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~ The problem of giw}ing ‘an axiomatic characterization of a paftition

lattice—a lattice of all partitipns of a set—can be formulated in different
ways. O. Ore [1]” has ﬁrst characteri‘zed a partition lattice as a goemetric
system with points and lines with rafher ‘peculiar properties® which are not
familiar to us. In this paiper a partition lattice is characterizedin §1 as a
geometric system with points, lines, and moreover, with planes and parallel
lines which satisfy the following properties :

G L Any line contains at most three points.

G IL. Any two points on a line defines the same line.

G III. Any plane contains only three, four or six boints.

G IV. If a line has o paraliel line, then it has just two omnes.

G V. If a line contains only two points, then it has always a parallel

line. ‘ Co

By applying the results obtained in §1, we shall show in § 2 that any
partition- lattice is a matroid, planer lattice” with a few properties of its
points. |

In §3 we shall prove that such a lattice is isomorphic to the lattice of
éll partitions of a set if and only if it is irreducible (Theorem 3-2).

s,

§ 1. Geometrical Characterization of Partition Lattices.

DerINITION 1-1. A partion P of a set S is a'dec':o‘mpositiOn of S into
subsets C,(a €I) such that every point in S belongs to one and only one set
C(a€l). We shall call the sets C,(« € I) the blocks of partition P. Let P, <P,
mean that P, is a subpartition of P,, that is, the blocks in P, are obtained
by subdivisions of the blocks of P,. Then the system of all partitions of a
set S forms a lattice and it is called a partition lattice.

DeriNiTION 1-2. Let G be a set of points. With every pair of different

A

1) The numbers in square brackets refer to the list of references at the paper.
2) Cf. Definition 1-2 below.
3) Cf. Definition 2.3 and 2-4 below.
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points p and ¢ in G there will be associated a- unique set p+q of elements
in G containing » and ¢. The set p+q we shall call the line deﬁned by »
and gq.

G is called a general partition geometry® if and only if its points and lines
satisfy the following axioms:

G 1. Any line contains at most three points.

G 2. Any two points on a line defines the same line.
G 3. Let p, p, and p, be distinct points on a same line and q a point
not on this line such that the line q+p, contains three points. »Then one and
only one of the lines q+p, and q+p, contains three points.
G 4. Let p, p, and p; be distinct points on o same line and q, r points
outside this line such the lines

q+D, ¢+, r+p, and r+p,

contain three points. Then the line q+r contains three points.

Any general partition geometry G is called a partztwn geometry if and
only if it satisfies the following axiom: ‘

G 5. For any two points p and q such that the line p+q contains only
two points, there exists a third point r so that both the lines p+r and q+r
contain three points.

DeriniTION 1-3. Let A be a subset of a general partition geometry G.
Then the set A is called an additively closed set of G if and only if p, g€ 4
implies p+qA.

O. Ore [1]® has geometrically characterized a partition lattice as follows :

THEOREM 1-1. The system of all additively closed sets of a partition
geometry is isomorphic to the lattice of all partitions of some set. Conversely
the lattice of all partitions of a set is isomorphic to the lattice of all additively
closed sets of some partition geometry.

We shall below introduce the concepts of planes and parallel lines in a
general partition geometry G and study several lemmas concerning these
concepts. '

DEFINITION 1-4. When the line p+¢ contains three points, we shall
say that two points p and ¢ are related (in symbols (p, q)r). Otherwise
they shall be called unrelated (in symbols (p, q)F).

Three points », ¢ and  on a line shall be said to be collinear (in sym-

4) Cf. O. Ore [1] Chapter 4. 612-615.
5) Cf, O, Ore [1] 617, Theorem 1.
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bols (pgr)C). Otherwise they are non-collinear.
LEMMA 1-1. Let p(i=1, 2, 3), r and rj=1, 2) be points in a general
partition geometry G such that

r €D+ Dy (01220:)C, (rripy)C and (r1405)C.

Then we have

(pln 7'2)"_’»‘ (pzi ?'1)’;:, (p3’ ’r); a’nd (?’1, ')‘2, pa)C' .

