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§ 1. Introduction. 
In our previous paper o), we have considered the equation 

(1. 1) · " of 
Xf ==:EX,.,-·-= 0, 

' l:=l 'OX1; 

where X1:(x) are regular in the vicinity of Z.1:=0 and vanish there. When 
we write the expansions of X&:(x) in the vicinity of X1:=0 as follows: .. 

Xix) = ~ a.1:1x1+sum of the terms of the second and higher orders, 
J:i 

in (I), we have assumed that the. eigen values :\., of the matrix A= II a.,1 I] 
satisfy Poincare's two condition$, namely that 

I. there exists a convex domain .n which contains all :\./s but not 
the origin, 

II. :;\1p1 +X2P2+, .. +)..,.p,.->..1=1=0 for all non-negative integers p1, p2 , ••• , 

p,., satisfying P1 + P2 + ... + P .. ~2. 
In this paper, we assume only the first condition, and we shall show 

that, in this case also, there exist solutions of the same forms as in the 
previous case. 

From the condition I, there exists a line L passing through the origin 
o. in one side of which all :;\/s lie. Draw a perpendicular OH to L in 
the side where X.'s lie. Let the angle between the half-line OH and the 

1 ' I,.,;. . .d ' h>,✓ - l Th . ( )""' . . 1 me, -, .. ✓ - 1) rea axis uc ro, an "',=p1 e . en cos w1-w ___,,-v, name y .,, "'' e 

>o. 
Multiplying both sides of the equation (1. 1) by e ~ •. ,✓ : 1, we have the 

equation of the same form as (1.1), where all. the eigen values of the 
matrix A have positive real parts. Thus, in (1.1}, without loss ·of gene­
rality, we can assume that all the eigen values :\/s of the matrix A have 

(1) M. Urabe, On Sol•tions of the Unear Homogenio•s Partial Differential Eq•a• 
tion in the Vicinity of the Singularity, I. This Journal, Vol. 14, No. 2, p. 115. 
In the following, we denote this paper by (1) . 
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positive real parts. In the following, we shall discuss the problem under 
this assumption. 

By lack of the assumption U, there may exist :\! such that 

(1. 2) 

for non-negative integers p1, P2, .••• , p,. satisfying p1 + p2 + ... + p,.~2. The 
eigen values which can not be written in the form ( 1. 2), are denoted by 
x .. (a=l, 2, ... , S) and others, namely those which can be written in the 
form (1.2) are denoted by X., (x=S+"J., S+2, ... ,R)m. We arrange X., so 

. . 
that . 

9l(Xs+1) ~ 9l(Xs+2) < ... < 9l(Xa), 

Then, if X.,=X1P1 + .•• +X.,-1P:o-l +X.,p.,+X.,+1P .. +1 + ... +XaPR for P1 + ..• +Pa?:2, 

taking real ·parts of both sides, it is readily seen that p.,=P.,+1= ..• =pa=O. 

Therefore the relations (1. 2) which can really hold are of the forms as 

follows: 

(1. 3) 

As. stated in (I), by means of the suitable linear transformation of the 
variables x,., we can transform the matrix A into one of Jordan's form. 
Then the equation (1.1) can be written as follows: 

(1. 4) 

where the unwritten terms in the coefficients of · of are of the second and 
' oxtp 

higher orders, and 8p is 1 or O according as p~2 or p=l. 

In (1. 4), we denote the eigen value x, by xtP, which is the coefficient 

of xtp in the coefficient of of . Of course, the value of Mp is X,. Then, 
ax:p · 

the relation (1. 3) can be written as follows: 

(1. 5) 

., .. -1 L, pf ., 
where pfp are non-negative integers satisfying L! .~ L! pfp:::?:2. After 

!=i f:'1. P=l 

(1) A1. A2, ••• ,As, As+l, ... ,AR are distinct from one another. 
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Horn's idea m, we define the weights wt,, of the eigen values "A.f11 as 

follows: 

(1.6) t 

( 
a,-1 Lt Pm., ) l 

., "1 ~ "1 , t + wf,, = Wf1 + p-1 ; Wu = max. .t:..i ~ ~p .. ,,iv .. ,, , 
t-1 ffl=l P=l 

where the symbol "max.,, denotes the maximum of the values which are 
., 

determined for all possible sets of pf,,,, satisfying (1. 5) for given X,,. Fro_m 
the assumption that real parts of all eigen values are positive, the number 

., 
of the sets of p;,, satisfying (1. 5) is finite, therefore the finite values of 

wr1 are determined. . . R Lt pf 
For any set of non-negative integers q{,,, we call the number I:: I::~ qf,,wt,, 

t=l ,=iP=i 

.R I., pf 
the weight of the set of q:,,, and the number ~ I:: ~ q:,, M,, the order · of 

i=l l=I 1>=1 

the set of q:». 
§ 2. Solution· of ··chatactertstic equations. 

