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-§1 Introduction. ,

In this paper we shall conS1der the automorphisms of the set of sim-
ple r-vectors iy, ... i, in the ‘real or complex vector space V, of n di-
mensions. Under an r-vector we understand a skew-symmetric tensor
Viriz eor i7="[f1is ... if] +0. AR 7-VECtOr Viyiy ..., is said to be simple when it
can be written by some » linearly independent vectors ;, '3, ,'5 as‘ follows :

1 2 I
Vinigeoy = V[§1Vi2...Viy] . (1.1)

And a necessary and sufficient condition that an r-vector viye...i, shall be
simple is that ,
, Wirdy o ip Ojiljz e de = 0.0 (1.2)
In the following we shall prove a

THEOREM. Any automorphisms of the set of simple r-vectors:

i .0d
"Wijijs... p]ifz ]:'wmz . » 1.3)

is reduced to the following :
(1) In the case where 2r==n

(1.9

l 22 —_— 12 {73
p]in wir '”[Jl"’n (A
"(2) In the case where 2r=n
f199 vudy o'
pjljz-"j: - ?)[Jl j2' v]r] 1.4)
or :

. okika.. kelyls.. 0
= 8 15%2:+ 12 rgll,]lglz]z glrjr’l)[kl’l)kz vk’_] (1- 5)

The theorem means that any automorphisms of the set of simple
r-vectors :

.. i1ég -
"Wirjoenjr = p]i]z “wjr 'wu'z Jr

(L) Cf. J. A. Schouten: Der Ricci-Kalkul (1924) Berlin. p. 53,
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can be reduced to an automorphisms of the vector space V,: 'w, = v%w,,
or an automorphisms : 'w, = viw, and &-mapping : "Wj...j, = ekl---krh---’rgl, i
o GlpjrWhy... '

Moreover an (r 1)-dimensional hnear subspace S,_; of the real or complex
projective space S,_; of n—1 dimensions is considered as a sample r-vector
in the space V,. (Priicker’s coordinates). Therefore our theorem is stated
as follows:

THEOREM. Any automorphisms of the set of S,_, in the S,_, can be
" reduced to a generalized > point transformation of S,_..

§2. The classification of automorphisms.

If an r-vector viji...i» is simple, its dual (n—r)-vector vir+1..in==gf1...in
Viya..ir 1S simple, and conversely. So ‘® it is enough to prove this theorem
for the case where r<n—r i.e. 2r<n. '

Let us take as the simple r-vector vi,..s. - in (1.3), specially

1 12 r r~1 r+l

Vivig.odr == €[i1€ip..€x] and vm,.. fy = e[;1 .€ip_1€iy]

A
where ¢, denotes the covariant mass -vector, then

1 r-1 r r+l .
(1/1)11 4,-+(Mh’1 gy = e[ll el,- leir], (elr = G?Jz,.+a/vt,-)

that is, avil.v..,i,+avi1...i,. is a simple r-vector, accordingly a,jo]1 T
2

+¢Js;oJl T-ir*1 is a simple r-vector for all ¢, . By applying the condition
. 1 2 .

(1.2) for this simple r-vector, we obtain
pl%;lfz fkaJ z';l-;:l-*p[nr“;:ﬂpkl] kaonky T = 0. (2.1)
From this condition (2.1) we know that the simple r-vectors p!?="®
and p'*""'"1! have a simple (r—1)-vector in common. In fact, let us
suppose that these two simple r-vectors have a simple ¢-vector (tZr—2) in
common only, then by a codrdinate transformation we can take as follows:

1 2 ,
1200 — . .
pjlj2:-,ir = €[j16j2 ... €jr]
& r+l

1 .
12:00ralrdl s g Zr=t » -
plezr- Jla-”ijr = €[j1... €t€jes1... €5r] . (2. 2)

Since t<r—2; 2r—t, 2r—t—1=1,2,...,r. If we substitute (2.2) for (2.1)
and take 2r—t and 2r—t—1 as k, and k, respectively, then we have from

(1) We shall denote (1.4) together with (1. 5) as a generalized point transformation,

(2) Any automorphisms of the set of simple r-vectors corresponds to one and only one
automorphisms of the set of s:mple (n—r)-vectors, hence we have only to consider the case
for min (r, n-r). »

