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. § 1. Introduction. 

In this paper we shall consider the automorphisms of the set of sim
ple r-vectors v;1; 2 ••• i,. in the· real or complex vector space V,. of n di
mensions. Under an r-vector we understand a skew-symmetric tensor 
Vi1i2 ••• i,-=V[i1i2 .•. ;,.J =t--=0. An r-vector Vi1iz ... ;,. is said to be simple when it 

l 2 r 
can be written by some r linearly independent vectors v, v, ... , v as follows: 

l 2 r 
Vi1i2,.,;,. = V[i 1Vi2 .. :Vi,.] , (1. 1) 

And a necessary and sufficient condition that an r-vector Vi1i2 ... ;,,. shall be 

simple is that 

(1. 2) 

In the following we shall prove a 
THEOREM. Any automorphisms of the· set of simple r-vecto1·s: 

'w. . . _ pi1i2 .,.ir w- . . 
· JlJ2 ... Jr - Jih, .. j,, 11•2 •·• ,,. (1.3) 

is reduced to the following : 

( 1) In the case where 2r==!=n 

(1.4) 

· ( 2 ) In the case where 2r=n 

(1. 4) 

or 

(1. 5) 

The theorem means that any automorphisms of the set of simple 
r-vectors: 

(1) Cf. J. A. Schouten: Der Ricci-Kalkul (1924) Berlin. p. 53. 
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can be reduced to an automorphisms of the vector space V,.: 'w, = v~ w" 
or an automorphisms: 'w, = V~Wt and c-mapping: 'w;i ... jr = ck1, .. krl1, .. lrg/1h 

... Ulrj,.Wki•••kr · 

Moreover an (r-1)-dimensional linear subspace S,._1 of the real or complex 
projective space s .. _1 of n-1 dimensions is considered as a simple r-vector 
in the space V,.. (Priicker's coordinates). There.fore our theorem is stated 
as follows: 

THEOREM. Any automorphisms of the set of Sr-i in the S,._1 can be 
· reduced to a generalized CI) point transformation of s .. _1• 

§ 2. The classification of automorphisms. 
If an r-vector Vi1i2 .. ,i,. is simple, its dual (n-r)-vector vir+1 .. ,in=ci1 .. ,1 .. 

v;1;2 .. ,i,. is simple, and conversely. So c2) it is enough to prove this theorem 
for the case where r~n-r i.e. 2r~n; 

Let us take as the simple r-vector v11 ... 1,. -in (1. 3), specially 
l l 2 r 2 l r-1 r+l 
Vi1iz .• ,;,. = e[i1eiz ... eir] and . Vi.1ia ... 1. = 6[i1 ... 6ir-16ir] 

}. 

where e, denotes the covariant mass _vector, then 
l 2 l r-1 ,- r J' r+l 

Q,V/1•••;,.+aVit.,./r = e[i1, .. ei,._116i,-], 
l 2 

( 'e;,. = av;,.+ av;,.) 
1 2 

l 2 

that is, av;1 ... ;,.+av;1 ••• 1,. is a 'simple r-vector, accordingly ap~ ···i:- 1 r 
l 2 l JI•••Jr 

+ap,~ ..... ,.-1 r+i is a simple r-vector for all a, a. By applying the condition 
2 l••• " I 2 

(1. 2) for this simple r-vector, we obtain 
'1Jl,2"•r 'l)Ul• .. r-1 "+l,+pl•••r-1 r+lpl2••·r. · - O 
• LiJj2.,.jrk1] kz ..• k,. [ji. .. j,. k1] k2 ... k,. - · (2.1) 

From this condition (2. 1) we know that the simple r-vectors p12···,. cs) 

and p12"·"- 1 r+i; have a simple (r-1)-vector in common. In fact, let us 
suppose that these two simple r-vectors have a simple t-vector (t~r-2) in 
common only, then by a coordinate transformation we can take as follows : 

(2.2) 

Since t~r-2; 2r-t, 2r-t-l=t=l, 2, ... , r. If we substitute (2. 2) for (2.1) 
and take 2r-t and 2r-t-1 as k1 and k2 respectively, then we have from 

(1) We shall denote (1. 4) together with (1. 5) as a generalized point tra~sformation. 
(2) Any automorphisms of the set of simple r-vectors corresponds to one and only one 

automorphisms of the set of simple (n - r}-vectors, hence we have only to consider the case 
for min (r, n-r). 

