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ON THE LOGARITHMIC FUNCTIONS OF MATRICES. I. 

By 

Kakutaro MORINAGA and Takayuki NONO. 

(Received Sept. 30, 1949) 

Let 21 be the set of all matrices of order n over the field of complex numbers, m the 

set of all regular matrices of order 11, IJI the set of all matrices of order n whose all dif­

ferent characteristic values p.; have the imaginary parts !(11;) such that -'JC<l(µ;)<rr;lll 

vi the set of all matrices of order n whose all characteristic values p.; have the imaginary 

parts I(ti;) such that -rc<l(p;)<rr, and WI the set of all regular matrices of order n 

whose characteristic values are not negative. 

The exponential function of a matrix C is defined by the series 

oo (_;T 
e.1:pC=E+ .l' ~;,-

,~ I 1 .• 

As for the exponential functions of matrices we have already known the following: 

(th There exists a neighbourhood of zero matrix O in 2l which is mapped topologically 

onto a neibourhood of unit matrix B in m by the exponential mapping M=expA.<2> 

(ih The set of all hermitian matrices of order n is mapped topologically onto the set 

of all positive definite hermitian matrices of order n by the exponential mapping 1'I=expA<21 

(2) There exists a matrix A in 11 such as exp.A = JJI for }}ff IJJl. m 

(3) The general solutions of the matric equation e.1:pA = 111 for a given regular matrix 

111 have been discussed by many writers, called the logarithmic function of M, and denoted 

by logM.m (We shall also use this denotation in the following). 

In this paper we shall prove the following: 

(a) There e,i:ist.i one and on.:y one n:ai,ri.,: .A in ~ such as e.1:1u1 = JII for lJif m, ( we shaJJ, 

de,wte thil'! matri,i: by L(111) in the following); namely the mapping lrl =e;1:pA from the. set 

11 onto m is one to one. <41 

(b) The set ~I i.; mapped topologicady onto IJJl by the mapping ~J!=e.1:v.A.<5> 

(c) We obtain the general solutions of the matric equatio!i e.1:1>A = M for lrff m; Using 

I) Even if we use the interval a '&,[(11;)<r1 +2rr (a' is arbitrary real number) in the place 
of -rr;;i;J(/1 t )<rr, we can similarly prove the following theorems. 

2) C. Chevalley:Theory of Lie group5. I. (1946). p. 7, p. 14. 
3) J.H.M. Wedderburn:Lectures on matrices (1934). p.122-123. 

K.Yosida: A matrix A such as det A *0 is expressed by A=e.r:pB. Shijo-Siigaku-Danwakai 
No. 72;(309) (1935). (In Japanese) 
M.Nagumo:On the equation A=eX in a normed ring. ibid. No. 72, (310). (1935). (In Japanese). 
K.Asano: On the solutions of matric equation eX=A. ibid. No. 74; (326). (1936), (In 
Japanese.) 

4) K.Morinaga and T. Nono:On the logarithmic functions of matrices. Shijo•Sugaku•Dan· 
wakai, (in the press). 

5) Considering the periodicity of the logarithmic function LJg.'lf, it is impossible to extend 
this topological mapping to the larger domains. 
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the bra1wh L(.M) of l-0[! M, we can make ,•tear the periodicity of the logarithmic function,,,. 

(d) Using tlris e.r1n-e.~-~fon o.f loglY[, we CYt determine the branche.i of logM whfoh are 

expre8sed by the t>olynomia! o.f llf.(l) 

In the following we shall denote by Sf(C) the set of all the matrices commutative with 

C, and by B~C the fact that R is transformable to C. • 

§ f. First we shall obtain a matrix A in 11 such as expA == 111 forllff ~- We transform 

M into the canonical form(2l by 1~ and denote by lYf; the block for a characteristic value 

ii, i.e., 

J1.f;={11ti1 .. __ o )==J.;K+N; 1 
\ 0 lll;p; (i==l, .... ,p)l 

for i=t=k, f (
A. -1 0 ) . 

M;a== '··-::·- ...... , (a==l, .... ,p;), J.;=t=J.k 
, o A; 1 

(1) 

where llf; and Mi a are the matrices of order n 1 and n; a respectively, E; is the unit 
I 

matrix of order n;, N; satisfies N;"i ==0, /and since Mf'Ml, A;=t=O. 