(3) For the sake of simplicity, we wr;te pl12e-r for plr

1 g2one i in the case where any confusion
does not occur.
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12+ 00p—1 —_— 120es — >
Prten gl 2r =0 and P57, 14..5,=0 (for all I's)

1 2 1 2 3 & r+l 2r-¢
€[41642 .. e}r]'e[zr-te"r £-1€kg o0 CReChesy ... €] = 0. 2.3)

But we see that (2.3) is not true, by putting (4,...7,)=(12...7) and
k)=(1,...,t,r+1,...,2r—t—2). Hence we obtain r—1<t<r. On

the other hand we deduce p};‘_'jj,#z)};"jf;j 711 from 11;i1...i,+1’)i1...i,. by the
automorphisms (1.3), consequently we have ¢<».- Therefore we get
t==r—1. .

Thus, generally we know that two simple r-vectors pi1--ir-1ix and pi1--ir-1ds
have a simple (r—1)-vector in common.

Now for the sake of simplicity we wnte

Pt =19 (s=r r+l..,0). (2.4)

We shall show that the sequence p' (s=r, r+1,...,n) has either of
following two types: ’
(1) AU p' (s==r, r+1,...,n) have the same simple (r—1)-vector in
common. ‘ ,
(II) All simple (r—1)-vectors which are the intersection of v' and
P (8+k; 8, k=r, r+1,...,n) are distinct.
And moreover in the case of type (11), we shall see that p* (s=r, r+1, ..., %)
are all contained in the same simple (r+1)-vector, and 2r=n .
If 9, p"** and p"*2 have a simple (r—1)-vector in common, we can
write as follows: |

, 12 r-1
P" = U[§1Vj2 ... Vjr1V4s]
1 2 r=1 r+1
pitl = V[i1Vj2 oo Vjr-1Vjr] . (2' 5)
1 2 r~1 7r+2

P = V[jVjs.. ?’Jr -1Vjr]-

r+2

Since p", P and p"*’ are independent,® r+2 vectors v, v, ..., v must be
independent. Now let us suppose that p"*® does not contain this simple
(r—1)-vector, then we can write p™*3, since p" and p™*® have a simple
(r—1)-vector in common, as follows :

r-1 r

.
P73 = "4 ... Vi1V

() A=B denotes that A==pB where p is a proportional factor. K

(2) Some parts of these results have been already obtained from the other point of view.
But we shall explain by the tensor calculation.

(3) 1In this paper, * independence’” means “linearly independence .
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r 1 o 1 r-2 12 -1
where = av+...+av (6=:0); v, ..., VEL(V, v,...,0) V.
1 r r \

By the similar consideration for the pairs »"*!, p"** and p"*?, p"*%, we can
write p™** as follows:

r—l r+l

p"+3 pr— H,v[]llhvjz.” ’vjr- II,er:]

' 2 r-1
where "y = bv+...+bv+bv (b=i:0), Uy een s ”'v 68('0, Ve V)
1 r-1 r+1 r+l
and too
r+3 HI1 I/l2 H'I._l Ilr+2
pr = JE N O S B

r+2 r—-1 r+2 1 r-2 1 2 r-1

where My = c'v+ wtev+ev(e==0); "v, ..., "vel (v, v,...,v).

r-1 re2 re2

. 1 2
Hence p"** contains at least (r+1) linearly independent vectors 'v, 'v,...,

r-2 ri+l r+2 . .
'v, "v and "'v. This contradicts the fact that p™*? is simple. Therefore

p", "1, p™*% and p"** have the same simple (r—1)-vector in common.
Thus we can conclude that the sequence p* (s-———'r, r+1,..., n) has
either of types (I) or (II).
- Furthermore, in the case of type (II), if »” and p"*! are written as
follows :

1 r-1 r

pr= ’U[jl--' Vjr_1Vjr]
r~1 r+1

Pt = 7’[11--- Vjr-1Vjr]
1 2 r-1
then p* (k=r+2) does not contain the simple (r—1)-vector v[;vjz... Vjr_1]

and the intersections p* N\ p" and p*/\p™*! are distinct simple (r—1)-
vectors; accordingly p* is written as