(3) For the sake of simplicity, we write p12 ... r for p 1.2·:•r • in the case where any confusion 
. JIJ2, .. J,. 

does not occur. 
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l 2 r l 2 S f r+ l 2r-f 
e[JieJ2 ••• 6Jr] •e[ir-re2r-t-1eks ... Bk,e.tr+1 •• , Bk,-] = 0. (2. 3) 

But we see that (2. 3) is not true, by putting (/1 ... ir)=(12 ... r) and 
(k3 ... k,.)=(1, ... , t, r+l, ... , 2r-t-2). _ Hence we obtain r-1,:;;;;t,:;;;;r. On 

l 2 
the other hand we deduce p;·••r · ~p~• .. r-;l r+l Cl) from Vi1---ir=loVi1-••;,. by the 

Jl .. •Jr Jl·••Jr 

automorphisms (1. 3), consequently we have t<r. - Th,erefore we get 

t=r-1. 
Thus, generally we know that two simpler-vectors pi1 ... i,._1 ;t and pi1 ... i,._1;, 

have a simple (r-l)-vector in common. . 
Now for the sake of simplicity we write 

P1•••r-1, - p' (8 r r+l n) 
}1- 0 ,Jr - = • ' "' ' • (2.4) 

We shall show that the sequence p' (s=r, r+l, ... , n) has either of 
following two types: 

(I)_ All p' (s=r, r+l, ... , n) have the same simple (r-l)-vectot- in 
common. 

(II) All simple (r-l)-vectors which are the interse~tion of y and 
prc (st=k; 8, k=r, r+l, ... , n) are distinct. 

And moreover in the case of type (II), we shall see that p' (s=r, r+l, ... , n) 

are all contained in the same simple (r+l)-vector, and 2r-n (2). 

If p.,., p'"+1 and pr+ 2 have a simple (r-1)-vector in common, 

write as follows : 

l 2 r-1 r I p'" = V[JiV}2 ... VJ,.-1VJ,.] 

pr+l = ~[Ji;}2 .. , .. ;;,._;;;r] 

1 2 r-1 r+2 
p'"+Z = V[jiV}2 ... VJr--1VJ,.]. 

we can 

(2.5) 

l 2 r+2 

Since p", p'"+i and p,.+?. are independent,m r+2 vectors v, v, ... , v must be 
independent. Now let us suppose that p"+3 does not contain this simple 
(r-1)-vector, then we can write p"+3 , since p" and p"+ 3 have a simple 
(r-1)-vector in common, as follows: 

l r-1 r 
p"+3 = 'v[ii ... 'v;,._/v;.,.] 

(1) A~B denotes that A=pB where p is a proportional factor. 
(2) Some parts of these results have been already obtained from the other point of view. 

But we shall explain by the tensor calculation. 
(3) In this paper, "independence." means "linearly independence". 
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where 
r I r l r-2 . 1 2 r -1 

'v = av+ ... +av (a=l=O); 'v, ... , 'v E.2 (v, v, .. ~, v) m. 
1 ,. ,. 

By the similar consideration for the pairs p'"+i, pr:+a and p'"+ 2, pr+a, we can 

write pr+a as. follows~ 

where 

and too 

1 2 r-1 r+l 

pr+ 3 = "vui''vh ... "Vjr-111V}r] 

l r-1 r+l l r-2 l 2 r-1 

"v = bv+ ..• +bv+bv(b=l=O); "v, ... ,"vE.8(v, v, ... ,v); 
r-1 r+1 r+l 

l 2 r-1 1'+2 

p"+ 3 = ":v[h'"vh ..• "'v;,._1111Vj,.] 

r+2 1 r-1 1'+2 l r-2 1 2 r-1 
where "'v = cv+ ... +cv+cv(c=l=O); 111v, ... , 11'vE.8(v, v, ... ,v). 

l r-1 r+2 r+2 

l 2 
Hence pr+s contains at least (r+l) linearly independent vectors 'v, 'v, ... , 
r-2 r+l r+2 

'v, "v and 11111. This contradicts the fact that p'"+3 is simple. Therefore 
p'", p'"+ 1,. pr+2, and pr+ 3 have. the same. simple (r-1)-vector in common. 

Thus we can conclude that the sequence p' ( s=r, r + 1. ... , n) has 
either of types (I) or (II). 

Furthermore, in the case of type (II), if p'" and p'"+ 1 are written as 

follows: 
1 r-1 r 

P,. = V[ji ••• Vjr-1Vjr] 
l r-1 r+l 

P'"+ 1 -v[· v· v·J - JI••• Jr-1 Jr 

1 2 r-1 

then p1r. (k>1·+2) does not contain the simple (r-1)-vector V[hVh •.• Vj,._ 1] 

and the intersections pre(\ pr and p1r. (\ pr+i are distinct simple (r-1)
vectors ; accordingly ,Pre is written as 

l r-2 r r+l 
Pre = 1V[ji ..• 'v;,._/v;,._ 11Vj,-] 

,. 1 r-1 r r+l l r-1 r+l 

where 'v - av+ ... +av+av, (a=l=O); 'v = bv+ ... +bv+bv, (b=l=O), 
1 r-1 r r l r-1 r+ 1 r+ 1 

I r-2 1 r-1 

and 'v, ... , 'v E 2 (v, ... , v). Hence p' (s=r, r+ 1, ... , n) is written as 

l r ,- l ,- r+ 1 

p;1 .•• j,. = W[h ... w;,.J where w E 2 (v ... v v), (:X. = 1, ... , r) (2. 6} 
1 l'+l 

and the number of independent simple r-vectors contained in .2 (v, ... , v) is 

I r l 2 ,-
(1) Let ~ (v, ... , v) be the set of all linear combinations of v, v, ... v. 
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equal to· r+l .. On the other hand, n-_ r+l simple r-vectors p' (s=r, 

r+l, ... , n) are independent .. Hence we have n-r+l~r+l, i.e. n~2r.m 

Since we have only to prove for the case where 2r.:;;;;;n, we know that the 
type (II) occurs only in the case where 2r=n. 