· In (I), in order to solve the equation (1.1), we have considered the 
equations of the forms as follows : 

(2.1) (X->..,) ff,,= /l,,_1<2', 

where flo==O .and l=l, 2, ... , L,; p=l, 2, ... , Pt. When :\., satisfy Poincare's 
two conditions, we have seen that there exist r~gular solutions h,, which 
are expanded in the vicinity of X1:=0 as follows : 

(2.2) !,._,,,.,+ 
l.P - --"lP •••••• , 

where the unwritten terms are of the second and higher orders. 
From (2.1), it is evident that 

(X-:\.1)P: !:»= 0, (p=l, 2, ... , Pf). 

(1) J. Horn; Ueber die Reihen-entwickeltmg der Integrale eines Systems von Diffe. 
rentialgleichungen in der Umgebung gewisser singularen Ste/len. ]our. f. 
seine u. angew. Math., Bel., 116 (1895). · 

(2) In (I), instead of (2. 1), we have considered the equations as follows: 

(2. i 1) (X-Jf) tfp = (P-1) tf.11-i. 
In this paper, for simplicity of calculation, at the outset, we consider the equations 
of the forms of (2. 1), and afterwards we shall consider the equations of the forms 
of (2,1'). If we write the solutions of (2.1) and (2. 1') as J;fi· and 'ff,, respecti·· 
vely, then they are related as follows : 'tl,, ..... ( p -1) ! / ;,, . 
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Let the characteristic Polynomial of the matrix A be D(X)= det. I XI-A I. 
¾ . 

B ~ Pf 
Then D(X). /l. (x-x,)'·1 , therefore evidently D(X) t:Jl=O. Thus we can 

$Uppose the equation (2.1) as the resolvent of the equation D(X)f · 0. In 

this sense, we call the equations (2.1) the characteristic equations of the 
given equation (1. 1). 

When the second condition of Poincare's conditions is not assumed, 
should we consider what forms of the characteristic equations ? In the 
following we shall attack this problem. 

When i=a, the relations of the forms (1. 2) do not_ hold, therefore 
the equations (2.1) have solutions of the forms (2. 2), and from the defi. 
nition of wt p in § 1, it is evide~t that 

(2.3) 
w1~+1 

(X-:\.11) . f:JI = 0. 

Next, we consider the case where i=a:. First, we consider the case 

where i=S + 1. For simplicity of notation, in the following, we omit the 

index which indicates S + 1. For an arbitrary set of pf JI satisfying (1. 5), we 

consider a function as follows : 

(2.4) 

We define the weight and the order of the function of such a form by 
the weight and.the order of. the set of eXPonents f>'tJI respectively. If we 
operate X on <p, then we have : 

(2. 5) 

The second term in the right-hand side is a linear combination with con­
stant coefficients of the functions· of the same forms as 'P· Take an 
arbitrary function from them and let its exponents be 'pf,,. Then, for a 
certain (a, l, p), 'p't,._1=p1,,_1 +1, '1>'t,,=1>'t,,-l and for other (a, l, p), 'pf,,=p1,,. 

Therefore the _orders of 'p111 and flt» are equal to each other. However, 
if we write the weights of pt,, and 'p't,, as w and w'. respectively, then 
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Hence (X-:\.)<p becomes a linear combination of the functions of the same 
forms as <p with the weight w-1 an,d with the same order. Therefore, 
after we have operated X-).. on <p w-times, we have a linear combination 
of the functions of tlie same forms as <p with the weight zero. However, 
when the weight of <p is zero, the exponents p'f,, are zero for p~2, there-

s La p" ' 
fore <p Jl. g ff1 '1. .For such <p, from (2. q), it is evident that (X-X)<p 

=<>. Thus, for <p of (2. 4), we have: (X-X)"'+ 1 <p=O. Now, from the 
definition, w 11~w+1, therefore (X-xt11 rp=O. Then we see that, for any 

linear combination cI> with constant coefficients of the functions of the 
same forms as rp, 