Let us now consider the matrices 

(i == 1, .... , p.) (2) 

where Log). 1 denotes the principal value of log).;, i. e.,-rr~T(LogJ.;)<rr. Since_ Nt''t =0 

and EN;=N;E, these matrices are obtained by substituting E;, N; and A; for 1, ,rand 

). respectively in the next identitiy which is valid for complex numbers 

, oo '1.'T 

Log(.l.+.'1:)==LogJ.+l'(-1t- 1 ··).· r, 
r=J 1 • 

Hence from an identity 

exp• Log(.l.+a:)=J.+x, 

we have 

exp. /J...ill;)==J.;E;+N; =JI.I; 

Next if we put 

then we obtain 

exp . L(ilf) = 111, L(lll)f ~I. 

(3) 

(4) 

(5) 

Moreover, since f..(111;) is the polynomial of N;, i.e., il1;, L(.111) is a polynomial of M. 

I) When we call the polynomial of a matrix 0, It means the polynomial of a matrix O and 
the unit matrix with the coefficients of complex numbers which may depend on a 
mat(ix U. 

2) The canonical form means the Jordan's canonical form, and so in the following. 

3) Since N1 '·i =0, here the condition of convergence, i.e., I : I 0< I is unneccesary. 
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Thus we have the result: \ll 

RESULT 1, L(M) is a sul1dion of e.i:J>A =Mand a polynomial of llf. 

§ 2- We shall consider the general solutions of the matric equation 

exp.A=llf fo1· Md1R. 

From (6) we have 

e,r:p(P-1.AP)=P- 1 .MP= (ll'I~ ____ o ), 

0 Mp 

hence from (7) we get 

(P- 1 .AP) (P- 1 MP)=(P- 1MP) (P- 1.AP), 

and by means of (7) and the above it follows that 

P- 1 .AP= (A 10 ____ ._o_.Ap')' exp.A; =M; (i= 1, ... . , p), 

where A I is the matrix of the same order as M 1 • 

Here we transform .Ai into the canonical form, i. e., 

(6) 

(7) 

(8) 

(9) 

Q7'A,Q,~ C'·'.,.o )' 
0 Aiqi 

([1 =d, .... ,q;) (10) 

where A;p 

have 

(ft= 1, ... . , q;) are the matrices of order. m; (3· By means of (9) and (10) we 

(
e.r:p-1.'.._~ 0 ') =Q;- 1 .Af;Q;, 

0 ea:p A;qi 
(11) 

and 

exp.A 1 (J= e/11 flea:p (0 1··• ... ~ ) ~ (-~~~-'.~ 1 ··-.. ~\)
21 

0 1 ·-. . 1 . 
0 . 0 . l/fl.t/'1 

(12) 

By considering (1), (11) and (12) we cap obtain the following relations 

q;=p;, m;a.=n;a (a=I, .... ,p;), (13) 

and 

(14) 

I) Since each of c · J ..... , ('> :J i, ""'=•d by polynomial of 

(f <·~~-'..~--- O ) =!, (\\0 ) (R~-----~) + ...... +/,. (-.,rJo) (·o 0o) for any polynomials 

0 l1J..Mp) , 0 .ftfp- 0 0. 0 Mp O Ep, 

/; (JI;) of .W;, (/,(M'.) 0 ) is a polynomial of (11l\ ___ O )• 

0 f 1.(.1fpl O Mp 

2) If 'Y1 •·····'Ym-1*0, then({-~\# )~(~\~ \0); for these two matrices have the same 

·. r,,,_, .. I 
O a O a 

elementary divisers. 
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where fta are the arbitrary integers. Consequently, from (10), (13) and (14) we have 

A .~ c:• ~J +2"V=t /,. E, 0 , 

where E 1 a is the unit matrix of order nta· And remembering the definition of /,(Alta) 

(see (2)) we see 

A;a~l(Al;a)+2irv=-f f;a Eta·ll) 

Accordingly, from (10) and (15) we deduce that by some matrix 8;, 

A; =,~t(l(M;)+F;)S1, 

where 

Fi =2iry=-f /ft 1 E; \. 0 • ) • 

\_o .f1p,E;p; 

Furthermore, from (4), (9) and (16) we get 

A ==S- 1(L(M)+F)S, 

where 

and • 
(Fl 0) 

F= p O ·-.. °);•P p--1 

and since from (I) and (16)' 1JI;F1 ==F;Jl,I;, by means of (14) and (17)" it follows 

( 15) 

(16) 

(16)' 

(17) 

(17)' 

( 17)" 

JJIF=FM PB) 