Furthermore we shall prove that the type (I) and (II) cam not coexist for 

the B1JBtem p;~~~::1,. (iI, i2 · ... , ir=l, 2, ... , n); that is, if for a fixed indices 
(i)=(l, 2, ••• , r-1), the sequenc~ 

(2. 7) 

has the. type (I), then for the indices ((i))=(l, ... , r-2, r+s), the sequence 

has, too, the same type (I). 
In fact, we can write pCi)r, pC')r+l and p(i)r+f as follows: 

l r-1 r l P(i)r - V [ · V · V · ] Ji ... j,- - Jl ••• Jr-1 Jr 

P(l)r+I - VI [. rV-~ rV+I_] 
Ji ... j,. - JI... 'Jr-1 Jr 

P1';..~j,. = t[Ji : .. "v},._~~~r]• 

(2.8) 

(2.9} 

And the intersection p<')" (\ pc<c))r is a simple (r-1)-vector and is dis~nct 
l r-1 

from V[Ji ... v;,._1J. For, if p<CO)"' contains the simple (r-1)-vector 
I r-I 
V[h ••• v;.,._ 1], then it must be the linear combination.· of (2. 7), since the 
sequence (2. 7) is a complete system of independent simple r-vectors con-

1 r-I 
taining the simple (r-1)-vector V[h ... Vjr-I]; however, since the inverse 
images of (2. 7) and pccmr under our automprphisms are independent of 
each other, (2. 7) and p<m)r are independent of each other. This con-

. tradicts the . above . 
. Aud, since p<O)) and pt<mr-i in the sequence (2.8) have a simple (1·-l) 

-vector in common and p<.')"♦• =-pStm<!'-1) so pCCC))" and p<')"H have a simple . ,1 ... Ji JI, .. ,,. , . 

(r-1)-vector in common, hence_ by the similar consideration we know 
that the intersection p<')r+• (\ pccmr is a simple (r-1)-vector different from 
l l'-1 

V[Ji ... v;.,.-1]• Therefore,. by the above two facts, we ca:n write p«mr as 
, follows: 

I r-2 r . r+8 

P)~~::";,. = 'v[h ... 'v;,.-2'v,._i'v;,.] 

(1) This mdthod. will be used later on. 

(2j' pcor denotes p~·•·r-:I,. .• 
JI• .. Jr-1 Jr 

(2.10) 

(3) pCCl))r+1 =0, so in this sequence we take pccmr-1 corresponding to pcor+• in 2.7. 
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. where 
· r . l ,. . , . . r+I 1. . . r-1 r+1 .. 
'v = av+ ••• +av(a::!==0), 1'1) === bv+ ••• +bv+bv(b:::j=-0), 

· 1 . ,. ,. 1 . r~ 1 r+• '"'' 

l r 2 l r-1 

and 'v, ... , 'v E 8 (v, ... , v). Similarly we have 

l r-2 r+l r+• 
111<.<m. r,+i = "v[ · "v · . ""''} "V'J J YJl•••Jr Jl • •• 'Jr-Z v r-1 r (2.11) 

'r+l 1 r-1 r+l r+1 ·1 r-1 r+•. • 
where "v = cv+ ... +cv+cv( c =J=:0), "v = dv+ •.• +dv+dv( d =1=0). 

l r-1 r+l r+1 1 r-1 r+• r+• 

1 r-2 l r-1 
and "v , ... , "v E 8 ( v, ... , v). Hence the joint pW>'Jf' V rf"''Jf'+t V pc<m"- 1 con-

. · · 1 r-l r r+1 r+ l 

tains at least r+ 2 linearly independent vectors v, ... , v, 'v, 'v and "v. How-
ever, if th_e sequence (2. 8) has the type (II), as we have seen in the above 
(2. 6), then the joint p«mr V p<CO)r+i V p<<•>>r- 1 contains exactly r+ 1 Unearly 
independent vectors. This contracts. the above,. hence the sequence (2. 8) 
has the type (I). 

Repeating this procedure from ( i) to (( l)), we can attain to any 
indices (k)=(ki, kz, ••• , k,._1) from any indices (i)=(i1, ia ... i,._1). Hence, 
when the sequence pc,:,, (s ~ (i)) has the type_ (I), the sequence p<"'' (t ~ (k)) has 
also· the same type (I). 

