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Introduction 

The system A, in which a binary ,relation (xy) (or p) satisfying 
P(==(Pl, P2, P3)) is defined, is called a partially ordered set and is written 

by A[p, P]. And the system A, in which a ternary relation (xyz) (or ,,.) 
satisfying Q=(Q1Q2 ...... ) is defined in A, is written by A[,,., Q]. There is 

a problem concerning that A[p,P] may be characterized by A[T, Q], that 
is, the condition for Q in order that a binary relation p may be charac
terized by a ternary relation rr. 

In this paper we shall investigate the case where the ternary relation 

T becomes a betweenness. So our problem is to consider about the condition 
for Q, in order that a binary relation p (or order) satisfying P in A may 

be introduced from a subset R[A, Q] satisfying Q in triple product space 

AxAxA, such that 

{xyzl ER[A, Q] ~ .xpypz or zpypx. 

In other words, we purpose to investigate a complete system of 
axioms which characterizes " betweenness " in a partially ordered set A. 

G. Birkhoff1>, E. Pitcher and M. F. Smiley2> have discussed about the necessary 
conditions for betweenness. 

In chapter I, we consider about the closed betweenness3> of a partially 
ordered set A. In § 1, we have necessary conditions Bl, B2, B3, B4, B5, 

B6 and B7, where B3=(1), B4=(2), B5=(4) in the necessary conditions (1), 
(2), (3), (4) and (5) proposed by G. Birkhoff, and in § 2 we inquire into 
the independency of them. And in § 3, 4, 5, 6, 7 and 8, by considering 

the decomposition of the set A, by means of a collection of subsets of A : 

S and by the distance introduced from S, we discuss their sufficiency for 
closed betweenness of set A and investigate the uniqueness concerning 
their ordering. 

1), 3) G. Birkhoff : Lattice Theory (1948). 
2) E. Pitcher and M. F. Smiley : Transitivities of betweenness : Trans. Am. Math. Soc. 52 

(1942). 
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In § 9 other complete ~terns of conditions . .for betweenness of set A 

are diEcussed and we deal with the betweenness on some set in stead of 
· the betweenness on given set A. Further, in § 10, we treat the relation 
of G. Birkhoff's conditi~ns and conditions Bl, B2, B3, B4, B5, B6 and B7. 

In chapter II, we treat the closed betweenness of the following five 
special partially ordered sets : [1] the case having radius r 1> [2] the case 
where A[p] has one element a0 such that a0px or xpa0 for all x EA [3] the. 
case having one. extreme element [4] the case where A[p] has two extreme 
elements O and 1; [5] the case where A[p] satisfies the condition: xpy 

or ypx fot all ·x and .Y, i.e·. simply ordered set. 

In chapter IH we deal with the open-betweenness by reducing it to 
closed-betweenness, and in chapter IV the betweenness for Quasi-partially 
ordered set is investigated from the view of factorization. 

Before we proceed with the discussion, we write the notations which 
are use in this paper. 

A 
a, b, c etc.: 
x,y,z etc.: 

{xyzl 

R 

RUB] 

lxvzl • 
ljx, Y, zll 
(xyz) 

((xyz)) 

lx1--··••xzl : 

ab 

a set of elements. 
distinct elements of A. 

elements which may be equal. 
an element of triple product space A x A x A. . 

a set .of {xyzj. 

R which satisfies a system ~ of conditions. 
an element of R[~ ]. 

an element I xyz I or I yzx I or I zxy I -
betweenness iz1 a partially ordered · set. 
an element (xyz) or (yzx) or (zxy). 

all elements lx,x;x1:1 ( ll~i~f~k~l). 
a distance for a and b ( defined in § 5). 

inner point of . 1 t '("-l 2 l) · th 1 1 b path of a and b • e emen a i- , , .•• , m a pa a, a , •.• , a , • 

labcl,((abc)) etc.: {abcl ER, ((abc))ER etc. 

C@D 

c-n 

There exists at least a ~et of elements a' E A', a1 E A1 

a1: EA1: such that {a'a1a11:I ER. 

one and only one of C and D. 

if condition C is satisfied, then condition D is satisfied; 
or if C ER, then DER. 

1) Cf. Chap. II, p. 212. 
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since condition C is satisfied, ~o condition D is satisfied; 
or since C ER, so D ER. · , 
since condition C is satisfied, so by (1) condition ·D · is 
satisfied. 

C and D. 