. ,1 1;—2 ,r r+1
p° = "v[j; ... vjr—zvjr—l'vjr]
,

1 r-1 r r+1
where 'v = av+...+av+av, (a,=i=0); bv+ +bv+bv, (b4=0)
1 r—-1 r r

r— r+l T+l
1 r-2 1 r-1 . . .
and 'v,...,"v€¥(v,...,v). Hence 9’ (s=r, r+1,...,n) is written as

P = Wi - Wis] Where WEL(®...v v), A = 1,..,7) (2.6)
r+1

and the number of mdependent simple r-vectors contamed in 8(0, e s V) IS

1 v ‘1 2
(L Let Q(, ..., ) be the set of all linear combinations of v, v, ... '1;

'
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equal to r+1. On the other hand, n-r+1 simple r-vectors p'(s=r,
r+1,...,n) are independent. Hence we have n—r+1<7r+1, i.e. n<2r. S)
‘Since we have only to prove for the case where 2r<n, we know that the
type (II) occurs only in the case where 2r=mn.

Furthermore we shall prove that the type (I) and (II) can not coexist for
the system pji’;’z ’;‘; (4 ..., %=1,2,...,n); that is, if for a fixed indices
(=1, 2,..,r-1), the sequence '

§

p(i)" p(i)"+1 vee s p(‘)"+" vee s p(i)" @ V (2. 7)

has the type (I), then for the indices ((£))=(1,... ,7—2, r+s), the sequence
4 p((l))" p((l))!‘+l v s p((i))f'~ 1’ vee s p((l)” (3> (2' 8)

has, too, the same type (I).
In fact, we can write p®", p®"+! and p*"** as f0110ws

s = o

J1eeji J1ees VjraVjr |
s b T @9
Djiegy = Vliree Vjr—1Vjr] .9)

orse B ! r-1 res
e —
Djyjr = VL1 eee Vir-1Vjrl.

And the intersection " N PO is a simple (r—1)-vector and is- d1st1nct

-1

from v[“... Vjyi]. For, if p™” contains the simple (r—1)-vector
1 r-1 .
¥[jy ... Vj»-1), then it must be the linear combination of (2.7), since the

sequence (2.7) is a complete system of independent simple r-vectors con-
r-1

taining the simple (r—1)-vector ’:_)[jl . Vjr_1]; however, since the inverse
images of (2.7) and p“Y" under our automprphisms are independent of
each other, (2.7) and p‘“>" are mdependent of each other. This con-
' tradxcts the above.

And ‘gince p*? and p“’-! in the sequence (2. 8) have a sxmple ('r 1)

-vector m common and p;‘;”j'l——— p‘“’xj’"” so p“ and p®** have a simple

(r—1)-vector in common, hence by the similar consideration we know

that the intersection p*r** N\ p“®r is a simple (r—1)-vector different from
1 r—-1

Y[j1... Vjr-1]. Therefore, by the above two facts, we can write p“*»" as
. follows :

r-2 r | rig

1
P}‘l"”h = "v[j, ... ’vj,-_z’vr_l’?j,] : (2.10)

(1) This mdthod will be used later on.
(6)r denotes plr7lr
@j 24 v p]l wJr-14s"
(3) pUidr+s==0, so in this sequence we take p((r-1 corresponding to pféor+? in 2.7.

— 15 —
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where  'p = ?é+...’+a5’(g.-.}='0);’75' . bv+ +b'v+bv(b=}=0)

L Pel P+ Pl

T  r 2 1 ‘ r-1 .. '
and 'v,...,"v€8(v,...,v). Similarly we have

1 ' r-2 r+l r+8 . .
p;(x‘)-);? = "0[j1 '."”Jr—z"”jr-l"”fr] 3 - (21D
‘r+l r-1 e+l '
where v = c'v+ . +ev+cv( ¢ 3=0), "v = dv+ ..+d'v+dv(d =}=0)
-1 r+l r+1 r—-1 r+8 r+e

and ", ..., "5 €2(s, ... 7). Hence the joint pOT\ FOT N FO7 con.
tains at least 7+ 2 linearly independent vectors 5, vee s ;;,1 5, 7v'and ”v How-
ever, if the sequence (2. 8) has the type (II), as we have seen in the above
(2.6), then the joint PAUNTY | pfnrely | nl&x-1 contains exactly r+1 linearly
- independent vectors. This contracts the above, hence the sequence (2.8)
has the type (I).