(2. 6) 

Now we consider the equation 

(2. 7) (X-X) f = cI>, 

where v1,, are sums of the terms of the second and higher orders. By F(p:11), we 
denote the_ value of the derivative of the function· F(x:,.ll) for x!.,=0, 
which is obtained by putting x:..q =0 after having differentiated F v:,­
times with respect to x~,, respectively. · Then, after having differenti~ted 
both sides of (2. 7) pl,,-times with respect to x:,, respectively, putting x~,, 

· =0, we have the relations between the derivatives of f as follows : 

R Lt Fl 
c ~ · ~ ~ p~,,M,, - x) f(p:,,) + 
t•l f:"1 fJ•l . 

= <l>(pt,)+L,. 

where L is a linear homogeneous expression of the derivatives of I of the 
R Li P1 

. order ~ ~ ~ pi,, -1 at most and the relation between p~,, and 'p~,, is as 
1-1 1-1 11-1 

follows : for a certain ( i, l, p ), 'pf,,_ 1 =v:,-1 -1 and 'p~,,=p:,, + l, for other 

R Lt pj 
When PiJI do not satisfy (1. 5), ~ "5"1 l:! P\11At11-X =I= 0. Wh~_1n 

t•l t:"1 .P• l 
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satisfy (1. 5), cI> (pf,.) contains an arbitrary constant. For, the term of the 
. ' ' , . . Cl ..•• 

. S La Fi JJf,. 
lowest order in the expansion of rp is ll ll ll xf,. and cI> is a linear 

11-1 i-1 P~l 

combination of these rp's witli arbitrary constant coefficients. Thus, l(p{,.) 

and arbitrary constants in cI> are successively determined, except for l(p~,.) 

corresponding ~o p~,. satisfying (1. 5). By calculation of the values of the 
derivatives of the first order, putting l(p1,.) corresponding to pf,. satisfy. 
ing (1. 5) zero, we obtain the following series satisfying (2. 7) formally: 

(2. 9) In = .Xn + ... , (l = 1, 2, ... , L) 

where the unwritten terms are of the • second and higher orders. The 
convergency of the series of (2. 9) is easily proved as follows: 

There exists a positive number c such that, for all p'tp not satisfying 

(1. 5), 

(2.10) 

As in (I), we consider the equation 

(2.11) 

where v:p <{ V and cI> { W. Then, by (I), there exist regular solutions of 
(2.11) which are expanded as follows: 

where the unwritten_· terms are of the second and higher. orders. However, 
by (2.10), In< Ff1+1• Therefore the series of (2. 9) are convergent for 
sufficiently small values of I xf,.1- We denote the functions cI> corresponding 
to fu by c:I>n, Then we have: 

(2.12) (X-A.) In = c:I>n • 

Consequently, from (2. 6), we have: 

(2.13) (X-A.)"'11 !-l fu = 0. 

Now, corresponding to the equations (2. 1), we consider the equations 

-30-
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as follows: 

(2.14) 

Then, by the same< way as on (2. 7), we see that there exist regular solu­
tions of (2. 14) which, are expanded as follows: 

(2.15) f lP = ::Cip + • • • • • • , 

where the unwritten terms are of the second and higher orders. Then, 
from (2.14), we see that 

(2.16) 

Summarizing the above results, we see that the following theorem is 

valid for ::c=S + 1. 

Theorem 1. The equations 

(C) 

have regular solutions fi,, which are expanded in the vicinity of ;i;i,=O <u, 

follows: 
ff,,=xf,,+sum of the terms of the second and higher orders, 

where 
L pi '°i < l .,-1 ,_,, m Pmq l 

'1>111 == L n n n f:..,, • 
t=l m=l Q=l 

Here LI ... I denotes the linear combination of the arguments with suitable 
., 

constant coefficients and the arguments are con11tructed for all p:,.q satisfy. 

ing (L 5). For such fl 11 and '1>:p, it is valid that 

(C') (X-:>..,)wf,,+l ff,. = 0 and (X-\.,)wh '1>1,, = 0. 

For i=S + 1, we have just now proved the theorem. For i=a, froni 
(2. ~) and (2. 3), the theorem is valid. For any ::c, by indu~tion, we< sha11 
prove the theorem. We assume that the theorem is valid for i=l, 2, ... , 
::c-l. 