Th'l!,B we obtain the classification of automorphisms (1. 3) into the type 
(I) a.nd ty1>,e (II). 

§ 3. · The type (I). 

First we shall show that the intersection of linearly independent (r- 1) 
simple (r-1)-vector in r-dimenswnal vector ilpa,ce is a vector m. 

The· intersection of two simple (r-1)-vectors p and pin r-dimen
sional vector space contains a simple r-2-vector. In fact, suppose that 
this intersection is a simple (r-t)-vector, th~n the simple (r-1)'-vectors 
p and p contain (t-1) linearly independent vectors which are not contained 
in this intersection respectively, hence we have (r-t)+(t-l)+(t-l')<r, 
i.e., r-2;;;;;;.r-t. 

Similarly, the intersection of a simple (r-1)-vector and a simple 
(r-2)-vector in a simple r-vector contains a simple (r-3)-vector, and 
repeating this process we know that the intersection of (r-·1) simple 
(r-1)-vectors in the r-dimensional vector contain~ a vector. 

If this intersection contains simple 2-vector, there exist (r-2) linearly 

(1) See footnote (2) p. 13 .. 
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iqdependent vecto.rs which are independent for these two vectors. Hence 
the number of independent all simple (r-1)-vectors which· c~ntain this 
simple 2-vector is equal to (r-2). This contradicts our assumption. 

After t~ese preparations we shall return to our problem. In the type 
(I) we can · write pi1,,,i,._2i..s, pi1 ... i,..,.3i,._1i,.s, ••• , pi2 ... i,,_1i,.s and pi1, • .i,.-1s 

(s=l=i1, ••• , i,.) as follows: 
<r-1;> 

p~l••·ir-zi,.s = P'1 .. , ;,._zi,. v• 
Jl•:•Jr [ji ... jr-1 j,.] 

<r-2> 
pi1, .. i,._air-1irs _ pi1 ... i,.-sir-1ir v• 
ji. .. J,. - [h·••h-1 j,.] 
................ · .......................... . 

<r> 
v~] Jr 

(l) 

(3.1) 

And the number of independent simple r-vectors varying s=l=i0 (a=l ... r) 
for any fixed indices i1 ••• i,. in the left member of (3.1) is equal to (n-r) r. 

On the other hand, in the right member of (3.1) if there is r-t (t::2:0) 
independent simple (r-1) .. vectors among pi1 ... 'i,._21,., -pi1 ... i,._alr-1i,., ••• , pi2 ... i,. and 

pi1•••ir-1, then the number of independent simpler-vectors is eqtial to (r-t) 
(n~r) at most, accordingly we have (n-r) r~ (r-t) (n-r) i.e. t=O. There
fo~e p11 .. ,i,.-2i,., pi1 ... i,._sir-l, ir, .•. , piz ... i,. and pi1•••ir-l are mutually independent. 

Hence, by the above preparation and the above results, we know that 
the (r-1) independent simple (r-1)-vectors ']J1 ... i,._•1.i,., pi1--.-i,._ai,--1i,., ••• , pi2, .. i,. 

(() 

in a simple r-vector pi1 .. ,i,. have only a vector v~ .. in ~ommon.C2l By taking 

i0 (a · 1, ... , r) in place of i,., similarly we obtain the vectors t~11 _which· are 

contained in the simple r-vector pit••·'"· 
(t) 

, : _ And we shall show that these 1·-vectors vi4 are mutually independent. 
~-,.,.,.,_~~~, (r:...1)-'vectors 'Ji1 ... i,.-1, pi1-••jr-2ir, 'fi1 ... i,.-sir-1i,.' ... 'pi2 ... i,.-1i,- are 
mutually in<lependent, however on the other hand the number of independ
ent simple (r-1)-vectors·fo the simple r-vector pi1 .. ,;,. which contain a 

(0 
vector 1lr is equal to (r-1). Hence the simple (r-1)-vector ']i1 ... i,.-1 can 

. cq co 
not contain this vector V'"· Contrary to this, the vectors 1Jia (a=t=r) are 

. . ~) 

contained in this -simple (r~ 1)-vector .. pi1 .. ,i .. -1. Therefore we have vi,. r;. B 
(I) (I) (I) 

(via, ai=r), and similarly vib ~ B (via, a-=t=b): Thus we can say that r vectors 
Cl) 

via (a=l, 2, ... , r) are mutually independent. 