. Repeating this procedure from (i) to ({i)). we can attain to any
ind:ces (ky=(k,, ks ...,k,.,) from ady indices (f)=(i), f3... fy_1).. Hence,
when the ‘sequence P’ (8 ¢ (1)) has the type (I), the sequence p™* (¢ £ (k)) has
also the same type (.

Thus we obiain the classification of automorphisms (1.3) into the type
(I) and type (II).

8 3. The type (I).

First we shall show that the mtersectwn of linearly independent (r——l)
simple (r—1)-vector in r-dimensional vector space is a vector ‘¥,

The interséction of two simple (r—1)-vectors p and p in r-dimen.

sional vector space contains a simple r—2-vector. In fact, suppose that
this intersection is a simple (r—t) vector, then the simple (r—-l)—vectors
p and p contain (¢—1) linearly independent vectors which are not contained
in this intersection respectively, hence we have (r—t)+(t—1)+(t—1)<Zr,
i.e., r—2<r—t.
‘ " Similarly, the intersection of a simple (r—1)-vector and a simple
(r—2)-vector in a simple r-vector contains a simple (r—3)-vector, and
repeating this process we know that the intersection of (r—1) simple
(r—1)-vectors in the r-dimensional vector contains a vector.

If this intersection contains simple 2-vector, there exist (»—2) linearly

(1) See footnote (2) p. 13.. .
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independent vectors which are independent for these two vectors. Hence
the number of independent all simple (r—1)-vectors which contain this
simple 2-vector is equal to (»—2). This contradicts our assumption.
After these preparations we shall return to our problem. In the type
(I) we can write piir—2isS, pit.ir-sie1iss, | | pitir-tirss  and pirede-1s

(8=iy, ... , i) as follows: : : ,
<r-1> : @
7. 1,- 2fps __ i1 fp_aiy
p“ Jr — p[n dr-1 Yl
. . 3 . <r—2/ .
218y _gly 1298 —_ 11 l,- 3!,- 11,- 3
pjl---jr p[]l Jr-1 er]
............... (3.1)
<1>
zz t,-s _— 17 Ay 2
Pjljr = p[ll gr-1 Y
<r>
i1 lr 15 fleedrod s
p]l Jdroo T p[]l oJr-1 v]'r]

And the number of independent simple r-vectors varying s=i, (a=1... )
for any fixed indices i,...i, in the left member of (3.1) is equal to (n—#) 7.
On the other hand, in the right member of (3.1) if there is r—¢ (£1=0)
independent simple (r—1)-vectors among pi1--r-2ir, pi1..ir-sir-iiy, ... , piz--ir and
pi1-dr-1, then the number of independent simple r-vectors is equal to (»—¢)
(n—r) at most, accordingly we have (n—r)r< (r—t)(n—7)i.e. t=0. There-
fore pit-ir-sdy, pitdr-sir-1,ir, .., piz-ir and pir-i--1 are mutually independent.

Hence, by the above preparation and the above results, we know that
the (r—1) independent simple (r—1)-vectors piv-ir-2ir, piteoir-sir-tir, ., pis-iiy

. ., .
in a simple r-vector pii-ir have only a vector »¥- in common.® By taking
. ¢
i, (a=1, ... ,7) in place of i,, similarly we obtain the vectors v'ja which" are

contained in the simple r-vector pi--ir.

‘And we shall show that these r-vectors v’a are mutually independent.
“"Phe gimple (r—1)-vectors Phrir1, piteiy_oir, phrody-sfyr-1ir | piz.dr-1ie gre
mutually independent, however on the other hand the number of independ-
ent simple (r—1)-vectorsin the simple r-vector pf-i» which contain a

vector (1‘;)'} is equal to (»—1). Hence the simple (r—-l)-vegtor Ppir-ir-1 can
not contain this vector f,;?,. ‘Contrary to this, the vectors Cé;'a (a=-7) are
contained in this simpie (rél)-vector pirefr-1, Therefore we have (,',>i,¢ g
(v'a a+r), and similarly v'bjéi!(v’a a=+b). Thus we can say that » vectors

v'a (e=1, 2, ... ,r) are mutually independent.

