
complemented distributive lattice, in which the meet and join means 
the product (common part) and sum of sets, the unit element is the 
space V, the zero element is the empty set, the complement is the 
complementary set with respect to V. 

Orthogonal Systems of Closed Linear Manifolds. 

3. Let {Wcu} be a system of closed linear manifolds in an 
abstract Hilbert space .p,<1> whose index U is the set in R, which is 
defined in sec. 2.<2> When {Wcu} satisfies the following conditions, then, 
as I have said in a previous paper,<3> {m?u} is an orthogonal system of 
closed linear manifolds. 

(a) Wlu ..L Wcu, when UU' =0, 
(fl) Wcu= Wcu1 EB Wcu2 EB • · • • EB Wun EB · • • · <4> 

for any decomposition U = U1 + U2 + · · · · + Un+ · · · · <5> in S?. 
Let U and U' be any two sets in R. Put 

U= UU'+U1 , U'= UU'+U,., 

then by (fl) Wu= Wcuu1 EB Wu, , Wu,= Wcuu1 EB Wcu2 . 
Since U1 U2 = 0, by (a) we have 

I.JJ1uu1 =IDluIDlu1 • 

And since U + U' = UU' + U1 + U2, we have 

IDlu.;.u,=WcuEBWcu,. 
When U~ U', we have 

imu~ Wcu,. 

And when U' =V - U, we have 

(1) ~ may be non-separable. 
(2) When ~ is a a-field, we can easily characterize the logical structures of 

{!nu}, by considering the meet and join of enumerable infinite elements in the defini­
tion of the lattice. Similarly for { q( U)} in sec. 6. 

(3) F. Maeda, " Indices of the Orthogonal Systems in Non-Separable Hilbert Space," 
this Journal, 7 (1937), 111. 

(4) This means the closed linear sum. 

(5) U1 + U1 means the sum of sets U1 and U2• Especially when U1U1=0, we write 
u,+u •. 
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IDcu, = IDcv emcu .<1> 

Thus we see that in {IDcu} the manifold calculations obey the same 
laws as the set calculations in ~- In the set calculations, the distribu-

tive identity U1(U2+ Us)= U1U2+ U1U8 holds good; hence in {IDcu} also 
the distributive identity 

holds good. 
Consequently, if we consider the manifold implication as the in­

clusion in the definition of lattice, {IDcu} is a complement,ed distributive 
lattice, in which the unit element is IDcv, and it is isomorphic with the 
field ~ of the set U. <2> 

4. Now we proceed to the converse problem. We have the fol­
lowing theorem : 

Let {We} be a syst,em of closed linear manifolds in ~. which 
satisfy the following conditions : 

(i) {fill} is a complemenred distributive lattice, where the inclu­
sion in the lattice theory means the manifold implication. 

(ii) When We belongs to {fill}, then ~Sim belongs to {9R}, ~ being 
the unit element in {im}.<3> 

Then {We} is an orthogonal syst,em with set indices. 
1°. From (i), we can easily see that the meet and join of IDc1 and 

im2 in the lattice theory· are nothing but im1IDc2 and im1 EB im2. 
2°. Denote ~9im by We', then 

imIDc' =O. 

Since, by Remark 6° in sec. 1, the complement is unique, im' is the 
complement of im. 

3°. By Remark 9° in sec. 1, when im1 C im2, 

(1) This means the orthogonal complement of l!Jlu with respect to l!Jlv. 
(2) Therefore, {llJlu} is isomorphic with the propositional calculus. I have already 

obtained the relation between {l!Jlu} and the experimental propositions. Cf. F. Maeda, 
"Mathematical Foundations of Quantum Mechanics," this Journal, 7 (1937), 200-201. 

(3) We cannot eliminate the condition (ii). For example, let Ii, la, f3 be three ele­
ments in ~. which are linearly independent, but no two of which are orthogonal. 
Denote by llJli, !!Jli;, l!Jliik the closed linear manifolds determined by !,:, (!,, Tj) and (!,:, !;, Tk) 
respectively. Then the system formed by llJli, l1Jl 2, l1Jl1, llJl.a, l1Jl 31 , l1Jl11, l!Jl123 and the null­
manifold is a complemented distributive lattice. But it is not an orthogonal system. 