· · · C and D-+E and F: the whole of E and F folJows. from: the whole 
of C and D. 

proposition (±dual): the proposition, which is obtained by exchanging 
+ A' and -A• in this proposition, is also satisfied. 

partially ordered set: a system A in which a binary relation x?:.y is 
defined, which satisfies 

Pl : For all x, x~x. 
P2 : If x~y and y?:.x, then x=y. 
P3 : If x;;;,y and y~z, then x~z. 

We shall here prove that the above conditions. Pl, P2 and P3 may be 
written in the following form: 

f*l: X=X 
P* 2: x>v and y>x are not compatible. 

P* 3: If x>v and y>z, then x>z. 

In a system A[p] which satisfies Pl, P2 and P3, we write x>y when 
and only when x~y and x=1=y. Then in A [P]. a relation > is defined. 
This relation x>v satisfies the following conditions. 

P* 2: x>'iJ and y>x are not compatible. 
P* 3: If x>v and y>z, then x>z. 

Proof of P*2: If x>v and y>x, then by the above definition x?..y and 
y>x, hence by P2 x=y. And this contradicts the definition x>v. There
fore x >v and y >x are not corn pa tible. 
Proof of P*3: Suppose x>v and y>z . 

. x>v and y >z ~ x?:.y and y?..z ~ x> z .................. (i) 

And if x=z: 

x>v and y>z ==9 x~1 and y>x. 

This contradicts P*2, hence x':'l=z. 
Therefore, by (i) and (ii), we have x>z. 

. c··) . •.••••..••••••••. 11 

In a system A[p*] which satisfies P*l, P*2 and P*3, we define x>y 
when and only when two elements x and y satisfy x>v or X=y. 
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Then, this relation x?;:.y satisfies Pl, P2 and P3. 

Proof of Pl : By P*l, x=x ➔ x?;:.x. 

Proof of P2 : Suppose x?;:.y and y?;:.x. 

Case 1. x=y: Clearly P2 is satisfied. 

Case 2. x=j=y: x?;:.y x=J=y ➔ x'>i;; y2.x x=J=y ==> u>x. 

(Vol. 16 

And, by P*2 x>v and u>x are not compatible, so this case may not 
occur. 

Therefore, P2 is satisfied. 
Proof of P3: Suppose x?;:.y and y?;:.z. 

Case 1. x=y : y?;:.z ➔ x?;:.z. 

Hence P3 is satisfied in this case. 
Case 2. x=J=y•y=z: x~y•y=z ==> x~z 

Hence P3 is satisfied in this case. 

Case 3. x=J=y•y=!=z: x~y-x=J=y ==> x>u; y~z•y=!=z ➔ u>z 

x>u•u>z P-113 x>z-x~z 

Hence P3 is satisfied in this case. 
Therefore, in all cases P3 is satisfied. 

According to the above facts, we may use a set of conditions P*l, 

P*2 and P*3 instead of a set of conditions Pl, P2 and P3. 

Chapter I 
On betweenness in a partially ordered set 

§ 1. Necessary conditions for betweenness. 
In a partially ordered set A, if either x~y~z or x~y~z for x, y and 

z, y is said to be between :.i:: and z and this relation " betweenness "u is 
represented by (:x:yz). In this section, we shall investigate the necessary 
conditions for betweenness of a partially ordered set A •. 

Theorem 1. Following seven conditwns must be satisfied, for betweenness 

of set A2>. 

Bl. (aoo) for all a. 

B2. (ab:x:) implies (aab). 

B3. (axb) implies tb:x:a). 

B4. (axb) and (ab:x:) imply :x: = b. 

B5. ( axb ), ( xby) and :.t:=!=b imply ( aby ). 

1) In chapter I and II, we use "betweenness" for closed betweenness. 
2) In the conditions Bl, B2, B3 B4, B5, B6 and B7 in theorem 1, different letters a, b ••• .•• · 

represent different elements, but x, :, ...... are not so. 
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B6. (a1a2a2), (a2a3a3) ...... , and (a2,,+ 1a1a1) imply (a1a;+ 1a1+2 ), for at least 

one i (l <is2n+l), n=l, 2, ... and being aln+l+l=all a,=t-=at+1 (i= 

1, 2, ... , 2n+l). 
B7. (abc) and (bdd) imply (abd) @ (dbc)u. 

Proof. 
Proof of Bl: By Pl, a>a for all a (a EA) "9 a=::::a~a "9 (aaa). 

Therefore ( aaa) for all a. 

Proof of B2: (abx) ~ a>b>x or a<b<x. 

By Pl a:2:,a "9 a:2:.a>b or a<a<b =9 (aab). 

Therefore (abx) implies (aab). 

B3 is clear by the definition of (axb). 

Proof of B4: In a partially ordered set, the following conditions are 
clearly satisfied. 

P**2 x>-y and y>x are not compatible. 