(1) <Ca> denotes (7)...ig-1¢a+1--%r) for any fixed indices 73...2r and ‘any s=ia (a=1, ..., 7).
@2 The notation (7) means (4., zr) in this place. )
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So we can write v} as follows:

iy i
pjl---jr = [11 AN (3.2)
(i)
Moreover, since. vfa € pir--do-riverir (ig31, 1<@a, b<7r) and vfa are mutually

1ndependent we have

p'I wfo1ip 41008y gcg’.l. “)':b—l (210 1 (3’:5-
wfo1f8 4105 [71 “do_a e Tgorace U4 ¢
Furthermore we must prove that ¢f we write
C(D) ((l)) ((€)), ((i)) ; :
f1.0 ’r ofeir -2 u
p]l v[]l b vjr 2 ’U Jr] (3'4)

where ((1)=(i, ... t,_4i,i,), then we have
(i) [<¢P))] .
o= 0", (3.5)
To do this first we shall show that the intersection of the simple
r-vectors piv-ir-2isie (i,,.. i, 3 are ﬁé:ed, i, and f, a.re arbitmry) s a simple
(r—2)-vector.
By using (3.1) and (3. 3) we can write the smnple r vectors P --fr-z'm
pu dy-gfiiu, pirofr-2iels, piLir-2lviu as follows: '

(€3] [$3) (1)
’1 ceipogfgfe "1 r—1 a
Dji...j» = Y, - V50, Y Gr)
N . . . (€] [€)] (L)
$1eefpfgley o 1 ] .
Djy..jr = Yy Y50 Y5 36
7 i, zii [€<3)] [(€)] [€€3)] (3' )
pittrdt =l vl v
Jleedr . (71 Jr-1 " v
((D) C(t)) E((3)]
i1.. 'f-zt"iﬁ — prl )
_ B sir Vi V5L Y50
Whel'e (i) == (ilp vee’y i,-..z, i‘, i‘) and . ((i)) = (‘il\’ sos . ir_z; i.,, it) .
Since the intersection of pf1--ir-2fii: and p"l'-"'r-‘z"v‘c is a simple (r—1)-
G} ey, (m)
1
vector and as :;)ve have seen in the above (3. 1), v[ IR "’j, DF VL, jr_ﬂ,
we may take v* and 'v such that are contained in this intersection. Ac.

. . . (t)l (€] ((t))1 ((i))r 1 .
cordingly, the 1ntersect1on v[ jree Vg N\ v g, - 071,y contains at least a

simple (r—3)-vector ”[11 v'r_s]
Therefore we can write these four simple r-vectors as follows

’r—zhlt — ] r— P2 gl g8
p]l s ,v[jl b v]r—x Fr-2 jr-1 Jr]
p’I o ’r-z’:'u —_ ,gl . ,gr -3 pr-2 ,vr-l »° e
J1ese gy []1 *et “Tr-3 Jr-— r—1 Ir] (3 7)

[

0
i1 --'r—!'u’c Pt Ipr-2 Tyr=1 g

- Pjyde = Y, - ]r -3 “jr-z “jr-1"jr]
71 "r-?.’o'u — ol r 3 1,7=2 1,7—1 pyd
pjl Jr v[f! e ,er 3?)]1- Qv]r ler]

—18 —
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And the intersections pfi-wir-dsfe N\ pirovir-zivic and pi1--ir-2isiu N\ pir--ir-2ivfu are
the simple (r—1)- vectors respectively, (for r—1 mdxces are common). So,

r-2r-1 a r -2 r-1

in the above (3.7) we can take v, v, v, 'v, 'v and v such that the inter-
sections

(o325 0aa) NN (o205 5, and (0732 o of ) M (0F52, 057 i)

(3-8)
are the simple 2-vectors respectively. Ehmmatmg v* and °, we have
( t):—zv;r—ll1)r\( ’t]: 2,1);;-—1 Jr]) =+ ¢’ ’ (3. 9)
and o :
(”[;M f;’ﬂ)/\( ViR )+ b (3.10)

where ¢ denotes the null set.
(i): In the case where these mtersectxons (3.9) and (3. 10) have a
vector w in common, it follows
w = L 2+l
= WorRy R (3.11)
= B2+ BT+ Bt |

Since the vectors 'v"-2, 'p"-1, »° and v* are independent, l‘ and I must be
zero, and i=8, L=k Hence we have
w = Lo i+l
pa— Il I,v"—z_,_ll !,v"—l
Accordmgly this vector w is contained in the four simple #-rector (3.7).
Thus® the intersection of all p1-ir-2is’s (where i, and i, varied arbxtranly)

contains simple (»—2)-vector.

