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§ 1. Property of special Lorentz transformations. 

In special relativity and quantum mechanics, physical laws are ex­
-pressed in the forms which are invariant by special Lorentz transformations. 
The~special Lorentz transformations are giv~n by the equations (Lorentz 
transformations along x-axis) 

x-ut t-ux/c2 

x' = vf..:...u27c2 • y' = y' z' = z' t' = J/l-u2/c2, (1. 1) 

and the equations which are obtained by cyclic interchange of x, y and z. 

Concerning special Lorentz transformations along x-and · y-axes, we can 
prove the following statement. The physical laws expressed in the forms 

which are invariant by special Lorentz traru,formations along z- and. y-axes, 

have necessarily the property which is invariant by rotation in x, y-plane. 

In order to prove this statement we shall consider 5 coordinate systems 
K, K', K", K'" and J(.<IV> such that 

K' is moving with uniform velocity u in the direction of x-axis of K, 

K" 

K"' 
KCIV> 

,, 

" 
" 

V 

u 
V 

" 
" ... 

y'-axis of K', 
x"-axis of K", 
y 111 -axis of K 111, 

where u and v are arbitrarily chosen and u and v are determined by the 
equations 

u = -uv1-v2/c2, v = -v/J/l-u2/c2 

= -v/J/l-u2/c2 +u2v2/c4 

in terms of u and v. The relations between the coordinates of K and K' 

are defined by (1.1), and the relations between the coordinates of K' and 
K" are given by the equations 

x" = x', y'-vt' 
y" - ~==~ z" = z', -Vl-v2/c2 ' 

t 1-vy1/c 2 

t" - -:,ea====;=:: -J/1-v2/c2 (1. 2) 

Further, the relations between the coordinates of K" and K 111 or K"' and 
K<'V> are given in the similar equations. Namely.: . 

-285-



x"-ut" 
x'" = i?f::..... u,2/c2' 
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y"' = y", z'" = z", t" - ux" / c2 
t"'----===c - ✓1-u2/c2 ' 

(Vol. 16 

(1. 3) 

YI/I -Vt111 t 111 -Vy111/C 2 

yCIVl - . . zCIV) -zlll teIV) = ./J-v2/c2 • (1.4) 
-✓l -v2 /c2 ' - ' v 

xcrvJ = x"', 

From these equations we can obtain the relations between the coordinates 
of Kand K<IV) by successive substitutions of (1.1), (1. 2) and (1. 3) into the 
equations (1. 4). The resulting equations are 

x<IV> = x cos 0-y sin 0, zovJ = z, 

yCIV) = x sin 0+y cos 0, t<IV) = t, 

where 0 is defined by 

vI-u2/c2 cos 0 - --- - ----- ✓l-u2/c2+u2v2/c4' 

uv/c2 
sin 0 = · ·· 

vl-u 2/c2 +u2v2/c4 

(1. 5) 

(1. 6) 

Namely, the coordinate system K<TV) is obtained directly by the rotation 
of x-, y-axes of the system K in x, y-plane. Here the time coordinate t 
is unaltered. On the other hand, by the coordinate system K and x 0 v>, 
the physical laws are expressed in the same forms. Therefore, the forms 
should be invariant by the transformations (1. 5). ;Hence the statement 
holds good. Also the same statement holds in y, z- and z, x-plane 
respectively. Therefore, the statement may be generalized in three dimen­
sional form as follows. The physical laws expressed in the forms which are 

invariant by special Lorentz transformations along x-, y- and z-axes, have 

necessarily the property which is invariant by rotation in x, y, z-space (i.e. 

the property of spherical symmetry.) 

The statement is also predicted from the following consideration. The 
transformations (1.1), u being regarded as parameter, form the one-para­

meter continuous transformation group generated by the infinitesimal 
transformations with the operater 

Similarly, corresponding to the Lorentz transformations along y- or z-axis, 
there exist the infinitesimal transformations with the following operator 
Y or Z: 

a y a a z a Y=t-+-- Z-t-+--oy c2 ot ' - oz c2 ot • 

Then we can show that, even though these operators X, Y and Z form a 
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one-parameter continuous transformation group respectively, they do not 

constitute a 3'-parameter group. In fact, the commutators of the operators 
X, Y and Z become the operators generating the group of rotations in 

x, y, z-space, and do not become the linear combinations of X, Y and Z 

with constant coefficients. Namely, 

1( a a) [XY] = - x--y-
c2 oy ox , [YZ] =- Y--Z;:-1 ( a a) 

c2 oz oy , etc. 