P**3 If x>-y and y>z, then x>z. 

P***3 If x>v and y>z, then x>z. 

If (axb) and (abx), then only one case among the following four may 

occur. 
(1) a:;:;,xsb and a<b<x; (2) a:;:;,xsb and a>b>-x 

(3) a~:»'>b and a<bsx; (4) a:2:,x>b and a>b~x. 

By means of P**2 and P3, the cases (2) and (3) may not occur, and we 

can easily see x=b for the cases (1) and (4), so we have (axb) and (abx) 

imply x=b. 

Proof of B5: If (axb), (xby) and x=t=b, then only one case among the 
following four may occur. 
(1) asx<b and x<bsy; (2) asx<b and x>b:2;.y 

(3) a~x>b and x<b<y; (4) a?.:x>b and x>b?.:y 

By means of P*2, the cases (2) and (3) may not occur. In the case (1), 
by P***3 we have a<b:;:;.y. a<b:;:;.y ~ asbsy ➔ (aby) and in the case (4), 

by P**3 we have a>b;:;..y. a>b:2:,y 9 a~b:2:,y =9 (aby). 

Therefore (axb), (xby) and xci=b imply (aby). 

Proof of B6 : Since the number of betweenness in assumption of B6 is 

odd, it is.impossible that the direction of the order for x, and x1+1 is different 
from the direction of the order for x1+ 1 and x1+ 2 for all j(i=l, 2, •·· 2n+l). 

For, let us assume that the direction of the order for x1 and x1+ 1 is 
--------·--~- ·--

1) In the condition B7 (abd)@ (dbc) means one and only one relation of (abd) and (dbc). 
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'different from the direction of the order for XJ+l and XJ+2 for all j(f=l, 2, ... 

21i°+l). Then, since in the sequence of betweenness 

(a1a2a2) (a2a3a3 ) •••••• (aa,,+ 1a1ai) (a1a2a2) 

the number of betweenness from the first (a1a2a2) to (ai .. +ia1a1 ) is odd, the 

direction of the . order for a1 and a2 is the same as the direcUon of the 
order for a2n+l and al. On the other hand, since (a2n+1a1a2) is adjacent to 
(a1a2a2), so we have by the assumption that the direction of the qrder for 

a.!n+i and a1 is different from the direction of the order for a1 and _a2 • 

These two facts contradict P*2. 

Therefore, for at least one i, the . direction of the order for a1 and 

ai+ 1 is the same as that of the order for ai+ 1 and ai+ 2 • Hence, (a,a1+1ai+?) 

for at least one i. 

Proof of B7: If (abc).and(bdd), then only one case among the follow

ing four may occur. 

(1) a<b< c and b< d ; (2) a<b< c and b >d 

{3) a?>b>c and b<d; (4) a>b>c and b>cl 

In the case (1), we have a<b<d, so (abcl). In the case (2), we ha·ve 

cl<b<c, so (clbc). In the cases (3) and (4), by conversing the order in the 
proof of the cases (2) and (1), we have (dbc) and (abd) respectively~ And 

we easily see'. that ·one and only one of (abd) and (dbc) occurs. 

Therefore, (abc) and (bdd) imply (abd) @ (dbc). 

§ 2: Independenc'y of conditions. 

Now, we consider a set A and R which is some collection of elements 
of triple product space Ax Ax A. And in this section, we shall investigate 
the independency of the conditions BI-B7 in the following system ~: 

53 

Bl.. 

B2. 

B3 . 

B4. 

B5. 

136. 

Jaaal for all a (a EA). 

I abx I - I aab I . 
Jaxbl-lbxaJ 

. Jaxbl [abx[-+ x = b. 

[,axbJ \xby,lx+b -+[abyl. 

I a1a2a2 I I a2aJa3 J •••. ,. I ai .. +1a1a1 I-I a1at+1ai+2 I-
for .at least one i (l~i~2n+l), n=l, 2, ... , a2,.+1+z = au 

and a,=J=:a1+ 1 (i=l, 2, ... , 2n+l). 

B7. Jabcl • lbddJ-labdl @ \dbcJ. 
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where I xyz I means { xyz l ER, and jxyz I-. I x'y' z' I TI?eans 
that {xyz} ER-. {x'y'z'l E Rl). 

We shall have the following result: 

Theorem 2. The seven conditions in the system 58 are independent of 

each other. 
,· . . 

Proof. We shall prove this theorem by the seven examples of R, each 
of which satisfies six of the seven conditions Bl-B7, except one. 

:.,'fua=plel :\A f aabi --l ~b_ bl I b.;;l-::el m R -- - ---o~ly ~lis not 
satisfied. 

