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ON THE LOGARITHMIC FUNCTIONS OF MATRICES. I.

By
. Kakutaro MORINAGA and Takayuki NONO.

(Received Sept. 30, 1949)

Let 2 be the set of all matrices of order n over the field of complex numbers, I the
set of all regular matrices of order », % the set of all matrices of order n whose all dif-
ferent characteristic values p; have the imaginary parts I(p;) such that —ax<I(p;)<m,®
¥ the set of all matrices of order » whose all characteristic values g; have the imaginary
parts I{p;) such that —z<I(y;)<m, and M the set of all regular matrices of order n
whose characteristic values are not negative.

The exponential function of a matrix C is defined by the series

expC=L+ .‘.' 7(7'~
-1k
As for the exponentia] functions of matrices we have already known the following:

(1), There exists a neighbourhood of zero matrix O in % which is mapped topologically
onto a neibourhood of unit matrix £ in M by the exponential mapping M =expd4.®

(i)._. The set of all hermitian matrices of order » is mapped topologically onto the set
of all posi‘tive definite hermitian matrices of order n by the exponential mapping M=expA®

(2) There exists a matrix 4 in 9 such as expd =M for MeIM.®

(3) The general solutions of the matric equation expAd=JM for a given regular matrix
M have been discussed by many writers, called the logarithmic function of J, and denoted
by logM.® (We shall also use this denotation in the following).

In this paper we shall prove the following: )

(@) There exists one and oncy one matric A in N such as expd=2M Sor MeM, (we shall
denote this matrixz by L(M) wn the follome), namely the mappmg M=expd from the set
9 onto M is one to one.w

& The set U is mapped topologicaily onto o by the mapping M=expA.®

(¢) We obtain the general solutions of the matric equation expAd=M for McIt; Using

I) Even if we use the interval a =I(#;)<a +2= (a is arbitrary real number) in the place
of —m=I{1t;)<m, we can similarly prove the following theorems.

2) C. Chevalley:Theory of Lie groups. I. (1946). p.7, p. 14.

3) J.H.M. Wedderburn:Lectures on matrices (1934). p. 122-123.
K.Yosida: A matrix A such as det A+0 is expressed by A=expB, Shijo-Sigaku-Danwakai

72;(309) (1935). (In Japanese)

M.Nagumo:On the equation A=¢X in a normed ring. ibid. No. 72, (310). (1935). (In Japanese).
K.Asano: On the solutions of matric equation eX=A, ibid. No. 74; (326). (1936), (In
Japanese.) ’

4) K.Morinaga and T. Nono:On the logarithmic functions of matrices. Shijo- Sugaku—Dan-
wakai, (in the press).

5) Considering the periodicity of the logarithmic function ILogM, it is impossible to extend
this topological mapping to the larger domains.
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the branch L{M) of log M, we can make clear the periodicity of the logarithmic functions.
(d) Using this expression of l()jM, we can determine the branches of logM which are
expressed by the polynomial of M.
In the following we shall denote by 8(C) the set of all the matrices commutative with
C, and by B~C the fact that B is transformable to C. ) ¢

§ 1. First we shall obtain a matrix 4 in % such as cxpd =M forMe9g. We transform
M into the canonical form® by £, and denote by M, the block for a characteristic value
A i i.e.,

M, © M, 0
P"IMP:( -, M,;( ):/IL-E!-;-N,-
0 M;p,

0 "M, (@=1,....,p)
) > 1
A;1 0 M
jl[iaz( ), (a=1,....,p;), A;42, for ik,
L0 2,1

where M; and M;q are the matrices of order n; and n;, respectively, E; is the unit
5 ; )
matrix of order n;, N; satisfies N;"i =0, jand since MM, A;%0.