Take any one of the terms in <l>f,. and let it be 

(2. 17) 

By our assumption, the theorem is valid for factors t:.." of <p. If we 
operate X on cp, then we have ; 

- 31 ---, 
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(2.18) 

The second and third terms in the right-hand side are linear ~ombinations 

of the functions of the same forms as <p. 
. fl 

Let the weight of p:,., be w. 
Then, as in the case where i=S + l, it can be easily seen that the second 
term is a linear combination of the functions with the weight w-1 and 
the order x.,. Let the exponents of <p/r., and any term of cJ>:S« be 'pip 
and 1111:i- respectively. Then the order of the third term in the right-hand 
side of (2. 18) is calculated as follows : 

The weight of the third term is as follows : 

.~ w-1. 

Thus (X-~) g.i becomes a linear combination of the functions of the same 
forms as <p with the order :>-.., and the weight w-1 at most. Therefore, 
after having operated X-:;\.., on <p w-times, we have a linear combination 
of the functions of the ~me forms as <p with the weight zero. However, 

., . 
when the weight of <p is zero, p:,.q · is zero except for P:.1. Then, for such 
</J,. from (2.18), (X--:>-..,) <p=O, because, in this case, there does not come 
out the second and the third terms in the right-hand side. Thus, for <p 

of (2.17), we have: (X-:\..,)"'+ 1 <p=O. Now, from the definition, w+l 

~Wf1• Therefore (X-~.,) wfi <p=O. Thus, for any linear combination cJ>:,J> 

of the functions of the same forms· as rp with constant coefficients, it is 

valid that (X-x,.)wf1 <l>':a,.=0. Then, by repeating the same process as in 
the case where i=S + 1, we can see that the theorem is valid also for the 
case where i=x . . Thus, th~ theorem 'is completely proved for any i .. 

:- 32-_ 
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Froin the theorem, it is seen that, when the second condition of 
Poincare's conditions is not assumed, the equations corresponding to (2.1) 
are the equations (C). In this sense~ we call the equations (C) the cha­

racteristic equations of the given equation (1.1). 

§ 3. Solution of the given linear homogeneous equation. 

We put l}pf=U}pf and define gfp successively as follows: 

(3.i) (p=Pf, n-1, ... , 2, 1) 

Then, from (C), we have: 

g}pf = !~pj' 

U}pf-1 = l}pj-1 + <l>}pf • 

U}p:-2 = l}pf-2+ <l>}pl.:. 1 +(X->.,) <l>}pf 
(3.2) 

, Pf-2 
gh = th+ <l>i2+(X- X,) <l>fa + ......... + (X- X,) <l>rpf , 

, P'-1 , 
ulo = c))~l + (X-A,) c))f2+ ............... + (X->..,). l <l>~pf • 

When gf0 $ 0, we put uf o == Mo and define hf,. successively as follows : 

(3.3) 

Then 
Mr = (X-X,Y hfo = (X--X,Yufo. 

However, from (C'), htr == 0 for r~wf1• Let the minimum of r be Ht+l, 
for which h;r == O. Then, 

(3.4) 

:!'hen, of course, 

(3 • .S) 

When i=a, always gf0::::0. However, when i=x, it may happen also that 
gl0=0. In these cases, we put as follows : 

f Ci) cv-1) 1 g~p . cv-1) 1 np = F~P-1. cv=1, 2, ... , Pf) 

c3. 6) l Cii) (p-1)! urp = (p-1)! urp+c))r,.+1+CX->...,)<1>TJ>+2+ .... :. 

F'f-P-1 .. 
+(X·--:X.,,) <P1p 1.J = Ffp-1 . . (p=l, 2, ... , Pi) 

-33-
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When Ufc$0, we· put as follows : 

(3. 6) (iii) (HT-r) ! hfr = FzHf-ro (Hf +p) ! gfp = FzHHP. 

Then, from (3. 1) and (3. 3), we have : 

(3. 7) 

Now, when i=a, <l?fp=O. Therefore FTP is equal to /Tp-1-1 except for a 
constant factor. When i=S + 1, <l?f/1 is a polynomial of f'!.tz, therefore 
<l?fpu is a polynomial of F",,.q, From the discussions on (2. 5) (X -A.8 -1- 1) <l?fp+i 

is also a function of the same forms as cI>f/1, consequently it is also a · 
polyrtomial of F':,.q, Then, from (3. 3), M/1 is also a polynomial of F';q. 