2. a, b jaab} {baa} {aaaj {bbb! onlyB2 ,, 

3. a, b !aab} {aaa} {bbb! only B3 ,, 

4. a, b {aba} {aab} labbl {baa} {bba} {aaa} {bbbl ·only B4 ,, 

5. a, b, c label {cba} {aabl !abbj {baa} {bba} {bee} lbbc} only B5 ,, 

l ebb l { ccb l l aaa l l bbb I { ccc l 
6. a, b, c {aabj {abbj {baa} {bbaj {bbc} {bee} {cbbj {ccb} only B6 

7. a,b 
c, cl 

Remark: 

I aac l lace l { caa l I cca} l aaa I l bbb l I ccc l 
{abc} lcbaj {aab} {abbl {baa} {bbal !bbcl !bee} only B7 

I ebb l l ccb l I aac l l ace I l caa l l cca l l bbd l I bdd l 
ldbb} lddbj {aaa} lbbbl {cccj ldddl 

,, 

,, 

Moreover, the condition B6: (a1a2a2) (a2a3a3) ...... (a2n+1a1a1)-(aiai+lat+2) 

is independent as for index n. 

Proof. Now we decompose the condition B6 in the following two parts. 

B6,,1; (a1a2a2) ...... (ai.,1+1a1a1)-. (a11a;1+1a11+2) (n1; fixed) (1 <i1;:S;2n1 +l) 

B6,.2; (a/a21a21) ••• (a~n2+1ai'ai')-(a;2a;2+1a'i2+2)(n2; variated) (l..s:;:_i2<2n2+1) 

·(n2=l=n1 ) 
n2=1, 2, ... n 1 _:_1, n 1 +1, ... 

And we consider the following system as R: 

Example 8. 
{a1a1a2} !a1a2a2j {a2a1al} {a2a2ai}, {a2a2a3J {a2a3a3} {aaa2a2j {a3a3a2l, ... 

...... jazn1+1a2,.1+1a1J {a2,.1+1a1a1J {a1a2n1+1az,.1+1l la1a1a2,.1+1l, {a1a1a1l fa2a2a2J ... 

...... {a2n1+1a2,,1+la2n1+ll• 

Then this system R satisfies the conditions Bl, B2, B3, B4, B5, B6n2 and 

1) {xyz} means a element of triple product space AxAxA. 
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B7, but does not satisfy condition B6n1• Therefore, the condition B6n1 is 
independent of the other conditions Bl, B2, B3, B4, B5, B6n and B7. So we 

2 

have the assertion. 
Furthermore, we see that this, set of conditions Bl, B2, B3, B4, B5, B6 

and B7 does not decompose in two subsets. 
For; there exists the following example which satisfies all conditions 

simultaneously and in which all assumptions in Bl, B2, B3, B4, B5, B6 anc;l 
B7 occur rea1ly1'. 

Example 9. 

la1a½ail la~alall la½a1a1l, la1a½ail, 
I a1a1a1 I I a~a1a1 I I ala1a1 I, I aiala! I I a1ala~ I I ala~al I, I a~a½a1 I I a1a1a1 I 
I a1a~a½ I, I a~a½a1 I 
I a1a1a1 I I ala½a½ I I a~a~a1 I, 

I a1a;a; I I a;a;a; I ...... I a;,.+1a1a1 I, I a1a;a; I 
I a1a1a~ I I a;a;a1 I I a;a1a1 I, I a;a;a: I I a~a~a; I I a;a;a; I, ...... 
I a;,.+1ai .. +1a1 I I a1a1a;,,+1 I I a1a1,.+1a;,.+1 I, I a:a;ar I, 
I a;a;a; I I a;a;a: I ...... I a;.+1a;,.+1a1,.+1 I, 

I a}alal I I alaial I I a!a!a~ I I a¼alal I, I a1a~al I I a!a½a1 I, 
la1alall Ja1a1all lalala1l lala1a1l, la!ala!I. 

§ 3. Properties of R('i8). 

In the following sections, we shall make it clear that the seven 
conditions, which are · given in the previous section, are sufficient for 
betweenness · of set A. 

When R, which is some collection of elements of triple product space 
Ax Ax A, s~tisfies the system 'i8, R is said to be "closed" as for the 
system 'i8 and represented by R=R('i8). In this section, we shall investigate 
the properties of R(iB). 

Lemma 3. 1. I aya I - y = a. 
Proof. layal~laayl; layaj laayj~y = a. 

Therefore, I aya I - y = a. 