(1) <a> denotes (i1, .. ia-1ia+l•••ir) for any fixed indices i1.,.ir and any s=f=ia (a=l, ... , r). 
(2) The notation (i) means (ii.,.i,.) in this place. · 
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So we can write p~1• .. ;r as foll,Qws: 
Jl•••Jr 

• • ('). (l). 

p'.l• .. tr ~ v'l. ••• v'.r 
Jl·••Jr. [Jl Jr] (3. 2) 

Ul . . CC) 
Moreover, since vi~ E.pi1---ib-1i1>+1•·•;r (i .. -=t=ilJ l~a, b:S:r) and vi .. are mutually 
ind~pendent, we have 

Furthermore we must prove that if we write 
• • • • CCt)). CCO). ((CJ). CC~))• 

P~l••·'r-2'•'r ~ V 11. ••• V 'r-2 V '.• V '.r 
J1• .. Jr [Jl · Jr-2 J• Jr] 

where ((i))=(i1 ..• i,._2i,ir), then we have 

(3.4) 

(3: 5) 

To do this first we shall show that the interaection of the aimple 
r-vectors pi1.,.i,._z;,;, (i1 ••• ir-2 are fixed, i, and i, are arbitrary) is a simple 
(r-2)-vector. . 

By using (3.1) and (3. 3) we can write the simple r-vectors pi1•••;r_z;,;,, 

pi1 ... ir_2;,;,,, pi1•••;r_2;.,;,, pi1•••ir-i;.,;., as follows: 

where 

• • • • (I) (() (() 

p'.l•••':-2f1ft = Vl. ••• i),:-1 v'! 
Jl·••Jr [Jl Jr-1 Jr] 

p~l•••i:-2i1iu = 
Jl··•Jr 

(I) (t) (f) 
Vl r-1 b 

[Ji ••• VJr-1 VJ,.] 

i . . . ((I)) (Cf)) (Ct)) 
p .l·•·':-21111, :=;:;: V l .. • •• 'lJ ,:-1 V ':. 

Jl•·•Jr . [11 Jr-1 Jr] 

I• ,• 1• J ((I)) ((I)) (Cf)) 

P l••• r-2 'fl#t/ - V l ·V r-:-1 V .r 
Ji ... J,,. - [Ji ••• Jr-I Jr] ' 

(3. 6) 

Since the intersection of pi1•••ir-2i;i, and pi1; •. lr~z;.,;, is a simple (r-1)-
. . (I) (C) ((£)) ((t)) 

vector and, as we have seen in the above (3. 1), v(h ... v;;~1J ~ v th ... v ;;:1J, 
(C) ((I)) •· . . . . . 

we may take v'" and v• such that are contained in this intersectio~. Ac. 
CO CC> (Cl)) CCIJ) 

...::i: 1 th • t t• 1 r-l [\ 1 r-l t • t 1 COu.ung y, e Ill ersec IOD V(J1 •• , 'VJr-i) V (Ji ••• V Jr-i) Con ams a east a 
0 0 

• 1 ( . 3) t l r-3 SllllP e r-:-- -vec or V[j1 ••• VJr-s] • 

Therefore we can write these four simple r"'.vectors as follows: 
, • 0 0 
, 1 .•. 1,--21,1, = vi. • •• v1:-s v".-2 v".-1 v'! . 

PJI ... J,. [JI Jr-3 Jr-2 Jr-I Jr] 

P~1 ... i,:-2i,i,,. = ;1. . .. ;,:-s v".-2 v-:-1 v~ 
JI•••Jr [Jl Jr-3 Jr-2 Jr-1 Jr] 

P~1-••i,:-2i.,i, = ;1. . .. ;".-s 'v".-2 'v1:-1 ~ 
Jl··•Jr [J1 Jr-3 Jr-2 Jr-1 Jr] 

(3. 7) 

p~l·••ir..:.2iui11 = ;1. . .. ;,;-3 'V".-2 'v".-1 V'! 
JJ, .. Jr [JI Jr-3 Jr-2 Jr-1 Jr] 
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And the intersections pt1 ... i,..::21~ir (\ -pi1.,,i,. .. 2Me and pi1 ... i,.-2i,iu (\ pi1 .. ,i,.-2i.,i., are 
the simple (r-1)-vectors respectively, (for r--1 indices are common). So, 

r-2 r-1 a r-2 r-1 I> 

in the above (3. 7) we can · take v, v, v, 'v, 'v and v such that the inter-
sections 

(vr-2 vr-lva )!\" ('vr-2 'vr-lve ) and (vr-2 v"-lvb )f\('vr-2 'lvr-lvrJ ) Ur-2 Jr-l J,.J Ur-2 Jr-l J,.J · [Jr-2 j,.-1 Jr] [J,--2 Jr-l J,.] 
(3.8) 

are the simple 2-vectors respectively. Eliminating va and v\ we have 

and 

(Vr-2 vr-l )•f\ ('vr-2 lvr-1 Ve · ) =I= ,1. 
CJr-2 Jr-1] CJr-2 Jr-1 Jr] 'f-' 

(Vr-2 vr-l ) {\ ('vr-2 lvr-l V" ) =I= ,1. [ir-2 Jr-1] [Jr-2 Jr-1 Jr] 'f-' 

where cf, denotes the null set. 