Therefore, for p=O, 1, ... , Hf +1, Ffp+i is a polynomial of F':,.q. Then, from 
(3. 2) and (3. 6) (ii), (iii), we see also that · Up+ 1 is a sum of a constant 

multiple of Ffp+_\ or Fiih+i+ P and a polynoifl.ial of F:.q. Thus we see that 

the following lemma is valid for i=S + 1. 

Lemma. ftp is a sum of a constant multiple of Ftp-I or FiHT+ P and a 

polynomial of F},.q, F~q, ... , F"'.,.-,l, and for p=O, 1, ... , Hf, FTP is also a poly . 

. l f pi F"'-1 nomia O mq , ... , mq • 

By induction, we shall prove this lemma. As stated above, the lemma 
is valid for x=S+l. We assume that the lemma is valid for S+l, ... , x-1. 

Now, by the definition, cl>Tp is a polynomial of {;,.q, ... , f";,.--;/, therefore, by 
by QUr assumption, <Pfp is a polynomial of F°!;,q, ... , F"',;;,l. From the discus­
sions on (2. 18), (X-A..,) <l?fp is also a function of the same form as <l?fp, 

consequently it is a polynomial of F"!;.{I, ... , F';,.q1• Then, from (3. 2) and 
(3. 6) (ii), (iii), we see that the lemma is valid also for x. Thus, we see 
that the lemma is valid for any x. 

As in (I), we define Uf0 as follows: 

(3.8) Ufo = Fh/F!o. 

From this, Fh=Ul0Ft0 • According to the formula of Leibnitz upon diffe­
rentiation, we define Ulp as follows : 

(3.9) FIP+l = UlpFlo+(i) UIP-1Ff1+ ... +(:)mP-tzFlq+ ..• +U!oF!p, 

Then, by (I), from (3. 7), it is seen that the following functions are solu­
tions of the equation Xf · 0 : 

-34-



1951) 

(3.10) 

ON SOLU'l'tONS OF 'tliE 1.INEAR liOMOGENlWUS PAR'ttAL OlFf'ERENTIAL 
EQUATION JN 'l'HE VICINITY OF THE SINGULARITY. III. 

{ 

1 1 

Fl, ''I Ft/i ( except for the case ,.;,here i=l-1 ), 

D1o - ·~ log Flo, Ulp • 

Now the functions gip are independent of one another. For, in the 
vicinity of xk=O, gfp are expanded as follows : 

gj,,=.xlp+sum of terms of the second and higher orders, 
because <l>l,, are polynomials of f:,.q of the second and higher orders, conse­
quE;lntly the expansions of <l>l_,, are sums of the terms of the second and higher 
orders. Therefore the value of the Jacobian of ul,, with respect to X1: .is not 
zero for X1:=0. For the case (3. 6) (ii), and (3. 6) (iii), we denote the functions 
Ft,. by Ff,, and Ft,, respectively. Then, from (3. 6), the value of . the 
Jacobian of Ff,., Ff,, and FiH~+p(p=l,2, ... ,PD is not zero· for .xt=O, 

consequently these functions are independent of one another. Then we 
can prove that, among the functions of (3.10), the following functions are 
independent of one another : 

·1 1 

Ff/i;:/Ft0l:i, (except for the case where a=l=l), 

Ufo-L log Ffo, ur,., (p=1, 2, ... , P:-2); 

(3.11) 

1 1 
F dv/Fili uv l 1 pv uv ( 1 2 pv 2) lO 10 , lO-~ Og lo, lp, p= , • ••• • l - ; 

. "'" 
and for the case where H!:=J=O •. u;H~+ P, (p=O, 1, ... , P1-1); 

for the case where Hi=O, u:0 - ;,. log Ff~, Uf,. ; 

(p=l, 2, ... , P!-1). 