Proor. By hypothesis (r7,0,)C, (p,, 7)r and (p,, p,)r, whence (p,, 7, )7
by G3. Since moreover (r7,,)C and (r, r)r by the assumption, the line
r,+7, contains the third point ; by G 3. Therefore it is sufficient to show
that p, is coincident with r,. Suppose that p, is different from .

Then since (ry7,73)C, (7, r,)r and (r, ry)r, we have (r, r;)F by G 3, while
(rryp,)C, (7, 73)r by hypothesis, whence (p,, 7;)r by G 2. Similarly we have
(pyy 73)r. . *

Consequently two points r» and r; not on the line p,+p, are related to
p, and p,. Hence by G4 r is related to r,, contrary to (r, r;)r. And so
rs coincides with p,, whence (r,7,9;)C. Therefore the rest of this proposi-
tion follows directly from G 3. )

DerINITION 1-5. "Let p, ¢ and = be non-collinear. Then the set of all
points on the lines which are defined by any two points on the three lines
g+r, r+p and p+q, shall be called the plane defined by », ¢ and r and we
shall denote it by p+q+». When two lines p+q and r+s on the same
plane have no common point, we shall say that the lines p+¢ and r+s are
parallel to each other (in symbols p+q | r+s).

LemMMA 1-2. Any plane contains only three, four or siz points.

ProoF. According to Definition 1.5, there exist non-collinear three
points p, ¢ and r which define the plane. The following cases occur.

Case 1. (p, @), (g, ) and (7, p) are all unrelated pairs.

Then by Definition 1-5 the plane p+qg+7 contains only the three points
p, ¢ and 7.

Case 2. At least one of the three pairs (p, q), (¢, #) and (7, p) is
a related pair. ‘

Without loss of generality we can assume that p and ¢ are related, and
s is the third point of the line p+gq. Then the following two cases occur.

(2a). r is related to none of the three points p», ¢ and s.

5) Cf. O. Ore {1] 617, Theorem 1.
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Then by Definition 1-5 obviously the plane p+q+r contains only the
four points p, ¢, and s. . :

(2b). ris related to at least one of the three pomts p, g .and s.

Without loss of generahty we can assume that » is related to p and ¢
is the third point of the line p+r. Then according to G 3 we have

(r, ¢)r and (r, s)r, or (r, ¢)F and (7, s)r.

In the former case, let « be the third point on the line r+g¢q, then by
Lemma 1-1 we have

(w, w)F, (r, 87, (& q)F and (tus)C.

Tﬁerefore by Definition 1-5 the plane Ap‘+_q+r contains only the six
points p, g, 7, s, ¢ and w. Similarly in the latter case-it is readily seen that
the plane p+q+7 contains only six. pbints. :

REMARK 1-1. According to the proof of Lemma 1.2 it is readlly seen
that the following statements hold :

(a) Letp, ¢ and r be non-collinear on a line, then they define the same
plane. - .
(B) Let s be a point on the plane D+ p2+ p,, then there exists a point
such that

s€p,+r and 7€ p;+p, for some permutation i, 7, k of 1, 2, 3.

LeMMA 1.3. Let p, q, r and s be different points in G. Then the
following propositions are equivdlent: '

() p+allr+s

(B) There ewist two points o and o' such that

(pro)C, (gs0)C, (pso")C and (qro’)C.

(v) There exists a point 0 with (p'ro)C and (gso)C, amd we hcwe (p, )7
or (r, s)T. ,

Proor. According to the proof of Lemma 1-2, one can immediately
verify that there exist parallel lines on a plane only in the case (2b),
whence («) implies (8). And moreover () implies (v) by G 3, and (y) im-
plies (@) by Definition 1.5, completing the proof.

LEMMA 1-4. If a line has a parallel line, then it has just two ones.