(ii): In the case where the intersection of the intersections (3.9)
and (3.10) is empty, in (3.9) and (3.10) we have two distinct vectors »°
and 'v* respectively such that

= mivrtmiort = ot el T (3.12)
I = mdv 4 mdvrt = ([ Tyl e (3.13).

Here 'I}==0 and 'I3=0, for if 'I}=0 for example, then the vector 'v* will» be

(1) Any two of (n—r+2) simple (r—1D)-vector p'l-r-2% Csr—1, ..n), being mutnally
independent, have a simple (r-2)-vector. in common, hence all p f1oebr—ofs (s ==
r-1, ..., n) have the same simple (r 2)-vector in common. For, otherwxse, by
using the previous method about r—1 in place of r (footnote (1), p. 15) we obtain
2( r—-1D>=n, th!S contradicts to #>2r. Moreover here we should remark that

Lp_otgl Ay ol® 1
1 r-2's l r—2 3
L pul TR Y

—19 —
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contained in (3,9) and (3. 10); now this is impossible.
Hence from (3.12) and (3.13) it holds that

-2 r—1 yr~2 1
,vffr— ,vjr-lv;r] ~ v[ir Z’v.;r-ll fr]
r-2 -l 2 -1
r,v[ I.v}'r- J'r] ~ I,v[J I.v;r 1! »e ]‘
and

N Yir2%irn] = "Vieed Yns)
From these facts and (3.8) we can say that ;
(,’”fjr—z ’v}‘r-—lv;r] ) N ( v[]r-z ,vfr-l ir])
and
(lvfjr 2'1);:--1 jr] /\(,vf.;rz 2, ;:lllv;r])
are the simple 2-vectors. .Eliminating '»* and 'v% as similar as the above,
‘we have - , ‘ .
( L 5, vjr]) [\( v[;: 2'0}"-11]) +¢ : (3.14)
and
(5,025, ) N\ (g2 zlvjr-x]) +é. (3.15)

Since, if (3.14) and (3.15) have a vector in common, we can consider as
similar as in case (i), now we have only to restrict ourselves to the case -
where (3.14) and (3.15) have not a vector in common. Then, in (3.14)
and (3.15) we take two distinct vector "%, "v*, respectively, such that

Wt = Imiori e myert = B+ Yot + b (3.16)
= rmgfvrf=+(mg'or-= = BV +hYv* +hi® B

where A}==0 and A{=-0, similarly as we have seen in the above. Hence
we have B

Ivfjr—zhv;r—lv;r] iad ’vﬁjr—z,vj‘r—l,v;;]

,’qur 2,v;r lvfr] ~ ! [fr-zlv;r—l’v}r]
and

r—2
v[]r 2’1’]1' 1] [J‘r—Z"v;r—lj .

Therefore we can rewrite (3.7) as follows:

§1odpigfele o O is
P R o v, g vy (3.18)
0
f1eeidp—afgl -3 »
pj jr = v[ljl i v;r -3 jf 2’vjr;llvj,.] : R (30 19)
i1 fp-afvfy __ 3 5
p]: ;r P Il[]l : 1);’ Bl”jr—p,v]fclbvj,.] (30 20)
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and

eip_givie O %o, o ’ v
pj:---ir e~ ”lf.il jrfs','lv;iéz"v;r-llv;r] . @. 21)
From (3. 18) and (3.21), we see that p “"'""‘+ za‘,l "’;';2‘"‘“, is a simple -

~vector. But the inverse image of this r-vector under our automorphlsms,
ie :

1 2 r—2 3 1 2 cp=-2 [ ‘%
€[j16j2 «.. €jp_ zeJr 1645] + €[ 16532 ... e]r—lelr—2e1r] s

as we know from the conditions for simple vector (1.2), is not simple..
This contradicts our assumption. Hence the case (n) does not happen.
Thus we have proved our assertion.

