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Given a property P of sets in a topological tpace, let P denote the 
family of sets having this property. C. Kuratowski defined set A*, by a 

local character determined by P and studied the operation A* imposing 

to P two conditions called hereditary and additiven. Here we concern 

w~th P more or less restrictEd and investigate the formal properties of 

operation A*. We my P to be maximal when A=VA,, A, open in A, 

and A, E P imply A E P. Our results are related to this property, e.g., if 

P is hereditary, additive and maximal, then every A* is a regular closed 
set if and only if P contains a family consisting of non-deme sets. And 

then A *=A *c*c* holds. 

§1. Preliminary Definitions and their Immediate Consequences. 

1° Let R be a topological space2i. Unless otherwise stated, G, H, 

with or without index, stand for open subsets of R, and F closed subsets 
of R. Let P,p be any family of rnts CR such that OE P,;,. For any set 

A CR we define 

(i) A'P=LV I G; G(\A E Pd)~ 

(ii) A0)=A(\A¢ 

(iii) A'P*=A(\A¢c 

and we call AC:•) and Af*, ¢-coherence and ¢-adherence of A resptctively. 

For example, let P .. consist of Gnly a null set, then A" means the closure 

of A. It is easy _to see that A'P is closed and AiiCA ". 

THEOREM 1,1. (1) If G(\X-40 implies G(\Ar/.P,;, for arbitrary G, 

then we have XCA,;, 

( 2) If XCA ;, then G(\X 40 implies G(\A r/. P,;, for arbitrary G. 

( 3) A¢ is the maximal set X satisfying the condition of (1). 

( 4) The condition p E A:6 is equivalent to that G(\A r/. P,;, for any 

neighbourhood G of p. 

1) Cf. [2], 29. Numbers in brackets refer to the bibliography at the ent of the paper. 
2) Cf. [1], 37. 
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Proof. ( 1 ): Assume that X*A0, then A?lc(\X=i=O. Since by definition 

A?lc=V { G ; G {\A E P ,i l, there must be a G such that G {\X =t=O and G {\A 

E P,i. This is a contradiction. 

( 2 ) : Let XCA?l. If G{\A E P,i, then GCA?lcCXc, that is, G{\X=O. 

(3), ( 4) follows immediately from (1), (2). · 

This theorem shows that definition of A/6 is equivalent to that due to 

C. Kuratowski3l. 
THEOREM 1,2. 

( 1) O?l=O. 

( 2 ) A E P ,i implies A?l=O. 

( 3 ) A/6¢ CA¢. 

( 4) (G{\A)?J::::iG{\A/6. 

( 5 ) GCR/6 implies G'/>=G". 

Proof; (1), (2) follow from the definition of A/6. 

( 3): A?l?lCA?l"=A'/>. 

( 4): Let H{\(G{\A?l)=t=O, that is, (H{\G){\A?l=t=O, then it follows 

from Theorem l•l that H{\G{\A ~ P;,, nence (G{\A)?l~G{\A<J>. 

( 5): G'/>=(G{\R)?l~G{\R?l=G by ( 4), hence G'/>=G". 

2° Given two P;,,P,'r, we write y~¢ when Pf,~P.ry. 

THEOREM 1,3. y>¢ implies A"r;:::>A'/>. 

Proof. A "rc=V I G; G {\A E Ai, l CV l G; G {\A E P ,i l =A<J>c, that is, A "r:::2:A?l. 

Now we define P'?,= l A ; A</>=0 I. Then we see that rps;;,,¢. 

THEOREM 1,4. A¢=A'i>. 

Proof. Since cf;;;;"rp, hence it follows from Theorem 1·3 that A¢~Ai6. 

Making use of Theorem 1,2 (5) we see that A¢c=V{G; G{\A?=O! 

~VIG; G{\A E Pi6J=A~c, that is, Ajllci~. Hence we have Ajll=A~. 

THEOREM 1,5. A<li~A?l holds for any A if and only if A"'=O implies 

A¢=O. 

Proof. The necessity is .trivially true, so we prove the sufficiency. 

A"rc=VI G; (Q{\A)'¥=0}CV IG; (Gf\Ai=Ol=Ajllc, that is, A"r~A?l. 

A family of sets P is said to be maximal when 

(M) If A=VA,, A, open in A, and A, E P, then A E P. 

If P;, is maximal, we shall also say that ¢ is maximal. 
THEOREM 1,6. Pjll=P-f, for maximal¢, that is, AEP,i is equivalent 

to A¢=0. 