1) lxyzj means a element of R which satisfies the system ~-
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Lemma 3. 2. II x, y, z 11-JxyyJ. 
Proof. In the case where x=y, this Lemma is clear from Bl and 

Lemma 3.1, so we prove the case where x=t=y. l!x,y,zll-!xyzJor jyzxl or I zxy!. 

jxyzj~!xxy!~JyxxJ~jyyxJ~JxyyJ. 
For x=z, I yzx I~ I yyx I~ I yyx I~ I xyy I, and for x=J=z 

ITT ITT ~ ~ . m ITT I yzx 1 ~ 1 xzy I ===9 I xxz I ==9' I zxx I; I 11zx 11 zxx I I yxx I =s> I yyx I~ I xyy I• 
I B3 I B2 BS 

jzxy ~ yxzj 9IYYXl~lxyyj. 

Therefore, II x,y,z 11-lxyyj. 

From Lemma 3. 1 and 3. 2, we have : 

Lemma 3. 3. II x,y,y II =!xyyJ. II x,y,z 11-11 x,21,21 II -
Lemma 3. 4. label· Jbedl-labdl. 

Proof. I abe I~ I eba I ; I bed I~ I deb I. 
[deb I· lebal~ldbal~labdJ. 

Therefore, I abe j .and I bed 1-1 abd j. 
Lemma 3. 5. Jabel • JbedJ-labedj. 

Proof. jabej • jbedj~jaed); I abeJ • jbedJ tem~I abdj. 

Furthermore, I abe I and I bed I E R[>S] by the assumption of this lemma. 

Therefore, by the definition of I xyzu I, we haye I abed I. 
Lemma 3. 6. I abe I • I aed 1-1 bed J. 
froof. I abe I lemma 3·2 I ebb I. 

I acd I · I ebb I~ I bed I @ I aeb I. 
If I acb I, then I abe I • ] acb I~ b = e. This contradicts the assumption : 
b=J=e. Hence, I acb I may not occur, and so I bed I -
Therefore, I abe I · I aed 1-1 bed J • 

Note: This lemma follows from the conditions B2, B3, B4 and B7. 
Lemma 3. 7. jabeJ • laedl-labedJ. 
PROOF. I abe I' I aed I lemma 3•6 I bed I; I abe I' I bed I lemma 3' 4 I abd I. 

Furthermore, I abe I and I acd I E R[>SJ by the assumption of this lemma. 
Therefore, by the definition of I xuzu I , we have I abed j. 

Lemma 3. 8. jabdj • JbedJ-labej. 

Proof. jabdJ~Jdbaj; jbedl~ldebJ. 

jdebl• Jdbaj Jen~j~baj~jabeJ. 
Therefore, I abd I · I bed 1-1 abe I -

Lemma 3. 9. Jabdl • Jbed 1-Jabedl. 

Proof. jabdj • lbedJ~~labeJ; jabcJ • lbcdj ~ Jacdj. 
Furthermore, I abd I and I bed I ER[~] the assumption of this lemma. 
Therefore, by the definition of jxyzuj, we have jabcdj. 
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Lemma 3. 10. \ x 1ax2 \ • \ x 2ax3 \ · ·· · · · · · I x;n+ 1ax1 I- x, · a. 
(for all n=l, 2, ... , and at least one i (l~i~2n+l)). 

Proof. If lx1ax2 \•\x2ax3l•······•lx2,.+ 1ax1 \, then by lemma3.2 we have 

\ X1X2X2 I, I XzX3X3 \, • • • • • · , I X2n+ 1X1X1 I• 
. m . • 

IX1X2X2l•IX2X3X3l•······•IX2n+1X1X1l=?IX1-1X;X;+1I for at least one z: 
I I I llemma3.8I 1 . X1-1XiXi+l • xiax!+l ===9 X1-1Xta • 

\ X1-1Xta \ • \ X1-1axt \~xi = a. 

Therefore, lx1ax2I · lx2ax3 \ • •·•···• lx2 .. +1ax1l-x1 = a.for at least one i. 
Lemma 3. 11. If R=R[>B], A'CA and R'= {\a'b'c'I ! lq'b'c'I ER[>SJ and 

a', b', c' EA'}, then R'=R'[>B]. 

Proof. The elements of A, which appear in each conclusion of these 
conditions Bl, B2, B3, B4, B5, B6 and B7, are all contained in the assumption 

of these conditions. 
Hence, if R' does not satisfy the conditions Bl, B2, B3, B4, B5, B6 and 

B7, then it contradicts R=R[>B]. Therefore, R' satisfies the conditions, 

so R'=R'[>B]. 

§ 4. Decomposition of a set A by a family of subsets and introduction 

of distance. 