ProOF. Let p+¢q and r+s be parallel lines. Then by Lemma 1-3 there
exist two points o and o’ such that

(pro)C, (gs0)C, (pso')C and (gro’)C,
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and so p+qlio+o. ConseQuent_ly the line p+¢ has at least’ two parallel
lines. Suppose that the line p+¢ has a parallel line & +y. except r+s and
o+0'. Then by Lemma 1.3, there exist as above, two points ¢ and ¢’ such
that (pxt)C, (qyt)C, (pyt")C and (qat")C.

Now (p, q)7 yields (o, )r and (o, )7 by G 4. But G3 shows that this
is impossible, since (pyt')C and (o, p)r. Therefore the line p+¢q has just
two parallel lines and the proof is complete.

In the following, we shall assume that a general partition geometry G
lS espec1ally a partition geometry, that 1s, it satisfies the axiom G 5.

Then the following lemma holds. N

LEMMA 1-5. If the line P+q contains only two pomts then it has
always a parellel line.

Proor. Since the line p+q¢ contains only two points, by G 5 there exists
a third point r such that.the lines 7+ and r+q contain the third points s
and ¢ respectively. Hence by Lemma 1-3 the line s+t is parallel to the
line p+q. ‘ , .

We now prove the prmc1pa1 results of this section. :

THEOREM 1-2. Let G be a geneml pwrtztzon geomelry. If the planes
and poarallel lines are defined in G by Definition 1-2 and 1.5, then G satisfies
the following axioms : '

G I Any line contains at most three points.

G II. Any two points on & line define the same line.

G IIl. Any plane contains only three, four or six points.

G IV. If a line has o parallel line, then it has just two ones.

Conversely, suppose that G is a geometric system with points, lines, planes
and porellel lines which are defined by Deﬁm‘tz’on 1.2 and 1.5 and that it
satisfies the above axioms GI-GIV. Then G is a general partition geometry

Any general partition geometry is ¢ partition geometry if and only if it
satisfies the following axiom : ,

G V. If a line contains only two points, then it has a parallel line.

Proor. We shall show that any general partition geometry G satisfies
the axioms GI-GIV. By Definition 1-2, G satisfies GI and GII. And
moreover it satisfies GIII and GIV by Lemma 1-2 and 1-4 respectively.

Conversely in order to prove that any geometry G which satisfies the
GI-G1V, is a general partition geometry, that is, it satisfies the axioms
G1-G 4, we shall show first that the fol]owmg lemma holds in such a.
geometric system G. '
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LemMA 1.6. Suppose that G is a geometm'c system which satisfies the
above axioms G I-GIV. Let p(i=1, 2, 3), q,(j—l 2) and q be points in G
such that

(P10:05)C, q €Dy +_pz: (ga,1,)C and (gq,p,)C,

then we shall have

(019:05)C, (@, Ps)F, (D1, @2)7 and (g, q,)F.

ProoF. Suppose that the three points ¢;, ¢, and p; be non-collinear,
then by Definition 1.5 the plane p,+p,+¢ contains the six points p;, P., Ds,
-q, q, and ¢,. Hence it is impossible that- the plane p,+p,+¢ contains no
more points by GIII and so we have

(qll QZ)?’ (QZ’ p3)}':» (qlt p3)F: (qlt p2)7_‘9 (plx (12)F and (q, pa);

Thereforg the 'line P, +q, has three parallel lines g, +p,, q; +p;, and ¢ +p,,
contrary- to GIV. Hence we have (q,u,p;)C. :

Since the plane p,+p,+q contains obviously six points, the rest of the
lemma follows directly from G IIL. ‘

By making use of this lemma we shall prove that G satisfies the axioms
G3 and G 4.

First to prove that G satisfies G 3, let us suppose that

(p,9:05)C, @ &£ P, +p, and (9,0,9)C,

then the plane p, +p,+¢q contains the five points p,, p,, 95, ¢ and ¢;. Hence
by GIII it must contain one more point and so at least one of (g, p,),
(q, ), (a1, p;) and (q,, p;) must be related. For instance let ¢ and p, be
related and ¢, be the third point of the line p»,+¢q. Then by Lemma 1.6
we can prove (p,;, g)F.