From Result I and (18) we have 

FL(lll)==L(M)F 

hence 

exp(_ L( JJ,1)+ F) == ea:pL( M) • ea:p F, 

moreover by l 16)' we have 

e.cp(L(A1)+.F)=exp L(M)==M., 

From (6) and (17) we get 

Ai= ea:p A== s-1 {exp(I.(JJJ)+F)}S, 

substituting (19) into the above, we have 

(19) 

M==S- 1 Af8, that is, SESf:(M). (20) 

Ths, since S- 1 L(Jl,l)S=L(M) by (20) and result 1, the equation (17) is reduced to 

A=L(J1,l)+S- 1 FS, S,Sf(M),121 (21) 

where 

F==P(P~ __ o )p-i 
0 Fp 

andF;==2y::-((filE1 __ 1 ___ 0 ) 

0 f 1P;EiPj 
(21 )' 

Here P is a fixed matrix which transforms JJI into its canonical form, and S is the 

I) See the foot note 2) p. 109. 
2) lr1 FS is the general solution of X-1',l=JlX, ezpX==E. 
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arbitrary matrix such that SM= MS 

Conversely it is evident that these matrices satisfy the relation exp A =M. Thus we 

have the theorem: (l 1 

THEOREM I,. The general solution.~ of the matric equation e.i:pA=M for .tI,m a;e 

given by 

A =log M=IJ..M)+8- 1FS 

where F=P(F1 ____ 0 )p-i, F 1 =21ry'=T(filE; 1 ____ 0 )' 

0 Fp O f1p 1EiP1 

and f i a is an arbitrary 

integer; P is a fixed matrix which tran.eforms M inlo its canonical form, and S is the 
' arbitrary matrix such that SM=MS. 

By this theorem we obtain the following results: 

If .AsIJ..M)+s-1 FS belongs to i, then F must be zero matrix 0. So we have the 

theorem: 

THEOREM II. There e.i:isls one and only one matrix A in 91 8uch as exp A = M for 

M, m, and this matrix is IJ..M).12) 

By thorem II we can immediately deduce the theorem; 

THEOREM Ill, The set Wis mapped topologically onto !JR by the mapping M=expA. 

Next if .A:al,(_M)+S-1 FS is the polynomial of M, then this matrix must be permutable 

with all matrices of ff(.111). We shall denote these branches of. logM by LogM. And 

S1St(llf), hence we have 

S(IJ..M)+S-1FS)S-t =(IJ..,W)+S-1F8) 

and using SIJ..M)S-1 = L(M) we get 

s- 1FS=F 

that is, 

LogM=IJ..M)+F 

Furthermore, since 

FK= KF for all KdffM), 

we have 

f 1 is an arbitrary integer; 

this means thatfia=fi• (a=l, .... ,p1) in (21)'. Therefore it must be 

Log M=IJ..M)+2ny'=TP[f1E 1 • .. ?. )p-i, 
\ o fpEp 

(22) 

(23) 

(24) 

(25) 

(26) 

(27) 

and it is evident that these matrices in the right hand member are the polynomials of M. 

l) Let P be the other matrix which transforms .tl into its same canonical form, then F=RP, 
R1S£(JJ'), hence we have L(M)=P(l(.IJ,11)0 ·)P-1=RL(M)R- 1 =LiJ~f), li'=P(F\ ~- )·p-1 

0 L(.lllp) 0 F11 
=RFR-:, 
that is, 

l<,11ti+s-1Ps =L(,11t1+Y-1Rnr1s =L(,,I>+~1Fs, 
where S • St U~l) and S = RS. 

2) K.Morlnaga and T. Nono. ibid. theorems 1,2 and 3. 
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Thus we have the theorem: 

THEOREM IY. The brwwhes J,ag 111 of wg llf which are e;i;pressed by the polynomiats 

of lll are given by 

Logllf L(M)+2ny-1 Pff1E1 ____ ~ )P-1 

\ O (pEp 

From this theorem we get the following corollaries: 

COROLLARY 1. If and only if .MN=NM for llf, N,wt, then 

Log M. LogN = LogN# Log llL 

COROLLARY 2. When and only when N(, m) has the form 

M=(~~ 
/ 

where U and V are the matrices of order l and m respectively, then Log 1i1 ha.3 also the 

form 

L.>g lll=({ffi) 

where H and K are the matrices of order l and m respectively. 

§ S. Finally we shall investigate the terms which express the periodicity of the 

logarithmic functions of matrices, that is, the terms s- 1FS where 8 is the arbitrary 

matrix. belonging to ft(lli). 