Let us now consider the matrices .
. ny-1 7 . :
F(M3)= Loga, .E; + S(—1yr— Ni_| G=1,....,p) @)
r=1 rA;

where Logi; denotes the principal value of logd;, i e,—w<I(Logl;)<m. Since N ,”" =0
and EN;=N;FE, these matrices are obtained by substituting F;, N, andr/li for 1, x and
A respectively in the next identitiy which is valid for complex numbers
Log(z+'m)=Logz+f_“’(—1)f—lj§§r, 0| 1<t
r=1 A
Hence from an identity
exp - Log(A+2)= A+,
we have
- - erp - z(‘,[i)::)‘llgl—*-Ni:ﬂll o (3)
Next if we put
L(My=P; [\ M) 0 \FrY,
fory) | @
0 L)
then we obtain
exp - L(My= M, L(M)e 9. , ®)
Moreover, since /(M) is the polynomial of N;, i.e., M;, L(M) is a polynomial of A

1) When we call the polynomial of a matrix U, it means the polynomial of a matrix ' and
the unit matrix with the coefficients of complex numbers which may depend on a
matrix U. _

The canonical form means the Jordan's canonical form, and so in the following.

3) Since N;*!=0, here the condition of convergence, i.e., | ;—]< 1 is unneccesary.

5]
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Thus we have the result:'t
RESULT 1. L(M) is a solution of expA=M and a polynomial of M.

§ 2. We shall consider the general solutions of the matric equation

expd=M - Jfor Mk, (6)
From (6) we have

exp(P*AP)=P-\MP= [M; 0

0 My

hence from (7) we get

(P1AP) (PTMP)=(P*MP) (P~14P), (8)
and by means of (7) and the above it follows that

P14P= (4, 0 )

( ), expd;=M; (i=1,....,D), 9
0 Adp

where 4; is the matrix of the same order as M;.

Here we transform 4; into the canonical form, i. e,

Qi'4,Q;=d;, 0\, Ayg= gl 0,
1 . B=1....,q) (10)
0 ;¢ 0 /‘iﬁ/ : '
where 4;5 (B=1,....,9;) are the matrices of order m;g By means of (9) and (10) we
have
expAd;y 0 N\ =Q,7'M;Q;,
) (11)
0 exrp A4 iqi
and
expd;g=cliBexp 0 1 0 ~ eftip 1 07
By considering (1), (11) and (12) we can obtain the following relations '
9i=Pi» Mig=Nig (@=1,....,p)), ' (13)
and
e/lia=/:;, i €., Uig= Il()gll +27T"/-—-—l‘ fia, (14)

1) Since each of (E, 0y 5eenee , {0 0, is expressed by polynomial of /M, 0\ and

0 0 0 Ep, v 0 .‘Mp

if (‘7;{1) 0 =f, (-MI 0 ) (]'10 0 Feeeens +f ('44(1 0 ) 0 0
N o
( 0 f,,(M,,)) o m) Lo o,) 0o M, ( 0 R,

Sfi (M) of My, (fz(MI) 0 )is a polynomial of (M, ] )

0 J";p(‘up) 0 ‘Mp )
2) M Yy e Ym-1%0, then ("a,;‘,\‘ H* )~(‘({1 0);for these two matrices have the same

for any polynomials

Y

Ti—1 '\
a 0 a

0
elementary divisers.
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where f;, are the arbitrary integers. Consequently, from (10), (13) and (14) we have
A a=.(Logv_~ii 1 0) +27v 1 fie Eia

AU |
0 . LO_(]A,;-

where E;, is the unit matrix of order 7n;,. And remembering the definition of f(M;,)
(see (2)) we see

Aia~KMi)+27y T fiq Eio® (13)
Accordingly, from (10) and (15) we deduce that by some matrix S;,
' A =S LM )+ F)Sy, (16)
where
Fi=2nv' 21 [fi1 Eix O
. (16y
.0 Jin; Eip,
Furthermore, from (4), (9) and (16) we get
A= 8" LM)+ F)S, ‘ (Im
where . )
S, 0
S= P( . P, am
0 Sp
and .
F. 0O
"—'P( . )I)_l . (17)/!
0 Fp
and since from (1) and (16) M;F;=F;M;, by means of (14) and (17)" it follows
MF=FM ’ (18)