3) Cf. l2], 29. 
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Proof. Let Ajll=O. Since by difinition VIG; G{\AEPj11}=Aj11c=R, it 

follows that A=V!G{\A; G{\AEPjll} EP<f,. 

THEOREM 1,7. Let ¢ be maximal, then A'¥:::::JAjll holds for any A if 

and only if ,Jr~¢-
Proof. By theorem 1·3 it suffices only to show the necessity. It 

follows from Theorem 1•5 that ,Jr;?;,f",;2.¢=¢. 

THEOREM 1,8. ¢ is maximal if and only if A"* E Pjll holds for any A. 

Proof. Let ¢ be maximal, then A</J*=V ! G{\A; G{\A E Pj11} E P<f,. Con

versely assume that Ajll* E P<f, holds for any A. If A=VA,, A, open in A, 

that is, A.=A{\G,, and A. E Pjll, then Ajll*=V j G{\A; G{\A E Pjll l~V(G,{\A) 

=A. Hence A=A<f,* E P<f,. 

COROLLARY. If ¢ is maximal, then A¢*9l=O· 

3° A family of sets P is said to be hereditary, weakly hereditary, 

additive and weakly additive respectively when 

( H ) A E P, BCA implies B E P, 

and 

( H )w If A EP and Bis Qpen in A, then BEP, 

(A) A, B EP imply AVB EP, 

( A )w If A, BEP and one of them is closed in AVB, then AVBEP. 

If P¢ satisfies one of these conditions, say (H), we say that ¢ is 
hereditary, or ¢ has the property (H) 

THEOREM 1,9. Let ¢ be weakly hereditary. Then G{\A</J=O implies 

G{\A E P<f, for arbitrary G if and only if Al6* E Pjll. 

Proof. It is esay to see that the necessity holds, since Ajllc is open. 

Assume that Ajll* E Pj11. If G{\At/>=O, then G{\A=G{\Ajll* E Py,. 

THEOREM l, 10. The following two conditions are equivalent 

( 1 )' G{\Af>=O implies G{\A E P¢ for any A. 

( 2) ¢ is weakly hereditary and maximal. 

Proof. ( 1) - ( 2): Let A E P¢, then (1) implies that G{\A E Py,. 

Hence ¢ has the property (H)w· It follows from Theorems 1,8 and 1,9 

that ¢ is also maximal. 

( 2 ) - ( 1 ) : This follows from Theorems l • 8 and l • 9. 
THEOREM 1, 11. Let¢ has the property (H)w, (M), then the following 

two conditions are equivalent for a given set A. 

( 1) Ajll¢=A91. 

( 2 ) G{\At/> E P¢ implies G{\Ajll=O. 
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Proof. 

( 1-) -+ ( 2): 0=(G(\A'Py/'~G(\A'1'¢=G(\A¢ by Theorem l•l . 

. (2)-+ (1): A¢'i'c=VlG; G(\A1'EPi6l=VlG; G(\A1'=01=Ai6c, that 
is, A¢¢=A'P. 

4° Given operation A* such that A* is a closed set, and 0*=0. 

Put P¢={,A; A*=0j. Then 

THEOREM 1.J2. If G(\A*=0 is equivalent to (G(\A)*=0 for any A, 

then- A*=A¢ and cp has the properties (H)w, (M). 

Proof. A¢c=VlG; (G(\A)*=0l=VlG; G(\A*=0l=A*°. tpat is Ai6=A*. 

Theorem 1,10 shows that cp has the properties (H)w, (M). 

5° THEOREM 1, 13. Let cp, y have the property (H)w, and if assume 

that R1'=R'°¥, Ri6ci6=R,;,c-1i=o, then G1'=G'¥ for any G. 

Proof. (H(\G)5"=0 means that H(\GCRi6c=R-1ic. Hence (H(\G)i6=0 

equivalent to (H(\Gf,!=0, so we have Gi6=G-1i. 

§2. Properties of Operation A1'. 

1° THEOREM 2,1. Let cp have the pyoperty (H)w, Then 

(1) A1'~(G(\A)5", 

( 2) G(\A1'=G(\(G(\A)5", 

( 3) (G(\A)1''P~(G(\A¢)5", 

( 4 ) ( G (\A )Ci6)=G (\A Ci6), 

( 5) (G(\A)5"*~G(\Ai6*, 

( 6) A¥l*C¢)=0, 

( 7) A¢*¥i*=A¢*, and 

( 8) If A=VA,, A, open in A, then A(¢J=VA(fJ. 