20 F. Maeda. 

have a unique solution IDMJRf = IDMQ: 9 ill11) = IDl2 9 IDl1. 
4°. Hence in {IDl}, when ill11 C:: ill12, we can always write 

and IDla e{IDl}. 
5°. When ill11ill12=0, then ill11.Lill12. For, put ill13=ill11EBIDl2; then, 

since W1a::::>W11, by 3° it must follow that ill12=IDl3 8ill11. Hence 
ill11 .L IDlz. 

6°. For any two manifolds ill11, ill12 in {IDl}, by 4°, we can write 

IDl2 = IDl1IDl2 EB un, , fill1IDl2 _L un, • 
Since IDlsIDl, = 0, by 5° ill18 .L ill14• 

7°. Any two manifolds IDli, ill12 in {IDl} are permutable; that is, 
if we denote the projections on ill11 and ill12 by P 1 and P 2 respectively, 
then P1P2=P2P1, For, by 6°, we have 

Pif=P12f+Paf 

for any element f in ~. where P12 is the projection on IDl1IDl2• Since 
P12feIDl2, Paf .L IDl2, we have P2P1f = P12f. Similarly P1P2f=P12f, Hence 
P2P1=P1P2, 

8°. Let P be the projection on IDl. Then we have a system of 
projections {P} corresponding to {IDl}. And {P} is a subset of an 
Abel's ring. Hence, by the theorem of. J. v. Neumann, any projection 
Pin {P} is expressed in the form 

P= 1vf(J.)E(dU), 

where E( U) is a resolution of identity corresponding to a self-adjoint 
operator A ;<1> that is, E( U) is a projection which satisfies the follow­
ing conditions :<2> 

(a') E(U)E(U')=O when UU'=O, 
(fr) E(U)=E(U1)+E(UJ+ · · · · when U= U1+ U2+ · · · ·, 
(r') E(V)=l where V is a finite interval in (- oo, + oo), 

and A= 1 J.E(dU). 
V 

(1) J. v. Neumann, ,, O'ber Funktionen von Funktionaloperatoren ", Annals of 
Math., 32 (1931), 214. 

(2) F. Maeda, this Journal, 4 (1934), 78, 91; 7 (1937), 111. 
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Since P is a projection, the functional value of /(l) is 1 or O ;<1> 
that is, f(l) is the characteristic function of a set U in V. Consequently, 

P=E(U). 

Denote the range of P=E(U) by ID'lu: then we can attribute to any 
closed linear manifold in {fill} the set index U, such that {IDlu} satisfy 
(a), cm in sec. 8. 

Orthogonal Systems of Elements 

5. Let {q(U)} be a system of elements in ,i;, whose index is the 
set U in ~, which is defined in sec. 2. When { q( U)} satisfies the fol­
lowing conditions, then, as I have said in previous papers,<2' {q(U)} is 
an orthogcmal, system of elements. 

(a) (q(U), q(U))=O when UU=O, 
({J) q(U)=q(U1)+q(U2)+ · · · · +q(U,.)+ • · · · <3> 

for any decomposition U= Ui+ U2+ · · · · + U,.+ · · · · in ~­
Let U and U be any two sets in ~- Put 

U=UU+Ui, .U'=-UU+U2: 

then, by ((}) q( U) = q( UU') + q( U1) , q(U')=q(UU')+q(U2), 
Since U1U2=0, by (a) we have 

( q( U), q( U')) = a( UU') , 

where a( U) = II q( U) IP. 

6. In order to investigate the logical structure of {q( U)} we 
introduce the following conception, already used by v. Sz. Nagy.<" Let 
f,g be any elements in ,i;. When (f,g)=llfll2, we write 

f-<g. 

Of course, f-<f. 

When f-<g, (f, f-g)=llfll2-(f, g)=O. 

(1) Almost everywhere in some sense. Cf. M. H. Stone, Linear Traneformations 
in Hilbert Space, (1932), 232. · 

(2) F. Maeda, this Journal, 4 (1934), 70; 6 (1936), 118-119; 7 (1937), 107-108. 
(3) This means strong convergence. 
(4) B. v. Sz. Nagy, loc. cit. 
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Hence 

Therefore 

F. Maeda. 

g=f+(g-f) and f J..g-f. 

II gll2=II fll2+11g-fl\2 • (1) 

When f <g and g<f simultaneously, since llfll2=llgll2, from (1) we 
have f=g. 

In general, f < g, g < 9 do not imply f < 9. For example, f =\= g, 
g=\=9 and q=af+bg. Consequently, we cannot say that every system 
of elements in op is a partially ordered system. 