(3.9; 

(3.10) 

(i) : In the case where these intersections (3. 9) and (3.10) have a 
vector w in common, it follows 

w = l1v"-2+z2vr-1 

- ll'vr-2 + li'v"-1+ l~ve l 
- li'v"- 2 +~1v"- 1 +z:v" • 

(3.11) 

Since the vectors 'v"- 2, 'v"- 1• ve and v" are independent, lj and lf must be 

zero, and ll li1 l½=l;. Hence we have 

W - Z1v"- 2+Z2v"-1 

- 'l1'v"-2 + 'l2'v"-1. 

Accordingly this vector w is contained in the four simple 1·-rector (3.7). 
Thus m the intersection of all p?1 .. ,i,.-2Ve (where i, and ie varied arbitrarily) 
contains simple (r-2)-vector. 

(ii): In the case where the intersection of the intersections (3. 9) 
and (3.10) is empty, in (3. 9) and (3.10) we have two distinct vectors 've 
and 'v" respectively such· that 

've - mfvr-2+ m½vr-l - 'll'v"-2+ 'li'v"-1 + 'live 

'v" - mivr-2 +niiv"-1 - 'li'v"-2+ 1l}'v"- 1+ 1l;v". 

(3.12) 

(3.13) 

Here 'lJ==!==O and 'l~==!==O, for if 'll=O for example, then the vector 've will be 

(1) Any two of (n-r+2) simple (r-1)-vector /1 .. •'r-2'1 (s~r-1, ... n), being mutnally 

independent, have a si:nple (r-2)-vector in common, hence all p'1 .. •'r-2', (s = 
r-1, ... , n) have the same simple (r-2)-vector in common. For, otherwise, by 
using the previous method itbout r-1 in place of r (footnote (1), p. 15) we obtain 
2(r- l);;;;;n, this contradihs to n;;;;;2r. Moreover here we should remark that 
p'1 .. •'r-2','z ---p'i .. .lr-211 v'~ 

JJ .... , .... J.,. - cJ1 .. , Jr-l J,.)• 
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contained in (3, 9) and (3.10); now this .is impossible. 

and 

Hence from (3.12) and (3.13) it holds that 
'vr-2 'vr-1 if, 

[Jr-2 Jr-1 J,.] 

i,r-2 i,r-1 ,,,_, 'V" l'l)d 
.[i,--2 Jr-1] ....., [Jr-2 J,.-1] 

From these facts and (3. 8) we can say that 

('v" 'v" VG ) (\ ('~r-1. 'vr-i 'if. ) 
[ir-2 J,.-1 Jr] [Jr-2 Jr-l Jr] 

and 

('v0 'v" vb ' (\ ('v"-2 'v"-1 1111 ·) [Jr-2 }r-1 Jr] [Jr-2 Jr-1 J,.) 

are the ·simple 2-vectors .. Eliminating 1v• and 'v" as similar as the above, 
we have 

and 
('v" 'v" i1' ) (\ ('v,:-2 'vr-1 ) =l= ,,_ · [Jr-2 Jr-l Jr] · [Jr-'2 Jr-1] 'I' 

( l'Vc 1V" V 11 ) (\ ('vr-Z 1vr-l ) =j:: ,r,. 
[J,--2 Jr-1 Jr] [ir-1 Jr-1] 'I' • 

(3.14) 

(3. 15) 

Since, if (3.14) and (3. 15) have a vector in common, .we can consider as 
similar as in case (i), now we have only to restrict ourselves to the case · 
where (3. 14) and (3. 15) have not a vector in common. Then, in (3. 14) 
and (3.15) we take two distinct vector 'v0 , 'v\ respectively, such that 

'v" = 'mJ'v'"-:-2 +'m~'v"-2 = h~'v"+h:'v"+hlv" . '' ' 

(3.16) 

(3.17) 

where h}=l=O and h:=1=0, similarly as we have see~ in the above. Hence 
we have 

'?fi 'v" v11 ~ 'v• 'v" 'v0 
[ir-2 Jr-1 Jr] Ur-2 Jr-1 Jr] 

'~[J,._/vj,._1'Qj,.J ~ 'vf1,._z'vj,._/vj,.J 
and 

'vr-2 'vr-1 ...., '?# 'v" [i.--2 /r-1] ,...., [Jr-2 Jr-1] • 

Therefore we can rewrite (3.7) as follows: 
0 0 

i==:' v1 • • .. v':-3 'v~ 'v" '~ [Jl Jr-3 Jr-2 Jr-1 Jr] 

-20-
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and 

(3.21) 

From (3. l's) and (3. 21), we see that p11·1·ir:-21•11 + p~i-.,ir-zi,,J. is a simple r-. 'J1, .. Jr Jl, .. Jr. · 
vector. But the inverse i~ of this r"'.vector under our automorphisms, 
i.e. 

l 2 r-2 • , 1 Z · r-2 •· ·u 

6[Ji6jz ••• 6Jr-26Jr-16Jr] + e[Ji6Jz ••• 6Jr-16Jr-26Jr] , 

as we know frorn the conditions for simple vector (1. 2), is not simple:. 
Tbis contradicts .our assumption. Hence the case (ii)_ does not happen. 
Thus we pave proved our assertion. 