Similarly in the other case we have also

(P @) and (ps, q)F, O (D, q)F and (p,, g)r.

and G 3 is satisfied.
Next in order to prove that G satisfies G 4, let p,(i=1, 2, 3), q,(j=1, 2),
q and r be points in G such that _
(2:12:05)C, @, T & Dy +D2 a7, (9,99,)C and (p,qq,)C.

) Now sﬁppose that ¢ and r are unrelated. Then by G 3 and Lemma 1.6
there exist points o, o/, 7, and 7, such that
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(0g,7)C, (0gr,)C, (0'qry)C and (o'g,r)C,
and moreover we have

(lhy 'r].);'9 (0: pl)?’ (0,) pz)')_' and (q21 "'2)7'

This contradicts G IV, since the line ¢+ has four parallel lines p,+o,
p,+0', ¢, +7r, and ¢,+7,. Hence q and r are related and thus G4 ié satisfied.
And the first part of the theorem is proved. | _

Finally we shall prove that any general partition geometry G is a par-
tition geometry if and only if it satisfies G V. _

The foreward implication follows directly from Lemma 1.5. Conversely,
suppose that a general partition geometry G satisfies GV. Now let » and ¢
are unrelated points, then by GV there exist two points r and s with
p+q||r+s. Hence by Lemma 1.3 there exists a point o with (opr)C and
(0gs) C, and thus G5 is satisfied, that is, ¢ is a general partition geometry
and the theorem is completely proved.

§ 2. The Lattice of All Additively Closed Sets of General Partition
Geometries. 4

In this section, let G be a general partition geometry, and hence accord-
ing to the results obtained in § 1, G satisfies the axioms G1-G 4 or GI-GIV.

DzrINiTION 2-1. Let A be an additively closed set of G and p be a
point in G. Then we define that

p+A= \J (p+q+7) where p+p=p, and p+q+r=p+q if rEp+q.
g rcA

ReMARK 2:1. Let », ¢ and r be points of G, then both the lines p+gq
and the plane p+q+r are additively closed sets of G and we have

p+q+r=p+(@+7r)=q+(r+p)=r+(p+q).
Any subset 4 of G is an additively closed set if and only if
P, q, reA implies p+q+r<A

LemmA 2- 1 Let A be an additively closed set of G. Then a point s
“belongs to p+A if and only if either scp+r for some rc A or p+s| q+r
for some q, r € A. ‘

Proor. Necessity. Let s be a point of p+A, by Definition 2-1 -there
exist two points ¢ and » such that s€ p+q+r where ¢, r€¢ A. Without loss
of generality we may assume that p, ¢ and » are non-collinear. Now by
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Remark 2.1 we have p+sCp+q+7. Hence two lines p+s and g+r on the
plane p+¢+r have a common point, or they are parallel to each other.
Therefore we have

s€p+t, teq+rA or p+s| g+r for some ¢, r€ A.

Thus the necessity has been proved. 4

The sufficiency follows directly from Definition 2-1.

In the following, to prove that p+A is an additively closed set, we need
the following

LemMmA 2.2. Let z, y, a, b, p and q be distinct points of G such that

z+y |l a+d, (2pq)C
then there exist two points a' and b’ such that either

(i) y+plla+d, (bb'q)C, y+q| &' +b and (aa'p)C
or (ii) y+p||a +b, (aa'q)C, y+q | a+b and (bb'p)C.

Proor. Since z+y| a+b, by Lemma 1.3 there exist two points ¢ and
d such that o . E
(zad)C, (ybd)C, (2be)C and (yac)C.

Now since (xad)C, (#pq)C and a==p, q,

(i) there exists a point &’ with (paa’)C and (qa'd)C,
or (ii) a+pld+aq.

In the former case, both &’ and y are related to a and d, whence‘by G4
there exists a point b’ with (ya'd’)C. '

Since (ya'b')C, d¢y+a', (dga’)C, (dby)C, we have (bb/q)C by Lemma
1.6. In a similar way, we have (cb'p)C. Hence we have by Lemma 1-3

y+plla+b’, (bb'q)C and y+q || o'+, (aa'p)C.