Proof. 

( 1 ) : Let H (\A E P ¢, then H (\ G (\A E P ,t, . since efJ has the property 
(H)w, Hence H(\(G(\A)'P=O by Theorem 1,2 (4). Theorem l•l shows 
that A¢2(G(\A)'P. 

( 2): G(\A¢~G(\(G(\A)i6 by (1). On the other hand G(\(G(\A)'P 

~G(\(G(\A¥i)=G(\A1' by Theorem l,2. Hence G(\A1'=G(\(G(\A)5". 

( 3): G(\A¥i is open in ( G(\A)'P by (2), hence ( G(\A¥i)?"'C( G(\A)5"¢ by (1). 

, ( 4): (G(\A)<'P>=G(\A(\(G(\A)'P=G(\A(\A1'=G(\A(,t,J by (2). 

( 5): A¥icC(G(\A)'Pc by (1), hence (G(\A)'P*~G(\Ai6*. 

( 6): A¢~,9i)=(A(\A¥ic)C<f,)=A('P)(\Ac¢=A(\A¥i(\A5"c=O by (4). 

( 7): A¢*=A:6*¥i*VAi6*(i6J=A¢*i6* by ( 6 ). 

~ lO\)~ 
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( 8): We can write A, as G,(\A, hEnce A<,!6)=(G,(\A)(i6)=G,(\A<i6J 

by (4). Therefor A(i6)=V(A('fl(\G,)=VA\i6l. 

THEOREM 2,2, Let ¢ has the property (H). Then 

( 1) A~B implies A'i'-;:>_B'i', A(i6)2B(i6) and Ai6* (\BCB'i'*, and (2) 

(AVB)'ft~A'PVBi6. 

Proof. 
(l): Let G(\AEP,;,, then G(\BEP,;, since¢ has the property (H). 

It follows from the definition of Ai6 that Ai6~B'i', hence A<'fl=A(\A'P 

~B(\B1'=B(i6), and A'P*(\B=A<f>c(\BCB'i'*. 

( 2) follows from (1). 

THEOREM 2,3. Let ¢ have the properties (H) and· (M). Then 

A<f>=A"',;, holds for any A if 2nd only if A E P,;, implies A" E P,;,. 

Proof. It suffices only to sh0w the sufficiency. Let G(\A E P,;,, then 

G(\ACG(\A"'C(Gf\AY E P,;,, he:nce G(\A E P</> is Equivalrnt to G(\A" E P<f,. 

Therefore we conclude that A'P=A x'f. 

THEOREM 2,4. 

( 1) If cp ha~ the properties (H), (A)w, then (A\jB)'P=A'i-VB<f> if one 

of A, B is closed or open in AVB. 

( 2) If ¢ has the properties (H), (A), then (AVB)'P=A'fiVB,;,, 

Proof ( 1): It needs only to shG'W that (AVB)'PCA'PVB<f>. First 

consider the case A is closed in AV B. 

A<fc(\B'fc = LVIG; G(\AEP,;,l]f\LVIH; H(\BEP,;,}.1 

= VIG (\H ; G (\A, H (\BE P,;, l 
C V!G(\H; G(\H(\A, G(\H(\B EP,;,! by (H)w 

C VIG(\H; G(\H(\(AVB) EP,;,l by (A)w 

= (AVB)'i'c, 

that is, A'i'VB<f>2(AVB)'P. 

· Next assume that A is open in AVB. Then B 1=B(\A" is closed in 

AVB1=AVB. Therefore (AVB)'P=(AVB1)¢CA\'IVB(CA1VB,;, by Theorm 

2•2. 
( 2) can be proved as (1). 

2° THEOREM 2,5. Let ¢ have the properties (H)w, (A)w, and (M). 

Then ( 1) G(\A E P,;,, G(\A('Pl=O and G(\A(¢J E P<f> are all equivalent to 

one another. 

for any y?_cp. 
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( 3) (G(\A)'P=(G(\A('/>l)'/>=(G(\A('Pl)~ 

( 4) F'P'P=F'P. 

( 5 ) G'P'P=G'/>. 

( 6) A'P¢¢=A'Pi'. 

for any "'1'2.¢. 

(Vo!. 15. 