By using (3. 2) and (3. 3) we can write as follows: 

• J '• , • (I). (i), . (() • . (I)• (I), 
p'.l•• r-31,:'r-21r;-l = v'I. ••• 'l)~r-S v'.r 'IJ'.r-2 v'r 
Jl•••Jr-sJrir-2Jr-l [Jl Jr-s Jr Jr-2 Jr] 

i i • J (IJ, (t)i (I). (IJ, 
'JI l.,• r-sl,..r-2 _ v'I 'V r-S v'r ,,J'r-2 

Jl·••ir-sJrJr-2 - [ii••• Jr-3 J,. Jr-2] 

; i • • (I). <0; (I). (IJi p l• .. r-s•r'r-1 _ v'• V r-s ,/r. 'V r-1 
'J1 .. •ir-:-sirir-1 - • [Ji ••• Jr-a . Jr 'Jr-1] (3: 22) 

p'••••l,.-airir-al, = J.t·•'r-sirir-.2 ,.,,;, 
'J1,,,J,.-1JrJr-aJr-1 • LJl·••J,.-sJrJr-2 Jr-1]. 

and 
i1,.,ir:..sirir-1i, _ · i1 ... i,.-3i,.i,.-1 "v'• 

'PJi ... j,.-sJdr-1/r-2 - P[Ji ... J,.-sJrir-1 ;,._:z] • 

As we know from (3. 22), the intersection pi1,,,;,._a;,.;,._.,.4_1 (\ 11t; .. ir-si,.i,.-:zi• 
• I (0 • (I)/ (0/ 
{\ pi1 ... ir-sirir-1i, contains the simple (r-2)-vector vr'~ ... v1r-s vJ ... ] • And · Jl r-S r 

since the intersection 1r == (\;,, ;,p'•··•'r-ai.i, is a si_mple (r...::..2)-vector eon-

tamed in· '~1 · c~, .. -, '~;,. <1> we can conclude that 
· Lil "' 'Jr-s Jr] ' 

Hence we have 
(I)., • i .. ; . . . . *· 
v•r E p'•··· ,..,,,.,, i == J_~··••r:-s•r'• v'.' 

'Jl•••Jr • LJl •uJr-1 Jr] . . . 

w~ere vi, has the freedom of (n-r+l). Consequently we ~et 

c,,. . . . . . 
v•r E p•1·•••r-s•r•• (2) . (3. 23) 

Similarly we know 

(1) The' ,interaectlon 1Jl1, .. i,.-sirir-2ir'-l n pJi .•• i,.-airlr-zi, n pi1 ... ir--sirir-1i, does not 
· contain a simple (r -1)-vector. For, the complete system of inde~ent simple 
r-vector containing ~ simte (r -1)-vector bas the form (2. 7). 

~ (3. 23) is obYiously obtained from the footnote (1) in p. 19. ' 
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(t) 

• vi,. E pi1•••i,--,i,.-2i,.i, 

co. 
pi2.,,i,.-2i,.i, V 1r E 

(3.24) 

(£). 
pi1 ... i,.-2i,. V 1r E 

(Cl)) 

Since ,jJl,. is the intersection of (r·-1) linearly independent simple 
(r-1)-vectors pi1.,.i,.-si,.i,, .•• , pi2 ... i,.-2i,.i, and pi1••·i,.-2i,. in the 1·-dimensional 

. ru . "'" vector space pi1i2 ... i,.-2;,.r., vi,. must coincide with v;r. · 

By repeating this procedure from (i) fo ((i)); any indices (k) contain
ing i,. can be attained from (i). Therefore, if we write 

where (k) = (!cl' k2 ... k,._ 1i,.), 

(I) (.t:) 

then we have vi,.~vi,.. Since this is true for every index ia instead of i., 

we can obtain 

(3.25) 

Moreover, since we have not considered the proportional factor, exactly 
we must write 

P~ii~ ... ;,._ _ ai1i2.,:i.,..,,i~ v!2 ir 
J1Jz .. ,J,. · [JI J2 ••• Jr] (3.26) 

where we do not sum for indices i1 , ••• , i,.. 

§ 4. The type ( II). 