-In a set A, we shall consi.der a collection S( a, fl, ...... ) ($0) of subsets 
a, fl, . . . . . . of A. In this section we shall decompose A by means of 

S(a, fl,.· ..... ) and introduce a distance in A. 

First, we shall· decompose S1). 
a and fl(a, fl ES) are said to be connected when for a and /3 there 

exists a sequence ai(a1 ES, i=l, 2, ... , l , and l being finite), such that 
a{\a1=1=0, a 1{\a2=1=0, .••... , ai(\/3:=J=O. 

And the ordered collection a, a1, ...... , a 1, fJ is said to be a chain of a and 
/3. A subset T of S is said to be connected when any two elements of T 

are connected. 

If we write a--/3 when a and fl are connected, then the relation a--/3 · 

is clearly an equivalent relation. By means of this relation we decompose 
S into the sum of connected Sµ.: 

S = :2JSµ. ...... ·····················(4.1) 

It is clear that each Sµ. is a maximal connected subset of S. 

1) The decomposition, of S :. (4.1) is the same as that in. S. Lefschetz: Algebraic Topo• 
logy (1941) p. 15. 
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We use the following notation: 

S*= {xix Ea, a ES}. 

Lemma 4.1. S,,, * (\S, * = 0 (µ,=l=v ). 

Proof. If S,,, * (\S~* 3 x ($0), then there exists a and /3 such that 
x Ea, a ES,,,, x E /3 and /3 ES,. Hence a-/3 and so S,,,=S,, this contradicts 
µ=\=v. 

From Lemma 4. 1 we have : . 
Lemma 4. 2. The element a of S such that x ES,,,* ancl, x Ea, belongs 

to S,,,. Anc!, for xES,,,* ancl, yES,*(µ=l=1,1), there exists no element a of S 

such that x, y Ea (a ES). 

Next, we shall decompose A by S. Since S* =~ S* ,,,, if we write 
A-S~=A0 , then we have 

A=A0+~S,,,*. 

From Lemma 4.1 the above is a direct sum : A 0(\S,,, *=0 and S,,, * (\S, *. 0. 

Definition 1. When for x and y (x, y EA) there exists a and /3 such 
that x Ea ; y E /3 (a, /3 ES) and a-/3 (i.e. a, /3 ES,,,), o; and y are said to be 
connected in A by _S, and it is denoted by x---y. 

It is clear that the relation x-y is an equivalent relation. 
Theorem 3. The decomposition of S* mJ this equivalent relation is just 

S*=~S,,,*. 

Proof. 1 ° : From Lemma 4.1 we have S,,, * (\S, *=0. 2°: If x~ y ES,,,*, 

then there exists a and /3 such that x Ea ; y E /3 ( a, /3 ES,,,), and therefore 
a-/3. Hence from the definition 1, we have. x.-_,y. 3° : x ES,,,* and y ES,* 

µ=\=v ~· x,;t.,y. For; if x ES,,,*, y ES,* and X-Y, then there exist a and /3 
such that x Ea, y E /3 and a-/3. But, from 1 ° a such that x ES,,,* and 
x Ea, belong to S,,,. So a ES,,,, /3 ES» and since a--/3, we have S,,,=S,. 

This contradicts µ,=l=v. So we have assertion. 
If we write A,,,=S,*, then fro.n the above theorem we have the 

following relations : 

and 

'A= A0 + ~A,,, (decomposition by x---y), 

S = ~ S,,, (decomposition by a--/3), 

A,,,=S,,,* 

And any element of A 0 can not be connected to any element in A by S. 

When, for two elements x and y of A, there exists an element a of 
S which contains x and •Y simultaneously, we say that the dista,nce of w 

~is7 __, 
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and y is one, and it is denoted by xy=l (x=!=y)1>. 

When x-y, there exists a sequence of elements x1 , ..• , x,,. of A such 

that 
XX~ = 1, X 1X 2 = 1, ...... , X,,._ 1X,,. = 1, XmY = 1. ......... (4. 2) 

For; Since x-u, then for some a and (3 (x Ea, y E /3) there is a chain 

a, «1, ...... , am-l• (3 such that 
a(\a1 =!=O, a 1(\a2=1=0, •..... , «m-1!\f3=!=0. 

So, let a(\a1? X1, a1(\«2? X2, •••... , «m-1(\/3? Xm, then x, Xi Ea: 

x1, x2 E a 1 ; •.•.•• ; xm, y E /3, hence by the definition we have 

XX1 = 1, X1X2 = 1, ...... , X,,.y = 1. 