Proof. ( 1): G(\A EP¢ implies G(\A('/>!=(G(\A)(i6l=O by Theorem 2,1, 

hence also G(\A('/>) E Pr,, and in turn the latter implies G(\A\-( G(\A('/>l) 

V(G(\A'P*) E Pr, by Theorem 1,9 and by (H)w, (A)w, 

(2): A¢c=V{G; G(\AEPr,J-V{G; G(\A('P)EPy;j=A(</>)'/>c by (1), 

that is, A¢=A(¢J¢. Since A¢=A(¢l¢CA(¢HCAC¢JxCA¢"=A¢, we have Al<' 
=A(¢l¢=A(¢)•1'. 

( 3): By making use of (2) and Theorem 2·1 we show that (G(\A)'f 

=( G (\A)('/>J'/>=( G (\A C'/>J)'f ,( G (\A )'P=( G (\A )C'/> )'1i=( G (\A (l6l)'1'. 

( 4): Since F¢=p('/>J, pl6</>=p(l6)l6=F¢ by (2). 

( 5): G<'/>J is open in G¢, hence Gl<'2G¢¢2G(¢J¢=G¢ by (2). 

( 6): All' is closed, henceA,¢¢¢=A1'l<' by ( 4). 

THEOREM 2,6. Let ¢ have the properties (H), (A)w and (M). And 
let "¥'~¢ •. Then 

( 1 ) A¢=A¢¢=A'/>\ 

( 2) A¢=A(¢!1'=A(•1')</>, 

( 3) (G(\A)'P=(G(\A'P)'P=(G(\A'P)''I, 

( 4) G(\A E P,p, G(\A'P E Pr, and G(\A'P=O are all equivalent to one 

another, 

( 5) If A=VA,, A, open in A, then A'P=(VAf)!i, and 

( 6) If Pr, is completely additive, and if A=\) A,., then 
"=1 

A¢=(V A'P)<Ji 
"=l • 

Proof. ( 1): A¢:=:JA'/>·1':=iA¢¢:=:JA(¢)'/>=A'/> by Theorem 2,5. 

( 2): A'P:=:J(A(\A'1i)'P:=:J(A(\A'P)'P=A'P=A('/>)·1' by Theorem 2,5, hencewe 
have A'P=A('1iJ¢=AC¢J•J,: 

( 3): (G(\A)'P=(G(\A('P!)'PC(G(\A'P)'P~(G(\A'P)'1'C(G(\A'P)"-C(G(\A)l<'"" 

=(G(\A)'P by (2). Hence (G(\A)'P=(G(\A'P)'P=(G(\A'P)'1', 

( 4 ) follows from (3). 

( 5): By making use of Theoren 2,1 and (l}, (2) we show that 

A¢=A('/>J'/>={VA(,'/>l}!6C{VAt !'PC!VAf}'¥C{VAf}"'CA!D"-=A'f. Hence we 

have Afl=(VAf)'1i. 
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( 6): G(\A E P'} implies and is implied by that G(\An E P'} for any n, 

hence by (4) G(\At=O or EP'f, that is, G(\(VAt)=O or EP'f. Hence 

A'fi=(VAt)'f=(VAt)"'. Since ¢<,y:S:a, we have Ai6=(VAtyl'. 

THEOREM 2,7. Let ¢ have the properties (H), (A)w and (M), Then 

the following conditions are equivalent. 

( 1 ) Ail'=A·Jii6 holds for any A. 

( 2) (G(\A)'P=(G(\A<1')'f holds for any A, G. 

( 3) ,y:?:¢, and A E P,j, implies A<1' E P,. 

Proof. 

( 1) - ( 2): (G(\A'1i)'P=(G(\A'1ii6)il'=(G(\A'P)'P=(G(\A)'P. 

( 2) - ( 1): (1) is a special case of (2). 

( 3) - ( 1): Let G(\A EPi6, then 0=(G(\A)'1''P~(G(\A'1')i6~G(\A'¥i6, 

hence A'fi2A'1'f. Since A<1'¢~A¢i6=Af, we have Af=A<1'i6. 

( 1 ) - ( 3 ) : This is obvious. 

§3. Operation cpccpccp 

1° In this §, unless otherwise stated, we assume that ¢ has the 

properties (H), (A)w and (M). 

THEOREM 3, 1. Given ¢, there exists a p such that p has the pro

perties (H), (A)w and (M) and AP=Aci6qll for any A. 