In this case, we have seen that the sequenc~s P~!'i;::~1~ii, (i1, i~ ... , _i,.:- 1 

are any fixed indic~s; s=r, r+ 1, ... , n) are such that 

( 
• • • (f) Cf) 

p~l•"'!'-1'•) C 'V l. • •• 'V ,:+1 
JI·••Jr [JI Jr+I] (s = r, r+l, ... . n). (4.1) 

So we' have 

( sJi ... jrir+r .. ,}2,.g. ' . . •• g. p~p .. i,:-1i,) 
Jr+1kr+l J2,.k2,. JI··•Jr 

( 
• • , . , CO· (O ) 

--. cJI•••JrJr+I .. •J2rg. g. VI• v':+l 
-" Jr+1kr+1 ••• J2,.k2,. [JI ••• Jr+l] (4.2) 

Since the right member of (4. 2) is a simple (r-1)-vector,. ~he sequence 

(4.3) 

has the type (I)~ · 

Hence by the above result for the case of typ~ (I). anci ( 4. 3) we have 
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J1 ... i,. i1-,.i,: i1 i,. c"'"'k1k2 .. ,k,. 
Pji ... j,. - v[k1 ••• vk,.] ji ... j,. 

where we do not sum fO'I' the indices i1, i2 , ••• in. 

§ 5. Proportional factors. 
Finally· we investigate the proportional factor ai1i2 ... i,.. 

Case of the type (I). 

From (1. 3) and (3. 26) we get 

(4.4) 

(5.1) 

Let -VJ b d t • d b h th ,-J-N M It' I · Jl Jr 11: e e ermme to e sue at VJV11:-01c. u 1p ymg vk 1 ... vk,. on 

the both member of (5. 1) and summing up for iv j 2 , ••• , j,., then it follows 

(5. 2) 

. Since 1Wk1 ... k,==it ... vt'wji ... j,. is a sim~le r-vector, uii- .. i,. must be sym

metric for indices i11 ••• , i,., and moreover from the condition (1. 2) of 

simplicity of r-vector, it satisfies the condition 

( 
l • •+I ,. ( . • k k ( [I • • + 1 rJ • ) • k k 

W • ... W, W .. , iv a 11'"11 l+l••• r) 1,V • ... W, iv ... W ah ···'8 B+l"' ") 
[11, rs k.+1 k,. · , Jl] J, ks+ 1 k,. 

=0 (5.3) 

where '£1, ... , i,, J\, ... , j,, k.+ 1, ... , k,. (donot sum up) are all distinct and 
V 

w, (1,1=l, ... , r) are arbitrary vectors.°) By putting in (5. 3) 

>- "i,_ " h 
w,-ae;+b e,(A=l, ... ,s); 

µ µkµ . 
w1 - c e, (µ=s+l, ... , r) 

we obtain the condition cz) 

(5.4) 

Furthermore from (5. 4), it follows that 

(5. 5) 

for (i1 ... i,./1 ... j,.)=(k1 ... k,., l1 ... l,.). 

(1) In this case only, two symbols ( ) and [ J denote dperations operating for 

the same indices at the same time. 
(2) By the substitution into (5. 3) we obtain 

l • lb lb c•+l '")21 a'1 ... ,,11:,+l"•ltra'1· .. J,1c,+1 .. ,1t,. - a' 1'2 ••• ,,1:,+1, .. 1t,.a'1lz ... J,1t1+1 .. ,1t,.1 a ... a ... c ... c f 

= 0 , consequently (5.4). 
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And we remark that ai1 .. ,i,.':FO where-- i1 ••• i,. are all distinct. For, if 
· ,d1i2 .• ,.i,.=O for any fixed index i1, i2 ••• i,., then we have 'w1i ... 1,.=0 when 

W[iir ... Wi",.] =t=O. 

From (5. 5) we get 

(5.6) 

Hence we have 
(5. 7) 

(5.8) 

Case of the type (II). 

In this case, also similarly, we can investigate aJi. .. i,., From (1. 3) and 
(4. 4) we get 

(5.9) 

Multiplying cf.~:::.!:.,1 ... ,,.1t ... -vt on the both members of (5. 9) and then 
summing up for iv ... , i~. then it follows 

'w = ~ sh•••ir ;/1 1lr1w. . 
k1 ... k,. "7" ......... l1•••lr k1 •• • k,. JI··•Jr 

_ ~ ai1 ... i,. i1 i,. i:;,h1 i:;,h2 .,,h,. vii vl"W - "T v[h1 •.• vk,.] 0 [11 °12 ••• 0 1,.] k1 ••• k,. i1.,.i,. 
(5. 10) 

= a'l1.,.krWk1 ••• k,. 

- ak1.,.k,.w' W" 
- [k1 ·•• k,.] 

Similarly as in the case (I), from wk1 ... k,. eing an r-simple vector we obtain 

From the property proportidnal factor a11··•ir in (3. 26) a:qd (4.4) we 

obtain the following result, writing v' in place of a'v' (donot sum for i): 

we have 

.,,.,,. th ca e wh r --1..-2 pli••·;,. - 11 ;,. ,.,, e 8 e e n=r r: ;i ... j,. -. v[j1 ... vj,.] , 

for the case where n=2r: 

p~l• .. i,: = Vil. ••• 'l)~r 
Jl•••Jr [J1 Jr] or 

Thus we have completely. proved our theorem. 

Mathematical Institute, Hiroshima University 
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