From Result 1 and (18) we have
FL(My=LMF
hence
exp(L{M)+ F)=expL(M)-exp F,
moreover by (16) we have
exp(L(M)+ F)=eap L(M)=M., . (19)
From (6) and (17) we get
M=exp A=S"{exp(L(M)+ F)}S,
substituting (19) into the above, we have

M=5-1MS, that is, ScR(M). (20
Ths, since §~'L(M)S= L(M) by (20) and result 1, the equation (17) is reduced to
A:L(]”)-{-S—lﬂg, Agfg(m,‘z) » (21)

where

F=P(F1 0 )Pﬂ and F,-=21/:1"(f“E“ 0 ) ¥
{21y

0 F p 0 j .iPiE iPy
Here P is a fixed matrix which transforms M into its canonical form, and § is the

1) See the foot note 2) p. 109.
2) 8 F8 is the general solution of XM=MX, expX=E.
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arbitrary matrix such that SM=MS

Conversely it is evident that these matrices satisfy the relation exp A=M. Thus we
have the theorem:® ' '

THEOREM 1. The general solutions of the malric equation expAd=M for MM are
given by

A=log M=IL{M)+S~'FS
where F=P(F, 0\P, Fy=2ny -1 (fi1Eir 0 , and f14 18-an arbitrary
( 0 .AFP) ( 0 /;;'PiEiPi\)
integer; P i3 a fizved matric ‘which transforms M info s canonical form, and S is the
arbitrary matriz such that SM=MS.
By this theorem we obtain the following results:
If A=L(M)+S~'FS belongs to #, then F must be zero matrix 0. So we have the
theorem: :
THEOREM 1I. There exists one and only one matriz A4 in A such as expA=M for
MM, and this matric is L(M)®
By thorem II we can immediately deduce the theorem: .
THEOREM III. The set % is mapped topologically onto " by the mapping M=expAd.
Next if A=I{M)+S-1F3 is the polynomial of M, then this matrix must be permutable

with all matrices of ®(J). ‘We shall denote these branches of.logM by Logl, And
Se¢K(HM), hence we have

S(L(M)+ S-1FS)S~ 1 =(L(M)+S-LFS) (22)
and using SL{MS-!=I(M) we get

S 'F3=F (23)
that is, .

’ Log M= I{M)+ F , ' (24)

Furthermore, since

FK=KF  for all KeS(M), (25)
we have '

F;=2m/_1 fiE;, f; is an arbitrary integer; (26)

this means that f;a=f;. (a=1,....,p;) in (21). Therefore it must be
Log M=IL{M)42xy/ =] P(f,E, 0 )P’l,
P

0 foE
and it is evident that these matrices in the rigat hand member are the polynomials of M,

@7

1) Let P be the other matrix which transforms M into its same canonical form, then P=RP,

R¢®(M), hence we have E(M)Ef’(f,(-Ml) 0 ,)I"’fl=RIAM)R-1=L(M), F=pP (F} 0\P1

0 L) 0 "F,)

=RFR™,

that is, .

LM+B1F8 =LM+3\RFR\S =L M)+ 81 F8,

where S¢® (M) and § =RS.

2) K.Morinaga and T. Nono. ibid. theorems 1,2 and 3.
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‘Thus we have the theorem:
THEOREM 1Y, The brawches Log M of log M which are expressed by the polynomials
of M are given by '
Log M=L(M)+2m/—1 P(fLE, O \P1
( 0 £ Ep)
From this theorem we get the following corollaries:
COROLLARY 1. If and only if MN=NM for M, N¢W, then
Log M. LogN= LogN. Log M. :
COROLLARY 2. When and only when M(«3) has the form

w=(o7)

where U and y are the matrices of order 1 and m respectively, then Log M has also the
Jorm

Log 31=(1D)

where H and K are the matrices of order 1 and m respectively.
§ 8. Finally we shall investigate the terms which express the periodicity of the
logarithmic functions of matrices, that is, the terms S-S where S is the arbitrary

matrix_belonging to S(M).
Since S<R(M), we have

P"ISP= (Sl 0’), Si=(Sil]"' """" S‘ilpi ‘), (i=l""'7p?)