Proof. Put Pp={A; Aci6c¢=0}. Since oc'fc¢=O, OE Pp. A EPp is charac

terized by Ac'fi=Rf, or Ac¢~R¢. 

(i) Suppose that A E Pp and A~B. Then SC¢-::2_Ac¢~R¢. Hence Pp 

has the property (H). 

(ii) Suppose A, B EPf and Bis closed in AVB. If we write C=AVB, 

then there exists an F such that B=C (\F. Then 

cc'f=(A C (\Bc)'P~(A C (\Fc)'P=(A c¢ (\Fc)'P=(R'P (\Fc)'P=FC'P. 

Using this relation we see that cc¢=Cci6VFc'fi=(C(\F)Ci6=Bc'l>=R¢. Thus 

PP has the property (H)w· 

(iii) ( G (\A yi6c¢=( cc¢c (\A c'fc¢ )'P=( G (\A ci6ct/> )'l'V ( cc¢* (\A c'fc¢)'fi 

=( G (\A c¢c'f)'f. Therefor G (\A EPP is equivalent to G (\A c'fct/>=0. 

Theorem 1,2 shows that p has the property (M) and AP=Ac'fic</>. 

Remark. In the sequel we identify p with ccpccp, Then pp=p implies 

¢c¢=¢c¢c¢, that is, A¢c¢=AtJ>ctJ>ct/> for any A. If ¢ has the property (A), 
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this is a E.pE.cial case of a result obtained by S. Matsushita4). If ,fr has the 
' 

property (H)w, and if R'P=R·~, R~C'f=O holds, then we sE.e that ¢c¢=¢cy, 

hence Ac¢c¢=Acit>c·}. 

THEOREM 3,2. ¢c¢cef) has the propertits (H), (A)w and (M). If ¢ 

has the property (A), then ¢c¢c¢ has it. 

Proof. Put p=c¢c¢, then cpcp=¢c¢c¢, hence by Theorem 3, l ¢c¢c¢ 

has the properties (H), (A)w· and (M). If ¢ has the property (A), thrn 

(AV By/'c¢c¢=(A¢V B¢y¢c¢=A¢c¢c,;,V B¢c¢c¢, so that ¢c¢cef; has the property 

(A). 

THEOREM 3, 3. ¢=¢c¢c¢ if and only if ( G'P {\Gc)'P=O for any G. 

Proof. ¢=cj,CqJC1) implies that C G'P {\Gc)'P=( G'P {\GC)¢c1'c¢c( G'P {\Gcy,;,c,;, 

=( G'f>c<f,c {\G1'cy/'=G1'c<f,*1'=0. Conversely we assume ( G'P {\Gc)'P=O. Since 

acva,j,*=G1'cV(G'P{\Gc) holds, ac1'=G'fic1'. If we put G=A1'c, then WC 

have A1'=A¢c<f,c¢. 

and 

THEOREM 3--1,: When ¢=¢c¢c¢ is satisfiE-d, we have 

( 1) (A{\B)l"=(A1' {\B)'P if one of A, B is closed or open, 

( 2) (A1' {\B)'P=(A{\B<f)¢=(A¢ {\B'P)l", 

( 3) (A{\B'f)'fi=(A{\B'P)'P if ¢=,fr¢ is satisfied. 

Proof. ( 1 ) : One of Ac, Be is closed or open, hrnce ( A CV Bcy1>c¢ 

=A¢c¢VB¢c,P by Theorem 3,1, that is, (A{\B)'PC'P=A<j,c<j,vB'PC'fi. From this 

we have (A{\B)'P=(A{\B)'i'c<f,c'fi=(A¢c1'VB1'c1'y'fi. · Since Al6 is clos€d, by 

the same argument we see that (A1' {\B)'/'=(A1'c'i'VB1'c1'y1'. Therfore we 

have (A{\B/=(A1' {\B)'P. 

( 2) follows from (1). 

( 3): (A{\B'f)1'=(A{\B'f1')'P=(A{\B'i'y/'. 

THEOREM 3,5. Suppose that ¢ has the properties (H), (A) and (M). 

Then ¢=c¢c¢ if and only if (A¢ {\Ac)'P=O holds for any A. 

Proof. q)=c¢c¢ implies that (Afb{\Ac)'P=(A1'{\Acy¢c'fi=(A1'c1VA1')C1' 

=(A1'cVA1')'i'c1'=R'fic1'=0. The converrn follows from the fact that the 

identity AV(Ac1'c{\Ac)=Acl6cV(A{\Ac¢) implies A1'=Acflc1'. 