The first equation of the above shows that the invariant of the operators 

X and Y is necessarily invariant by the operator 

a a 
xoy -yax 

which generates the group of rotation in x, y-plane. Hence the statement 

is predicted. 
From the above statement we have th~ following inference. In the 

case where the properties consulered are not spherically symmetric, it , is 
meaningless to express the physical laws in the forms which are invariant by 

special Lorentz transformations along x-, y- and z-axes. In this case new 

fundamental group of transformation8 should be considered in place of 

special Lorentz transformations. And the physical laws should be expressed 

in the forms which are invariant by this fundamental group of transforma­

tions. In the next section we shall consider the problem to determine 

such a new fundamental group of transformations. 

§ 2. Establishment of new fundamental group of transformations. 

We consider the general case where the properties considered are not 

assumed to be spherically symmetric or not, and suppose that a coordinate 

system K' is moving with uniform velocity to the other system K, the 

x-, y-, z- components of the velocity of the origin of K' being u1, u2, u 3 

with respect to K. In order to determine the relations between the coord­

inates of K and K', we shJ.11 consider the conditions which should be 
satisfied by the transformations of the coordinates of K and K'. First, it 

must be postulated that the velocity of light is constant ( =c) for K and 
K'. We represent this postulate by the condition that the equation 

( 32 32 32 32 ) 
ax2 + 'ay2 + oz2 - c2 ot2 rp = O 

is invariant by the transformations of the coordinates of K and K'. Next, 
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we put the second postulate that the relations between the coordinates of 

K and K' should be determined uniquely by the components u1, u 2, u 3 of 

the uniform velocity. This postulate means that K' does not undergo an 

arbitrary rotation while K' is moving with uniform velocity to K. Accord­

ing to this postulate let us denote the relations between the coordinates 
of Kand K' by 

x" = !'(xi xz xs ,x4 • ui uz u3) 
J I J ' I J (i = 1, 2, 3) = f'(x; u) 

(2.1) 

where x1, x 2, x3 , x4 are used in place of x, y, z, ct, and f'(i=l, ... , 4) are 

certain· functions of x's and u's. Here we assume that u\ u2, u3 are 

implied as parameters and the functional forms of r are independent of 

u's. Lastly, in order to consider the third ·postulate, we take a coordinate 

system K" which fs moving with uniform velocity to K', the x'-, y'-, z'-
components of the velocity of the origin of K" being v\ v2, v3 with respect 

to K'. Then the coordinates ~m of K" are expressed by the equations 

x"'. f'(x'; v) in the same functional forms as (2.1). Since K' is moving 

with uniform velocity with respect to K, physical laws are expressed in 

the same forms by K_ and K' as well as by K' and K", accordingly by K 

and K". Hence, it will be natural to assume that K" is also moving with 

certain uniform velocity (say w) with respect to K, viz. x'" are ex­

pressed in the forms x"1=/'(~; w) by the same functions as (2. 1), replacing 

u1, u2, u3 by w1, w2, w 3 , where w1, w 2, w3 are the x-, y-, z-components of 

the uniform velocity w with respect to K. This means that the transforma­

tions (2. 1), u1, u2, u3 being regarded as parameters, form a 3-parameter 

group. From this consideration, we put the third postulate as follows. 

The transformations of (2.1), u1, u 2, u 3 being regarded as parameters, must 

form a 3-parameter· continuous transformation group. 