For, from (3. 8) and (3. 9), Vt,, is a rational function of Ff0 , ••• , Ffp+1 and 
actually depends upon FfP+i• Likewise, ur,, is a rational function of 
Ff0, ••• , FfP+l and actually depends upon FfJJ+1• For the case where Hi:=J=O, 

from (3. 8) and (3. 9), UjH• + P is a rational function of Flo, ..• , FiH!+ P+l 
l 

and actually depends upon FiH!+P+l· However, by the iemma, F:o, ..• , FiHi 

are polynomials of ~", Fr,.q and F::;q where y and w are not greater than 

z-1. Therefore, UiH1 + p is a rational function of these F':,.q, Fr..q and F::;" 

and FiH~+l• ... , FiH1+P+l and actually depends upon FiH!+p+1· For the 

case where HT=O, ,it is readily seen that u:,, has an analogous form as 

UiH~+Pfor the case where H!=l=O and actually depends upon P:p+r; There-
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fore the Jacobian of the functions of (3.11) with respect to Ff11 (except 

for Ffo), Ff11 and FiHt+ P is not identically zero, namely the functions of 

(3.11) are independent of one another as the functions of n,,, FY11 and 

FiH~+ p. However, these functions are independent of one another. Thus, 

the functions of (3.11) are also independent of one another as the func­

tions of x,.. 
. s ~ 

The total number of the functions of (3. 11) .. is ( lJ lJ P';-1) 
R L., · a~,l=L 

+ ~ ~ .PT=n-1 where n denotes the number of the variables X1c• ,,:r-:.1t::1. 
Thus we have the following theorem. 

" of Theorem 2. In the equation Xf== tj X1: ax1c = 0, we assum,e that X,.(x) 

can be expanded as follows : 
n 

X~(x)= f
1 
a1:;XJ+sum of the terms of the second and higher orders. 

If all the eigen values 11,/s of the matrix II a1c; II lie in a convex domain 

which does not contain the origin, then, in the vicinity of the origin, the 

equation Xf=O has n- 1 independent solutions given by (3. 11). 

§ 4. Extension to the case of Picard 's condition. . 

Up to the present, we have considered the case where all the eigen 

values A, of the matrix A lie in a convex domain which does not contain 

the origin. Iri this paragraph, as Picard has done, we consider the case 

where some of the eigen values X1 lie in a convex domain which does 

not contain the origin. In this case, if we draw a suitable line L, then 

. some of >.." for example X,. (a=l, ... , m) lie in one side of the line L, and 

the others which we denote by :\.,,,· lie either on L or· in another side. 

Then, as stated in § 1, without loss of generality, we can assume that 

m (>.a):>0 and m (.\.,,)~O. 

As in § 1, we transform the matrix A into one of Jordan's form and 

assume· that 

X,=11,,x1 +0,x,,-1 +sum of the terms of the second and higher orders, 

where o,=l or 0. We write X, corresponding to Xa and \,, as Xt1. and X 0 

respectively. 

From our assumption that ffi (.\.a):>0 and 9l (::\.,)~O, it does not hold 
m 

that 'A..,= lJ AaPa for non-negative integers Pa• Then, by our previous 
a-1 
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paper m, there exist regular solutions x,,=x,, (x .. ) of the equations as 
follows: 

(4.1) ox 2.:!Xa,::, a= X,,, 
a uX" 

"'.here x,, (x") are regular in the vicinity of x,.=0 and their expansions ·are 
sums of the terms of the second and higher orders. Put X.,, {xp, x,, (x .. )} 

=X,. (x~), then, in the terms of the first order, x .. (x,) and .X.,, (x~) coincide 
with each other, for x,, (x .. ) are sums of the terms of the second and 
higher orders. Then, by our assumption that m (Aa)>O, from the theorem 
~. there exist m'-1 independent solutions g~ (x.,,) of the forms of (3.11) 

satisfying the following equation : 

(4.2) - ag -2:! x .. ::::;-- - 0. 
" ux.. . 

Herem' denotes the number of the variables x... Put x,,-x,, (x .. )=g,,(x .. , x,,). 

Then, by (II), g,, (x111, x,,) and g8 (x .. ) are solutions of the equation (1. 1) 

under the condition that g,, (x .. , x,,)=0. Moreover, it is evident that 
g,, (x ... x,,) and g~ (x..) are independent of one another. Thus, under the 
condition that g,,(xa., x,,)=0, we have n--1 independent solutions g0 (x .. , X 17 ) 

and g~ (x .. ) of' the equation (1.1). 

Mathematical Institute, Hiroshima University. 

(1) M. Urabe, On Solutions of the Linear Homogeneous Partial Differential Equa. 
tion in the Vicinity of the Singularity, II. This Journal, Vol. 14, No. 3,. p. 195. 
In the following we denote this paper by (II). 
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