· THEOREM 3,6. Suppose that cf, has the properties (H), (A) and (M), 

and that ¢=¢c¢c¢. Thrn P=IA; (Afb{\Ac)'P=Ol is a set field containing 

every G and F and has the properties (H) and (M). And 
-~-~~----

4) Cf. [3], 30. 

-110-



. 1951) ON TO~OtOGICAt Ol>ER,ATlONS DF:TERMlNl':D BY tOCAt CHARACTERS · 

( 1 ) A ¢::;:!A c'/>c'/>- for· A E P, 

( 2) (A(\B)'i'=(A¢ (\B)'P=(A(\B'/>)¢ if A E P, 

( 3) (AV B)C¢c¢=Ac,t,c¢ (\Bc<f,c'/> if A E P; 

( 4 ) If P¢ is completely additive, thE:n P. is also comp!etely additive 

and is invariant under A-operator5). 

Proof. By making use of Theorem l 012 and Theorm 3 • 4 we can show 

that P satisfies the statement in the Theorem. 

( 1): It follows from the identity AVAc¢*=Ac¢cV(Ac¢(\A) that 
A¢ _:_A c¢c¢ • 

( 2): (A(\Afc)'/>=0 by the Corollary to Theorem 1,8. And by the 

assur:npition (A¢ (\A c)'P=O. Hence there exists a set Q E P~ such that 

AVQ=AfVQ, so that (A(\B)VQ~(A¢VB)VQ, hence (A(\B)'P=(A¢(\B)'P. 

( 3 ) : A E P implies Ac E P. He,nce (AV B)C'P=(A c (\Bc)'P=(A c¢ (\Be¢)¢ by 

(2), rn that (AV B)C'PC'P=(A c¢ (\Bc¢)¢c¢=(Ac¢,v Bc¢c)C¢c¢=A c¢c¢v Bc¢cf,. 

(4): Let A,.EP, then A,.VQ,.=AtVQ,. for some Q,.EP¢, hence 

AVQ=(VA~)VQ for some Q E P¢. Therefor we have CCV'4.!)f\Ac)¢=0. 

And thc,n (A¢ (\Ac)'P = (A(\Ac¢)¢ = (V(A,,(\Acf))'fi = (V(An(\Ac¢)¢)¢ = 
(VCAt(\Ac)'P)'fi=((VA·t)(\Ac)¢=O. Thus we conclude that A EP¢. Then 

we can show that the rest of the statement is true6l. 

Remark. If <J>=aoa, then c<J>c<J>=oa. 

2° THEOREM 3,7. Every A¢ is a regular closed Eet if and only if 

every non-dense set belongs to P ¢· Then <J>=<J>c<J>c<fa. 

Proof. Assume that every Ai6 is a regular cloEed set, that is, A¢=A¢'.<>-. 

Then A "~"=0 implies that A¢=A¢',"CA "0 "=0, he,nce A E P¢. The converse 

is true by Tl;l£orem 2,6. And aoa;:;;cp implies that ( Gr/> (\Gc)'PC( G~(\G"f0rx=O, 

hence we conclude that cf,=cpC<pCcp by Theorem 3,3. 

THEOREM 3,8. If A¢ is a regular closed set, then A¢=(A(\Ai6°)¢. 

Conversely if A'fi=(A(\A'P")'P holds for any A, then P¢ contains every 
non-dense set. 

Proof. The firEt part of the Theorem follows from (A(\A'P 0 )7> 

=(A'P (\A'P0 )'P=A51>0 'PCAr/>0"CA¢. 

Next assume that P,t, contains every non-dense set, then A'P=(A(\A'P)'P 

=(A(\A'fi0 )i6, since A¢ (\A?c is a non-C:ense set. 

5) Cf. [2], 56. 
6) Cf. [2], 56. 
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THEOREM 3•9. If every A,s is a regular closed set, then 

( 1) (Ai6 (\B)'fl=(A'P (\B )'f=(A,s (\B)°rx if B is closed or open, and 

( 2) (A9l (\B9l)'/'=(A9l (\Btsrrx. 

Proof. ( 1): (A,s (\B)0""=(A9loo. (\B0 )"'=(A'6 (\B0 )"=(A9l (\B0 )"=(A'P (\B0 y/' 

C(A'f (\B)'/', HEnce if B is clornd or open, we have the statement. 
( 2) follows from (1). 
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