In the previous paperm, from the postulates above mentioned, we have 

obtained the transformations of the coordinates of K and K'. These 

transformations constitute :3 sub-group of the general Lorentz transforma­

tion group. This sub-group of transformations are considered as represent­

ing the relations between the coordinates of two systems, one of which 

is moving with uniform velocity to · the other. Therefore, the physical 

laws should be expressed in the forms which are invariant by this group of 

transformations (sub-group of general Lorentz transformation group). 
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In order to bring out the basic part of this group of transformations, 
we consider the operators of the infinitesimal transformations which ge­
nerate this group. The operators are given by the equations (2. 4) in the 
previous paperw. Namely, 

+ d (hd 1 E xP~ + kx>-}}_) (;\, 1 4) 
i Jpq oxq ox>- = ' ... , 

(2. 2) 

where h and k are arbitrary constants and di are any constants satisfying 
the condition didi=l. The last term x>-o/ox>- (the coefficient of k) of the 

above, represents the operator of the infinitesimal transformations of the 
dilatation group x'>-=ax>-. Hence, excluding the dilatation, we choose an 
arbitrary constant k equal to zero. Next, the first term d1 E JpqXPo/oxq 

(the coefficient of an arbitrary constant h) in the last bracket of the above 

equation, represents the operator of the infinitesimal transformations of 
the one-parameter rotation group, the direction cosine of the axis of rota­
tion being d1, d2, d3• Now, excluding this term, we put h=O. This 
condition that h=O, is also derived from the following consideration. Any 
one-parameter sub-groUp of the group of transformations defined by (2. 2), 

is generated by the infinitesimal transformations with the operator of the 
form e1P;. Here, we put the condition that any two one-parameter sub­

groups of· the group defined by (2. 2), should constitute a two-parameter 

sub-group. This condition is equivalent to the condition that any two 
operators e;Pi and /1P;, et and f 1(i, j=l, 2, 3) being arbitrary constants, 
should generate a two-parameter group, i. e. the commutator of et Pi and 
f 1 P 1 should be expressed by linear co.nbination of e1P; and f 1 P 1 with constant 

coefficients : 

In order that this equation may hold for arbitrary constants et and f J, it 

must be that the commutators of Pi and P1 for all i and j of i, j=l, 2, 3, are 
expressed by linear combinations of Pi and P 1 with constant coefficients in 

the forms 
[P1P;] = const. x P;+const. x P1 (2. 3) 

However, on the other hand, we have the relations [P;P1]=dtj,P1c where 

dljk are given by the equations (2. 3) of the previous paperw, i.e. 

(2. 4) 
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Comparing (2. 3) with (2. 4), we have h=O. 

If we pu:t arbitrary constants h and k equal to zero, the form of P1 

given by (2. 2), becomes a simpler form, which we denote by S, as 

follows: 

(i, P=l, 2, 3) (2. 5) 

The equations of the transformations of the group generated by the infini­

tesimal transformations with the operators S; above defined, are expressed 

in the finite form as follows : 

x't =x1[8~ _ ld:rt?cd1 + d11✓1-!((~)/c2 + c0~~@t5?~7c2u 
[ /uu)/c + (du)!l-Vf::__ (uu)/c 2 f ut ] 

- t d ~11 +(du);'clVl-(uu)/c2 ~· + i-+(du)/c , (2. 6) 

t' = [t-(ux)/c 2]/Vl-(uu)/c2, (i, j = l, 2, 3) 

which are obtained by putting h=k=O in the equations (3. 7) of the 

previous paper0 ). These equations are considered as representing the 

relations between the coordinates of the two systems K and K', one of which 

K' is moving with uniform velocity with respect to fme other K, the x-, y-, 

z-components of the velocity being u1, u2, u3 • Corresponding to these equa­

tions we have the formula for sum (say w 1) of velocities u 1 (with respect 

to K) and v1 (with respect to K') as follows: 

[ui {l +(dv)/cl l 1 +(du)/cl/Vl-(uu)/c2 +cl'(dv)Vf-(uu)/c2] 

wi= +v1 jl +(du)/cl-d1 j(dv)+(uv)/cl (2. 7) 

[[!(du)/c +(uu)/c2 l(dv)/c + ! 1 +(du)/c l]/Vl-(uu)/c2J 
+ {(uv)-(dvXdu)l/c 2 

which is obtained by putting h=k=O in the equations ( 4. 2) of the previous 
paper(!). 

The next problem is to express physical laws in the forms which are 

invariant by the group of transformations given by (2. 6). Thus, by con­
sidering invariants of the group of transformations (2. 6), physical quantities 

e. g. momentum, m!l.ss, energy etc. · will be defined (see the next paper), 
and wave equations in quantum mechanics may also be considered. 

Reference 
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