In the latter case, by Lemma 1-3 there exists a point ¢’ with (aa'q)C
and (a'dp)C, hence interchanging p» and ¢ we have in the same manner as
in (i) | | \
y+p| @/ +b, (aa'q)C and y+q || a+b', (bb'p)C,
and the proof is complete.

LemMMA 2.3. Lelt A be an additively closed set and p be a point in G.
Then p+A is also an additively closed set.

Proor. When p belongs to A, this is obvious, hence let us suppose
that p does not belong to A. Now to prove p+A to be an additively closed
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set, we need only to show that =, y€p+A implies” a+y<p+A hence, that
z, yep+A and (2yz)C 1mp1y z€p+A.

By Lemma 2.1 the followmg three cases occur.

Case 1. x€p+a, yep+b where a, be A. -

By Remark 2-1 we have obviously

zex+y Cp+a+b T p+A.

Case 2. z+pl a+a’, yep+b where q, a,", be A.

Since z+p | a+a/, (a:ysz and we may assume that the four points a,
o/, y and z are distinct (since otherwise the statement trivialy holds), by
Lemma 2.2 there exist two points ¢ and d such that

(i) p+ylla+e, (ca'z)C, p+z| a'+2z and (day)C,
or (ii) p+y| o'+d, (daz)C, p+z| a+c¢ and (ca'y)C.

In the former case, since (p, ¥)*, y € p+b yields y=b. Hence d € a+b A4
and so we have p+=z || a'+d where.a', d € A, whence z€p+4 by Lemma 2.1.

In the latter case, similarly we have ZzEP+A.

Case 3. z+plla+a’, y+p| b+ where a, o/, b, V' €A.

We may assume that the four points a, ¢/, y and z are distinct, since
otherwise the statement is obvious. And moreover @+p || a+a’ and (wyz)C
by assumption, hence by Lemma 2-2 there exist two pomts c and d such
that ) :
(i) p+ylle+e, (ca’z)C and p+z || a’ +d, (day)C. . ,
or (ii) p+yl o' +d, (daz)C and p+z | a+ec, (ca'y)C. o

In the case (i) the line p+ae and y+c¢ have a common point ¢ and
p+ylld+e by Lemma 1.3. While p+y| b+b’, hence by GIV we have
b+b'=a+c or d+e.

If b+b'=a+c, then c€ A since b+b'CA and so (ca'z)C ylelds zEa’+c
CACp+A. If b+b'=d+e, then de A since b+b'CA and so we have
p+z| a'+d where o/, d€ A. Hence z€p+A4 by Lemma 2.1.

In the case (ii), similarly it is readily seen that z € p+A. Therefore the
set p+A is an additively closed set of G.

DEerFINITION 2-3. A lattice L with 0 is called a planer lattice when for
é\ny two points p and ¢ with ¢<p-—a(a==0), there exist two points r and s
such that ¢ <p-—r-—s where 7, s<a. '

DEFINITION 2.4 A relatively atomic, upper continuous, semi-modular

6) Cf. U. Sasaki & S. Fujiwara [1] Definition 1, 3 and 4.
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lattice is called a matroid lattice. -

A matroid and planer lattice is called a general partition lattice if and
only if its points satisfy :

L 1. If p and q are distinct points, then p-—q contains at most three
points.

L 2. If p,q and r are points such that pxq-—r and q=r, then p—q-r
contains only three, four or six . points.

L 3. If p(i=1, 2, 3) and q be points with q=<p,~~p,~ps, then there
exists a point r such that

| g<p,~r and r<p;—p, for some permutation i, j, k of 1, 2, 3.

ReMARKk 2-2. In the definition of a general partition lattice one can
replace semi-modularity by the following weaker condition :

(m") If p, q and r be points and p<q-—r(p=r), then q<p-r.

For from (,") and L 3 we can easily deduce

(n") Let p(i=1, 2, 3) and q be points, then q<p,—p,~ps and qEP;—P;
imply D, <q P Ds.