But we can easily see that { q( U)} is a partially ordered system. 
For since (q(U), q(U')) =a(UU1), q(U)>q(U') when, and only when, 
u-::::, U' almost everywhere (a). - . 

Hence if we denote the meet and join of q(U), q(U') by q(U) ·q(U') 

and q( U) + q( U') respectively, then it is evident that 

q(U) · q(U')=q(UU'), q(U)+q(U')=q(U+ U'). 

Thus the calculations of q(U) obey the same laws as the set calculations. 
Hence { q( U)} is a complemented distributive lattice, where_ the unit ele­
ment is q( V), and the complement of q( U) is q( V - U). 

7. Next we proceed to the converse problem. We have the fol­
lowing theorem : 

Let {f} be a system of elements in op which satisfies the following 
conditions : 

(i) {f} is a complemented distributive lattice, where the inclusion 
in the lattice theory means " < " defined in sec. 6. 

(ii) When f belongs to {f}, then e-f belongs to {f}, e being the 
unit element in { f}. 

Then { f} is an orthogonal system with set indices. 
1°. In what follows, f, g means the elements in {f}. As in sec. 6, 

we denote the meet and join of f and g by f · g and f + g. 
2°. f-t-g=f+g when, and only when, f J.. g. For, when f J.. g, 

( f + g, f) = II fl!2• Hence f < f + g. Similarly g < f + g. Therefore f + g < f + g. 
And 

(r+g, f+g)=(f, f-t-g)+(g, f+g)=llfll2+1lgl\2=\lf+gll2 • 

Hence f+g> f+g. Consequently we have f+g=f+g. 
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Next, when f+g=f+g, we have (f, f+g)=(f, f+g); that is llflF 
=llfll2+(f, g). Consequently (f, g)=O. 

3°. When fJ-9, then f · g=O. For, let fJ be any element in {f}, 

such that f>fJ,g>fJ. Put f=f+g; then, by 2°, f=f+g. Hence 
f>f>fJ. Since llfJll2=(f, fJ)=(f, fJ)+(g, fJ}=llfJIF+llfJIF, we have fJ=O. 
Consequently f · g = 0. 

4°. Denote e-f by f'. Then, since f .l.. f', by 2° and 3° we have 

f' +f=e, f'·f=O. 

But, by Remark 6° in sec 1, the complement is unique, f' is the com­
plement of f. 

5°. When f >- f)1, f' >- 1)2, then fJ1 .l.. In, For, since 

(fJ1, f'} = (fJ1, e-f) = (£Ji, e)-(fJ1, f) = II fJ1112 - II fJ1ll2= o , 

by 2°, fJ1+f'=fJ1+f' and fJ1+f'>f'> fJ2. Hence 

(fJ1, f.12) = (fJ1 + f', f.12)-(f', fJ2) = II f.12112- II fJ2ll2= o • 

6°. Take an element f in { f}. Denote by 9R1 the closed linear 
manifold determined by all the elements g in {f} such that g < f. It 

-is evident that if f1 <fo, then 9R1i C 9Rt2. 
7°. Since f · g < f, we have 9R1•9 C 9R1• Similarly 9R1•9 C 9R9• Hence 

9Rt-o C 9R19R9• Next, let fJ be any element in {f} which belongs to 
9R19Rg. Then, since fJ e 9R1, we have fJ < f. Similarly fJ < g. Hence 
lj < f · g. That is, l) e 9R1•9• Therefore, 9R19R9 C 9R1•9• Combining this 
with the above result, we have 9R1•9 = 9R,9Rg. 

8°. From 5°, we have 9R1 .l.. 9Rf'. Let fJ be any element in {f}. 
Since, from 5°, fJ·f.l..fJ·f', we have fJ=fJ·(f+f')=fJ·f+lf·f'. Hence 
~ = 9R1 EB illlf'. That is, filiv is the orthogonal complement of 9R1 with 
respect to IJRe. 

9°. Then IJR1+B = IJRe 8 IJR(f+Q)' = IJRe 8 IJRl'•n' 

Consequently we have 9R1.;.9 = IJR1 EB IJR9• 
10°. From 6°-9°, we can easily see that the calculation of IJR1 

obeys the same laws as that of f in {f}. Hence {IJR1} is a comple­
mented distributive lattice, in which IJRe is the unit element, and 
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role 8 mi, belongs to {fill1} with mi,. Hence, by the theorem of sec. 4, 
we can find a resolution of identity E( U) defined for all U in a field 
.fe which is isomorph to {f}, such that E(U) is the projection on 
fill1=ID1u, Put E(U)e=q(U). Since ferol1 and f' J_ fill1, we have 
E(U)f=f, E(U)r'=O. Hence 

q( U) =E( U)e = E(U)f + E(U)f' = f. 
Thus {f} is the orthogonal system {q(U)} with set indices. 