By usivng (3.2) and (3.3) we can write as follows :

. (] i
g wdpesirinaiv-y i “) (fl;tr(,lju-z Gir
1 jr-3jrfr-24r-1 [Jl e Jr 3 Jr-2 r]
. ). (¢
p’l ‘r s'r“r— _(;; L3 ] (‘)" -3 'l;”'('l;" 2
J1eeejr-3jrjr-2 " [d1e* Jf -3 “jr “jr-2]

$reedp—girip—1 Wy Wy Gy ' \
By i ey = Yy Yinls Y5 Y] (3.22)
tl....ir-sirt'r-. ! 73

1o Jr-8drir-2 “jr-1]

pﬁ coofp-gipiy—als
J1eveJr-8frir-2ir-1

and

i1e0dpgivip—16s — dr=girir-1 s
pjlm]r—sfr]r 1jr-2 p[]l e fr-3frir-1 v]r—-z]

As we know from (3.22), the intersection pf1-«ir-sirir-2ir-1 [\ps‘x--.ir—sirir-zic
: . ( . . OF Wy @)y

N\ PPr-ir-side-1is contains the simple (r—2)-vector 'vf; ...v}: s 'vj] - And

since the mtersectxon 7w = N\i,, iypi1--ir-sfsic is a simple (r— 2)-vector con-

(l) () -
tained in v[h vj: vh] @ we can conclude that

(i) ), ()
= Ip—-3 t'r
T ( 'v[“ ?)lr_s ,_])
Hence we have
t',. o0 :,-..gt,z.tz — '1 oo ’r—s'ru
€ pjl ey 8 J1 e dr-1 Jr]

where o has the freedom of (n—r+ 1). Conseduently we get

\

Ve € Prodvsids @ (3.23)

Similarly we know

(1) The intersection Pf1..dp-gfpip—2fp—1 ) Pireccip-gipip-2fs M pl.l...i,--si,-ir._lig does not
- contain a simple (r-1)-vector. For, the complete system of independent :sit_nple :
. r-vector containing the simle (r —1)-vector has the form (2.7). ‘ o
"¢2) (8.23) is obviously obtained from the footnote (1) in p. 19. S
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(‘) . . . . o
Vir € PFre-tr—ate-2iets

W, ‘ : (3.24)
viy € p’Z wip—aiyds i . ;
(%),

vir € p’l Sp2fy .
LS I . . . . .
Since %+ is the intersection of (r—1) linearly independent simple

(r—1)-vectors Pivofp-sids, | piade-2ivis and pir-de-2fr in the r- d1mens:ona1
(t), [¢S3D]
vector space pifz.fr—2is pi. must coincide with vr,..

By repeating this procedure from (i) to ((2)), any indices (k) contam-
\mg i, can be attained from (2). Therefore if we wnte : :

kr vir o Pk gy | ®4 ' » .
pjl ~ ”[n ”jz e ¥ where (k) = (_kl. ky ... kooii,),

W, @& e
then we have vr~vfr, Since this is true for every index i, instead of i,

we can obtain

o~ dee o e®)

Moreover, since we have not con31dered the proportxonal factor, exactly
we must write o

fifgcdy 1112 A, 41 12 fr T
pjljz'--jr a@ ,UEJI j2° ]r] ' . (3' 26)

where we do not sum for indices i, ... ,1%,. - :

§4. The type (In).

In this case, we have seen that the sequences p;i’fz Jrl’f (zl, zz, 'z_‘,f‘_

are any fixed indices; s=r, r+1, ..., n) are such that

i

1, 11: w “ G)r +1 ‘ »
() Qo vig G=rnoslow). (4D
So we have
Free Jrfrerejor i ’r-lz.r
(E ng+1kr+1 ’gnrkzrpjl )
(150 (%) i
J1es ]r]r+1 J2r 1 41
(8 9jpirbpsr gjzrkzrv[jl i vjrn]) (4.2)

Since the right member of (4. 2) is e'simble (r—l’)—vector,A the sequence

]1 ]" ]27‘ 11 1,- s
€ g]r+1kr+1 g]2rk2r Jj1 Jr : Y (4' 3)

has the type (I).’
Hence by the above result for the case of type (D). and (4 3) we e have