Since moreover the laftice is planer, it satisfies the exchange axiom

(9") If p, q are points and a<p—a<q-a, then p—a=q-—a.

In a relatively atomic, upper continuous lattice (5') is equivalent to™

(& If x and y cover @, and x=ky, then x—y covers x and y.
Therefore L is a semi-modular lattice.

‘THEOREM 2-1. The lattice I(G) of all additively closed setsof o general
partition geometry G is a general partition lattice. '

Proor. (i) One can easily verify that the lattice L(G) is a relatively
atomic, upper continuous lattice as F. Maeda [1] 93 Theorem 2-1. A

(ii) By Definition 2.3 and Lemma 2.3 L(G) is a planer lattice.

(iii) By axioms GI, GII and Remark 1.1, IL(G) satisfies L1, L2 and

L3. :

(iv) By GII, I(G) satisfies (7,"), while it is relatively atomic, upper
continuous and planer lattice by (i), (ii), and satisfies L3\ by (iii). Hence it
satisfies (£/) by Remark 2-2. And so L{G) is a matroid lattice.

Thus the lattice L(G) is a general partition lattice.

§ 3. Lattice Theoretic Characterization of Partition Lattices.
In this section, let the lattice L be a general partition lattice.

7) Cf. F. Maeda [2] Theorem 3.
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DerINITION 3-1. Let » and g be different points of L. If p—q contains
the third point », then we shall say that p and ¢ are related (in symbols
(», @)r), and that p, ¢ and r are collinear (in symbols (pgr)C). Otherwise
they are unrelated (in symbols (p, q)F). ‘ , '

Lemma 3-1. Let p(i=1, 2, 3), ¢(j=1, 2) and q be points in L such
that

(210205)C, (90,2:)C, (99:p.)C and q£p,~p,,

then we have

-

(pzy Q)7 (1, Qz);': (ps» Q)i' and CQ1ﬂzp3)C'

Proor. Obviously qp,p;=p,, P2 D3 €1, 92 ¢ and any two of them
are distinct. Hence by L2 ¢-p,~p, contains no more points. And so we
have '

(pz: ql)?o (plt Q2)'7': (p.a' (I)?-

Suppose that ¢,, ¢, and p; are non-collinear points. Then we have
0,355"~Ds, GyD; and @y, @y Dy <P, Dy, hence by U. Sasaki & S. Fujiwara
[1] Lemma 2 we have q,—q,—p;—q\»p,~p,. While ¢p,—p, contains the
six points p,, Pz, s, ¢, ¢, and gy, hence by L2 we have (¢, )7, (¢;, ;)7 and
(g1, ps)7.

Therefore by L 3 we have p,%¢,'—¢,—p, this contradicts q,—q,—p,=
q-p,~p,. Hence we have (q,9,p,)C. 3

COROLLARY 3-1. If pfi=1, 2, 3), ¢,(j=1, 2) and q be points in L and
(p0g035)C and q£p,~p,, then q is related to one and only ome of p, and p,.

~ Proor. By Lemma 3.1 this is proved as Theorem 1.3, G 3.

Now we shall prove the principal theorem in this section.

THEOREM 3:1. Let L be a general pamtzon lattice and denote by G(L)
the set of all points of L. In G(L), if we deﬁne p+q by the set of all pomts
contained in p—q, then the following statements hold :

(1) G(L) is a general partition geometry.

(2) L is isomorphic to the lattice of all additively closed sets of G(L).

(3) L is isomorphic to the lattice of all partitions of some set if and only
if L is irreducible.

Proor. (1) We shall show that G(L) satisfies the axioms G1-G4.
Obviously G1, 2, 3 are implied by L1, semi-modularity and Corollary 3-1
respectively. And hence we need only to prove that G(L) satisfies G 4‘,

Let (9,0,05)C, @, * €Dy +Ds q=7, (90,0,)C, (4€202)C, (rrypy)C and (rreps)C
and suppose the conclusion of G 4 to be false, that is (¢, 7).
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By Lemma 3.1 we have (¢,¢,05)C, (r,7:05)C, (q, Ds)F, (7, D)7
"And moreover by Lemma 3-1 and G 3 there exist two points s and t
such that

~ (gsm)C, (@sr)C, (aytr,)C and (gqtr,)C,
and such that

<P s <Py @ 1y P @Dy 1 Py A Qo).