Generalized Case. 

8. Hitherto I have investigated the orthogonal systems {fillu} or 
{q(U)} where the index system is the field .fe of sets containing the 
unit element. Next consider the case where the index system is the 
differential set system Stil V. <1> The differential set system .fe~ V is 
composed of .feVa(ae~), where .feVa are fields with unit elements Va, 
and V = ~ Va, Hence, in order that a system of closed linear mani-

a e w: 
folds {rol} shall be an orthogonal system with indices U in the dif­

. ferential set system ~~ V, it is necessary and sufficient that { ID1} be 
decomposed in the form 

{ll.n} = ~{llRha> , 
ae& 

such that when a~ {:1 any manifold in {ID1ha) is orthogonal to each 
manifold in {rol}c.9>, and each {fill}<a> is a lattice satisfying the conditions 
of sec. 4. 

Similarly for the orthogonal system of elements. 

9. But there is another case, where the index system is the field 
of sets having no unit element,-for instance, the system of all Lebsgue 
measurable sets with finite measure. In this case we may use the 
generaJ,ized Boolean aJ,gebra discussed by Stone.<2> This is a system 
which satisfies the postulates I and II in sec. 1, and following postu­
late III'. 

III'. L is sub-complemented; that is, 

(1) For the details of the differential set aystem, cf. F. Maeda, this Journal, 6 
(1936), 20--21; 7 (1937), 104-105. When ~ is not separable,~~ V may be a non-enumer­
able differential set system. 

(2) M. H. Stone, Joe. cit. Americlan Journal of Math., 57 (1935), 721-:-728. 
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Illi, There exists ·an element 0, zero element, in L such that a ::::> 0 
for every element a in L. 

III~. For any elements a and b in L, such that a c b, the simul­
taneous equations 

xva=b, xna=O 
have a solution. 

Remark.-The solution of III~ is unique. 
Hence we may call the generalized Boolean algebra the sub-com­

plemented distributive lattice. 

10. Now assume that ~ is separable. We have the following 
theorem: 

Let {I.JR} be a system of closed linear manifol,ds in ~. which satis­
fies the following conditions: 

(i) {I.JR} is a sub-complemented distributive lattice, where the 
inclusion in the lattice theory means the manifold implication. 

(ii) When IJ.n1, IJ.n2 belong to {I.JR}, and iln1 C::: fill2, then iln2 8 fill1 
belongs to {I.JR}. 

Then {I.JR} is an orthogonal system with set indices. 
Let ~ be the closed linear manifold determined by the elements of 

all closed linear manifolds in {Wl}. Since ~ is separable, from {Wl} 
we can pick up a finite or infinite sequence {Wlv} so that 

Define another sequence of closed linear manifolds by 

[n(l) = IJ.n1, IJ.)1<2> = IJ.n2 8 IJ.)1<1>1.J.n2, " " " • , [nM = imv e ( ~ IJ.n<µ>)fillv, " " " " • 
µ<v 

We can easily see that iJRM belongs to {l!n} for all "· 
Since 1.J.n<1)1.J.n<2> = 0, we have iJR<1> .L 1.J.n<2> .<1 > Similarly iJR<nEB 1.J.n<2> .L fill(3>. 

In general ~ I.JR<µ> .L IJ.n<v>, Hence {lln<v>} is an orthogonal system such 
µ<v 

that 
~ = iJR(l) EB 1.J.n<2> EB ' ' ' ' EB iJRM EB ' ' ' " • 

Denote the system of closed linear manifolds fill in {I.JR} satisfying 
IJ.n<v>::, I.JR by {IJ.n}<v>• Then {IJ.n}<v> is a lattice satisfying the conditions 
in sec. 4. Hence :S{Wchv> is a system of closed linear manifolds satis-

v 

(1) 5° in sec. 4 holds good also in this section. 
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fying the conditions of sec. 8. Hence ~{\.m}cv> is an orthogonal system 
V 

{fillu} whose indices are sets in a differential set system ~~V. ~:!)V 
is composed of fields ~ Vv with unit elements Vv, and V = ~ Vv, 

V 

When. ml is a manifold in {fill}, but does not belong to ~{mlhvh 
V 

we have 

Since UJlMUJle {fill}cv>, UJlMUJl is expressed in the form fillu where 
V 

Uv e ~ Vv, Thus to ml we can attribute the index U, where 

U= U1+ U2+ · · · ·+ Uv+ · · · ·. 