Siap= \\in,u Jor nig>niq,
= \§ for nig=n;q

\\\ .
= Jor n;g<ngq.

where S; is the matrix of order n;, and S, is the matrix having 7n;, rows and n;
i i ia8 ia if

(28)

columns, all- elements of which on the obliques are equal and arbitrary, and the other
elements of which are zero. ' ' ‘

Now we shall consider the mapping S—>S"'FS in 8(M), regarding F' as fixed. The
kernel § of this mapping is the set K(M)~K(F), and a normal subgroup of §(H), regarding
these set as the group with respect to the matrix multiplication. Furthermore, the form
of the matrix Sy¢& is given by

f=pP§, 0, P, 8= ‘gi’ll """""" gill’i -
( ) ( P ) (29).

0 ‘SP ‘gi.Pil """" ‘gl:'!’ip,' ’
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where if fio%/f;p then §;05=8,,=0; and §;,p is the matrix of the same type as S;qg.
Moreover let € be the set of all matrices & of the following type:
S'=pP Sl_’ 0 \P, S)/= E_ill'_‘_ """" S'1p;

( 0 ‘-S' p) ( ' ) ’
where if f;,=f;g then §;,3=5;8,=0; and S'iqp is the matrix of the same type as
S;iaq g- Then ®(M) is decomposed into a direct product of & and &'; that is,

KM =Exe’ 31
- Accordingly, let Se®(M), then S=§.5, ,§e@°, S'«€’. (uniquely!), Hence we can conclqde
that ‘ ,

(30)

v
SipjvEip;p;

SLFS=8"1FS, (32)

and if 8 and 7" (', T'¢©") are distinct, then S'-'F%, and distinct.

Thns we have theorem:

THEOREM Y. The general solutions, log M of the matric equation exp A=M for MM
are reduced to log M= L(M)+ S FS',
where S'=P(8, 0 \P1, S= (E_i” ---------- S",-,pi \

( 0 & p) )

if fia=Sfip then 8';,3=5i8,=0; and ;445 ts the malrixz of type (28). And all arbitrary

\Sipil """"" ~EiPiPi

elements in S' are contained in log M as the essential paramelers.

Next, in order to calculate the number » of the essential arbitrary clements contained
in &, we shall first calculate such a number y; for §';. Since, from the form of S;.g3
in (28), the number of the arbitrary elements contained in §';,4 is equal to the minimum

of n;4 and n; g, 1. e,min(n;q, nig), and if Sia=fip then from theorem V, Siap=8"1ap=0,

so we have
v;= I min(n;g ny
! f,-,awilgl( tor ™)
accordingly
» )
yv=3 3 min (i 0 . 33)
i‘;lfia*fiﬁ (za: l‘d) ( )
or
p B .
y=2 Y j niAlin (34)
i=1 =1

where p;; denotes the times of the case when it happens that n<tgp OT 1) =Nju
(A<p), being fi3%4Siu for- the fixed 4 and A.®
Furthermore we shall calculate the nnmber 3¢ of the essential arbitrary integers
contained in /. The number )¢ is equal to the number of the distinct integers among
fia @=1,...,p5a=1,....,p;). And we have
x=dy; (35)

Thus we have the theorem: .

lA) Moreover, from the tirst wermay take the normal form such that 7;1=n;0.5...5n;,,

then we have p;),=p;—; accordingly
p P
V=23 3w (pi—A)
i=1 =1 4P =H)
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THEOREM VYI1. There exist the periodicities of two kinds of log M which have the
essentially distinct meaning. The one 1is the periodicity contained in F, whose cardinal
-number is equal to XX, where x ts equal to the number of the distinct inlegers among
Sia (=1, pia=1,....,p;). The other is the periodicity conlained in S, whose cardinal
number 18 equal to 2" :

=% x min(n; g, n,~,3)=2.§' :Efn,-zpm
i=1fia¥lig i=1 A=1
where p;; denotes the times of the case when it happens that n,3<ln;. or n;3=n;u
(A<p), being fi3=+f;. for the fixed ¢, A,

Mathematical Institute, Hiroshima University.
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