Since L is a planer lattice, we have t<p,—u-—v where u, v<qr—p,:
While (g, )7, (r, p;)b‘ and (ps, q)F, hence by L 3 the set {u, v} is equal to one
of the sets {q, r}, {7, »;} and {p, q}. For instance let {u,b}:{pa, q}, then
we have p,uv=p,—p;\q=D,, D D3, ¢, @1, 9»» Whence by L2 p,—p;q
contains no more point, contrary to p,—u-wv>t. Therefore we have (g, r) 7
and thus G 4 is satisfied.

(2) Put S(a)={p; p<a} for a€ L and a(S)= \/ {p; p€ S} for an addl-
tlvely closed set of G(L).. Then we have

ca(S(a)) =\/(p; peS(a)=\/(p; p<a)=aq,
and . . S(a(S))—ip p=a(S)} = {p; p<\/(g; ¢€S)} DS.

In order to prove S(a(S))=S, we shall show that p e S(a(S)) impl»ies péS.
Suppose that p € S(a(S)), that is p< \/(q; qu)
Then since L is relatively atomic, upper contlnuous, we have

 p=<q gy Ll g, where g € S(i=1, 2, ... , )"

Now we shall prove that p belongs to S by induction.

For n=1 this is obvious, Suppose that this is true for n=m. Since L
is .a planer lattice, if pgqlqu’ ....,..vq,,,,u. then there ex;st two. points 7
and s such that

p<q1vrvs and 7, s<q2 ...... vq,;u+1 where ¢, € S(i=1, 2, ..,...,m+1).

By the induction hypothe51s 7, 8 eS and hence peS Hence thls is true for
n=m++1.

Therefore there exists a one-to-one correspondence a—S(a) between L
and the lattice of all addltlvely closed sets of G(L), which preserves. the
inclusion relation. Hence L is isomorphic to the lattlce of all additively
closed sefs of G(L).

8) Cf. F. Maeda [1] 90 Lemma 1.3.
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(3) Let L be a irreducible general partition lattice, then by U. Sasaki
and S. Fujiwara [1] Theorem 3, any two points are perspective to each
other. Hence for any two points p and ¢ there exist  and s with ¢<prws
and ¢~(r-s)=0, since L is planer.

If p and ¢ are unrelated, then by L 3 there exist points # and ¥ such
that .
p<aw~y and rx<gws, or p<sw—y and y<q-r.

Hence a general partition geometry G(L) satisfies G5 and so L(G) is a
partition geometry. Combining Theorem 1-1 and (2), it is readily seen that
L is isomorphic to the lattice of all partitions of some set.

Conversely, let L be a partition lattice, then there exists a partition
geometry  such that L is isomorphic to the lattice of all additively closed
sets of G by Theorem 1-1, whence L is a general partition lattice by
Theorem 2-1.

If p and ¢ are unrelated, then by G 5 there exists a point 7 such that
(pxr)C and (pyr)C. Hence there exists a point z with (yzp)C by Corollary
3-1 and we have (2; #)r by Lemma 3-1 and so ¢ <pw—a -y and g~(2—y)=0.
This shows that p is perspective to ¢ (of course if p and ¢ are related, »
is perspective to ¢). Hence any two points of L are perspective to each
other and so L is irreducible by U. Sasaki and S. Fujiwara [1] Theorem 3.
Thus the theorem is completely proved.

THEOREM 3-2. Any general partition lattice is a direct union of partition
lattices. ‘

Proor. This follows directly from U. Sasaki and S. Fujiwara [1]
Theorem 4 and the above Theorem 3-1.

In conclusion, the authors wish to express their sincere thanks to
Professor F. Maeda for his kind guidance.
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