Consequently {fill} is an orthogonal system {fillu} with set indices, the 
system of the sets U being the field containing ~:!) V. 

11. As in the preceding section, ~ being separable, for the system 
of elements we have the following theorem : 

Let { f} be a system of elements in ~ satisfying the following con­
ditions: 

(i) {f} is a sub-complemented distributive lattice, where the inclu-
sion in the lattice theory means " -< " defined in sec. 6. 

(ii) When f, g belong to {f} and f-<g, then g-f belongs {f}. 
Then { f} is an orthogonal system with set indices. 
1°, 2°, 3°, 6°, 7°, in sec. 7, hold good also in this section. Instead 

of 4°, 5°, 8°, 9°, 10°, in sec 7, we have the following: 4'0 , 5'0 , 810, 9'0 , 10'0 • 

4'0
• When f-<g, by (ii) g-f belongs to {f}, and by sec. 6 

g-f ..l.. f. Hence 

x-t-f=g, x ·f=0 

has a unique solution g ~ f. 
5'0 • Let f and f1 be any two elements in {f} such that f ..L. f1, If 

9 and 91 are elements in {f} such that f > 9, fi> 91, then 9 ..L. 91. For, 
since f+f1>f>9, we have 

(9, f1)= (9, f + fi)-(9, f) =II 9112 -119112 = 0 . 
And; since 9 + f 1 > fi > 91, we have 

(9, 91) = (9+f1, 91}-(fi, 91) = !I 91l~-ll lj1!12= o . 
8'0 • When f-< g, since f ..l.. g-f. from 5'0 , we have ml, .l.. ml9- 1• Let 

9 be any element in ml9• Since from 5'0 , 9 · f ..L. 9 · (g-f), we have 
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9=9 · {f+(g-f)}=f) · f+9 · (g-f). 

Hence IDlg = mi, EB mio-t• That is, mi0_, is the orthogonal complement of 
mi, with respect to mi0• 

9'0 • Let f, g be any elements in {f}; and put r,=f+g. Then 
9-g ..Lg and 9-f ..L f. Since 

9-9=(9-g) · r,=(r,-g) · (f+g)=(f)"-g) · f+(f)-g) · g=(9-g) · f ,m 

and 
l)-g=(r,-g) · 9=(9-g) · {f+(r,-f)}=(9-g) · f+(9-g) · (r,-f), 

we have (r,-g) · (9-f)=0. Hence, by 7°, 

But by 8'° 

Consequently we have m111 = m11 EB mill. 
10'0 • From 6°, 7°, 8'0 , 9'0 we can easily see that the calculation 

of mi, obeys the same laws as that of f in {f}. Hence {IDl1} is a 
lattice satisfying the conditions of sec. 10. Hence, by sec. 10, we have 
an orthogonal system {IDlu} whose indices are sets in a differential set 
system se~ V. se~ V is composed of fields se VJI with unit elements VJI. 

Let E(U) be the projection on IDlu. Then, by sec. 10, 

E(U)=E(U1)+E(U2)+ · .. · +E(UJI)+ · · · · 

where UJle.feVJI (1,1=1, 2, •••. ) • 

And let fJI be the element of {f} such that IDl1 =IDlv.. And put JI a JI 

q(U)=E(U1)f1+E(UJf2+ · · · · +E(UJl)fJI+ ..... 

When f is the element in {f} such that IDl1=ffi1u, denote g.,=E(U.,)f. 

Then f=E(U)f=E(U1)f+E(U2)f+ • · · · +E(UJl)f+ · · · · 

=g1+92+ .... +gJI+ ..... 

Since gJI e IDlu , f JI -g., ..L miu , we have 
JI JI 

(1) By a•. 
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E(U.,)g.,=g., and E(U.,)(f.,-g11)=0. 

Hence E(U.,)f.,=E(U.,)(f,,-g.,)+E(U.,)gv=9v. 

Consequently we have f=q(U). 

Thus {f} is the orthogonal system {q{U)} with set indices. 

HIROSIMA UNIVERSITY. 
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