—22
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. NS Sy T '
pn =" ”[kl "’kr]en G (4.4)
where we do not sum for the indices i1y Ty ene Ty
§5. Proportional factors.
Finally- we investigate the proportional factor afiz..
~ Case of the type (I). ' ’
From (1. 3) and (3.26) we get
. i . iy
Wioje = PR W0, = %3“ oy e :]w et (5.1)

Let v/ be determined to be such that vjv{=8. Multiplying vj!... v} on
the both member of (5.1) and summing up for j,, 7, ..., 7., then it follows

2w = pdl  ir o i,

wk]kz---kr = vk e vkr wjl]r Za, '8 Y k’;']wilu-ir
— akl...krw' . a’klkz...k,-q;, ’I/(,; ' (5 2)
: Ckyeke T [Brees The] o )

. Since "we,..k= vkl...v},"wh..,j,. is a simple r-vector, afi-i» must be sym.
metric for indices #%,,...,%, and moreover from the condition (1.2) of
' simplicity of r-vector, it satisfies the condition

28+l

1 3 241
(w':il‘ . w wk‘ 1 e wk

( .-.i'kg-pl...ky 1 jl)..-j3k3+1-..kr‘
. ) (wjl] wkaﬂ. wkra' )

=0 (5.3)

r

where 45, ... , %y J1seee s Js» Kgipsoon » kr (donot sum up) A-are all distinct and

.

w,(v=1, ... ,) are arbitrary vectors.® By putting in (5.3) \

Py afa a2 da S Cuky
w, = aei+b ¢ (A=1,...,8); w, = ce (,u,——s+1 s )

‘we obtain the condition ®
a'i'l...i,kg.,.l...k,-a,jl...‘j;kg+1...k,- e ajliz...i.k.+1...krailjg...jgkg.u...kr ' (5_ 4)
Furthermore from (5. 4), it follows that
ail.-.irajl...j,- —_ a,kln-kra,ll‘"l’r . (5. 5)

for (iy... tufy oo F)=(ky oo Bopy Lioii )

(1) In this case only, two symbols ( D and [ ] denote operations operating for
the same indices at the same time. . ’
(2) By the substitution into (5.3) we obtain

s ,8+1

bCec .. )Hal LR TUOTRUSIE SRS B A DL U PL AR B S L T ":’“:H---"r}

=0, consequently . (54).

1 21
a...ab..
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And we remark that af1+#»<0 where" i,...14, are all distinct. For, if -
-@irizir=0 for any fixed index zl, %y ...4,, then we have wi,..i,=0 when
ler ‘ ]4:0

From (5.5) we get

@irewieeodn [Qive doiestinin = Qivodekeatoks/QiteJikistoks | (5.6)
Hence we have
ail-..igkt.;-l..-kg —d bil"".takt+l"'k9‘ . ) (5. 7)
Considering that a(f1--ir)=gi1--i+, we obtain
; aireir = @1, afr., . (5.8)
Case of the type (II). ’ '

In this case, also 31m11ar1y, we can mvestlgate efrv-ir,  From (1. 3) and

(4. 4) we get ‘
,w —_ 2 all 1"1) 'U ......... hl...h,.w. .
J1eje Uy =+ Y50 g1 ‘ f1odp (5. 9)

‘Multiplying &7, vf;l . vy on the both members of (5.9) and then .

.........

summing up for ]1, ... » 7., then it follows

1 SV gdtedr. T ol
Wik ?’5.........11. 2, Vky ”kr’w]l e

I

{10y 1 ir h;_ hy o
; 11 "’U[hl ase vkr] 8[118 8 ]vk]_ ’I)k"’w ir (5 10)
= gbRewp,.. .k,

— R R
_—" a rw[kl ase w;r] L2

Similarly as in the case (I), from w, _, eing an r-simple vector we obtain

air-fr = @h1.,.. afr ,

" From the property proportidnal factor o " in (3.26) and (4.4) we
obtain the following result, wntmg vt 1n place of a‘v* (donot sum for z)
we ha've

3 s fleds 01 ip
fm' the case where n=-2r: p;1"'" = U, Y
for the case where n=2r:

11 l,- — il 1'7- hl hr !1
p]l Jr v[jl oo vjr] or e] ]r v[hl e vkr] *

Thus we have completely proved our theorem.
Mathematical Institute, Hiroshima University
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