Since 8, !t(M), we have 

(i= 1, .... ,p,) 

R1a,a=I ~In"' for n;,a>n;a, 
(28) 

=\~I for n;/J=n1a, 

=~ 

where 8 1 is the matrix of order n1, and 8 1a/J is the matrix having n 1a rows and n;{J 

columns, all· elements of which on the obliques are equal and arbitrary, and the other 

elements of which are zero. 

Now we shall consider the mapping ,"_S-lFS in Sf(.M), regarding F as fixed. The 

kernel s of this mapping is .the set R(.i'l1)ri!t(F), and a normal subgroup of ft(M), regarding 

these set as the group with respect to the matrix multiplication. Furthermore, the form 

of the matrix SOE s is given by 

.~=P(·s\..._o I P-l, l,1=:; ,;r ........... ~rPi) 
0 tJ (. ;,, , .... .s; ,,,, , (29). 
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where iffia'1=fif'> then •~ia(-1=,5;f3a=O; and ,ta/3 is. the matrix of the same type as Sia/3· 

Moreover let 6' be the set of all matrices 8' of the following type: 

8'= P(8i'._ 0 )I~-- 1,• 8;'= (B; ll ....... 8' ii Pi ), (30) 

0 8'p 8';P;1····•··B;pipi 

where if fia=f; 11, then S';a/J=,5'i(Jri=0; and 8'iaf3 is the matrix of the same type as 

8; a fl· Then Sf(JJJ) is decomposed into a direct product of £ and 6'; that is, 

Sf(JJ.i) = S X 6' (31) 

·Accordingly, let Sdt:(N), then 8=,5·8', ,;f(S, S',e'. (uniquely!). Hence we can conclude 

that 

s- 11:-; ==8'- 1 P,S', (32) 

and if S' and T' (8', 'l'f6') are distinct, then s•- 1 P8', and distinct. 

,Thns we have theorem: 

THEOREM Y. The general sol·utfons, log 11{ of the matric equation e.x:p .A= JJ{ for M, m 
are reduced to log JJ-l = L( 1'-I) + 81- 1 PS', 

where 8'=P(8
0
1 1 0 )J>cl, 

S'p 

8' j = (E i I 1 ········••8' i Ip. )' . • I 

J,;P;l ....... EfiPjPi 

if f;a=f;f3, then 8';af3=8';13a=0; and S'ia/3 is the matrix; rif type (28) . .And al,l arbitrai·y 

elements in 8' are contained in log JJI as the e.~.,ential parameters. 

Next, in order to calculate the number ).I of the essential arbitrary clements contained 

in 8', we shall first calculate such a number J.;; for 8 1 i• Since, from the form of Sia/3 

in (28), the number of the arbitrary elements contained in 8' ia/3 is equal to the minimum 

of n1;,, and n; /3• i. e.,miu(n;a, n;13), and if .f ;a=fif3, then from theorem V, 8' ia/3=8' ,a13=0, 

so w:~ have 

accordingly 

(33) 

or 
p JJ. . 

J.1=2 l' t n;7,,po, (34) 
i=l =l 

where Pi'J,, denotes the times of the case when it happens that nn,_<n;µ or no,=n;µ 

(J..<µ), being fi7,,=t=f ;µ for the fixed i and ,vu 
Furthermore we shall calculate the nnmber X of the essential arbitrary integers 

contained in Jr: The number X is equal to the number of the distinct integers among 

(;a (i=l, .... ,p;a=l, ... ·,lJ;). And we have 
JJ 

X-S.l'V; 
i=l 

(35) 

Thus we have the theorem: • 

1) Moreover, from the first we may take the normal form such that nn;;;n 12 ~ ..• ~n,v;, 
then we have p 17,,,-;&p1 -7,, accordingly 

p P; 
v;;;'.2:S l: n 11 (p 1 -A), 

i=l A=l < 
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THEOREM YI. There ea:ist the periodicitie.i of two · kinds of log M wltich have the 

essentially distinct meaning. The one is the periodicity contained in F, , whose cardinal 

number is eq,ual to ?$... 0 x, where x is eq,ual to tlie number of ,the distinct integers among 

f;a,(i::::l, .... ,p;a=l, ... . ,p;). Tlte other i.i tlte periodicity co,itained in S, whose cardinal 

number is equal to \t v : 

P J> P; 

v=.2' I miri(n;a,n;{3)=22' .l.'n; 1Piit 
z=l .f;a*f;/3 i=l /,.=l 

where Piit denotes the times of the case when it happens that n;it<n;µ or nn,,=n;,1, 

().<p.), being /; it =tf; , for the fixed i, L 

Mathematical Institute, Hiroshima University . 
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