For two elements x and y of A, a sequence of elements x, x1, ... x,,., y 

which satisfies (4. 2) is said to be a chain of x and y. Generally, for a pair 

of elements x and y of A, there may exist many chains of x and y. We 

select from them a chain x, x1 , .••••• , x 1, y whose index l is minimum among 
them, and any one of these is said to be a path for x and 11, and l+l is 

said to be a di:;;tance of x and 21, x=1=y. We can easily see that this 
denomination "distance" is justified since it satisfies the usual distance 

axioms. 
And, from the minimumity of length of path for x·and y, we have 

r"' 

Lemma 4.3. In a path xy(=.x,x1 , •••••• x 1,y) a connected part xt>xt+i• 

...... ,x,+1i(O~i, i+h~l+l being X 0=X, Xz+ 1=Y) is a path fo1· xt and xi+"' and 

!lx1;X1wzlJfS(O~f~l+1;2~k and being Xz+ 2=X,X1+3=X1). 

Similarly, when a-(3, among the chains of a and (3 the one whose 
index is minimum is said to be a path of a and f]. 

From the above discussion, we have the following : 

Lemma 4. 4. A and S are decomposed in a direct sum : 

A = A0 +~Aµ., S =~Sp., p. p. 

where Aµ. and Sp. have the following properties, 

1. Aµ. =Sp.*. 
2. For x and y of Aµ., there exists a path x, x1, ••• , x 1, y. 

3. For a and (3 of Sµ., there exists a path a, a 1, ... , a 0 f]. 

4. For x E Ai,. and y E A 0 (µ+v ), there exists no path. 
4'. For x EAµ. and y E A 0 (µ=i=:v), there exists no element a of S such that 

x, y Ea (a ES). 

In the above lemma we can replace "path" by "distance". 

1) We define to be xx=O. 
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§ 5. Decomposion of A by distance. 

We take RUB] in § 3 as S (a, /3, ...... ) in § 4 and we take the subset 
consisting of elements x, y, z in A which is contained in {xyz! (ER) as 
subset a in A (in§ 4). In this section, we shall decompose the connected 

set Aµ. by the distance whi~h we defined in the previous section. 
First, we take one element a.,(µ,) from each Aµ. respectively and fix it. 

And we represent by Ai (a.,(µ,)) the set of all elements which have the 

distance s from a.,(µ,), then the set A is decomposed in the form : 

A=~ Aµ.=~(~ Ai(a.,(µ,))+a.,(µ,)), ............... (5.1) 
/J, /J, • 

where s represents the distance of a.,(µ,) and element of A;. (s=l, 2, 3 ... 
from the definition of distance.) A0=0 follows from Bl. 

Since A is the direct sum of connected sets such that Aµ. and Av have 
no connection to each other as for R[~J: that is, 

There is no element in R[~] which contains both of the two elements 
x and y such that x EA,,,, y E Aiµ,=l=v). . .............. (5. 2) 
So, first we deal with the connected set Aµ. and next with A: A=~ Aµ. 

/J, 

(direct sum). 

When A is connected, decomposition (5.1) becomes the form: 

A = a.,+~ A'(a.,). 
•~1 

Furthermore, we shall consider the decomposition of AI and A' (s~2). 

[1] Decomposition of AI(a.,). 

We take any element ao(=J=a.,) of AI and fix it 1>. We define +AI and 
-A 1 as follows : 

+AI = { y I { a0a.,y I E R and y=jcca., l and -A 1 = A I - + A 1, 

(if there is no y, then + A I=O, that is A 1 =-A 1 ). Then 

AI= -AI++AI (direct sum). . ................. (5. 3) 

We have the following lemmas concerning -AI and + AI. 

Lemma 5. 1. The decomposition (5. 3) is independent of a0 disregarding 
' . 

for ±dual. 

Proof. When + A1(a0)=0, this lemma is clear, so we have only to 
consider the case where + AI(a0)$0. 

Let a E + AI(a0 ) and b E -AI(a0 ), then 
B" I a0a.,a I • I a.,bb I ~ I ba.,a I ® I a0a.,b I . 

l) When A={a}, it is trivial. 
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And by the definition of-A 1, I a0a.,b I may not occur. 

Therefore I ba.,a I for a E + A 1(a0 ) and b E - A 1(a0) 7 
Then a E + A 1(a0 ) and b E -A1(a0 ) "9 a E + A 1(b). 

Hence + A1(a0 ) C + A1(b). 

(Vot 16 

Since we may consider b instead of a0 in the above discussion, we have 
I 

+ A 1(a0) ~ + A 1(b). 

So, we have + A1(a0 ) == + A1(b). 

And by the similar way, + A1(a0)=-A.1(a) (a E + A 1(a0)). 

Therefore, the decomposition A1=-A1 + + A1 is independent of a0 dis

regarding for dual. 
From the above lemma, it follows that: 

If aE +A1 and bE-A1, then {aa.,b} is always contained in R[~]. . .. (5. 4) 

Lemma 5. 2. b1, b2 E - A 1 or bi, b2 E + A 1- I b1a.,b2 } is 1Wt contained in R[~ ]. 

Proof. Now, let {b1 a.,b2 } be contained in R[~]. 
Case 1. b1, b2 E - A 1 : 

lb1a.,b2 l •b1 E-A1_1~ b2 E +A1• 

This contradicts the assumption b2 E-A1• 

Therefore !b1a.,b2 } is not contained in R[~J. 
Case 2. b1 , b2 E + A 1 : 

I b1a.,b2 I · I a.,a0a0 I~ I aoa.,b2 I ® I b1a.,ao I (a04b1, b2) 

This is a contradiction, because both I a0a.,b2 I and I b1a.,a0 I are contained in 

R[~J by the definition of +A1• Therefore lb1a.,b21 is not contained in 

R[~J- And when a0=b1 or b2, the assertion is evident. 

So, we have the lemma 5. 2. 

Lemma 5. 3. 1-a1 -ai -a} I and -a}, -t4 E -A1-1-al -a1a .. I ® I -a1 -ara .. I. 
Proof. -a} E -A1 -la .. -al -al 1-; -a½ E-A1-I -a}-a; a., I-

I a -a1 -a1 I · 1-a1 -a1 -a1 I · 1-a1a a I~ I a -a1 -a1 I or 1-a1 -a1a I or I -a1a -a1 I c., i i l 2 2 2.,., c., l 2 l z., 2"' 1• 

And I a.,-al -a~ I~ 1-a~ -afa., I, and also by lemma 5. 2 1-aia .. -al I is not 
contained in RUB]. 

Therefore 1-al -a~ -ai I and -a}, -al E -A 1-1-a} -a½a., I ® 1-a~ -a\a., 1-
[2] Decomposition of A'(s~2) 

,--... 
We shall consider the path a.,a'=a .. , a), ai, ... , af- 1a• for a., and an element 

a' of A". According to that a} in this path belongs to either +A1 or -A1, 

this path is said to be (+)path or ( - ) path respectively, and a ( +) path 

and a ( - ) path are said to be of different sort. 
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In A', let + A' be the set of all elements a• which have ( +) path and 
-A• be the set of all elements which have ( -) path. 

Inner points a' of (-) path clearly have (-) path so that from Lemma 

4. 3 a' belongs to -A'. 
Then A'=-A' ++A''. ( this is not necessarily direct sum) 

Let us define as follows : 
-A'{\+A•=""'A'; -A'-"A'= 6 A'; +A'-"A' =aiA•, 

then A' = 0 A"+" A'+ ai A' (direct sum). 
So, we have the decomposition of A : 

A= a.,+~ (-A• ++A')= a.,+~ (6 A' +"A' +EBA'). 
8=1 8=1 

§ 6. Lemma concerning R=R[?B ]. 

......... (5. 5) 

In this section we shall investigate the properties of R=R[?B]. We 
consider the decomposition (5. 5) of A. 

Definition 2. When an element a• EA' has two paths a.,, a1, ••• , a•-1, a~ 

and a.,, 'a1, ... , 1a•-1, a', then a set of elements 
a.,, a1, ... , a•-1 , a•, 1a•-1, ... , 'a1 , a.,: for two paths of the same sort, 
a1, ... , a•-1, a', 1a•-1 , ..• , 'a1, a1 : for two paths of the different sorts, 

r-,. - ~ ,,.., 

is said to be a cyclic path constructed by a.,a' : a' and a'a.,: 'a'. 
Since by (5.4), for -a1 E-A1, +a1 E+A1, 1-a1 +a1 +a1 J is always contained 

in R, so we can omit a., in the latter case. 

Lemma 6. 1. For a cyclic path of difje1·ent .wrt constructed by ;:a•: a' 
.,......_ ~ 

and a'a.,:'a' we have la'-1a• 1a•-1 1 ER[?BJ. 
Proof. From the definition of path we can easily see that a cyclic 

path of different sort a1, a2, ... , a•-1, a•, 1a•-1, ... , 'a1, a1 is a sequence consti
tuting odd elements and satisfying the condition !xyy I ER[~] for all pairs 
of the adjacent elements x and y. So, by B6 and Lemma 4. 3 we have 

that at least one of the following three 

............... (6.1) 

must be co~tained in R[~]. 
Suppose { 1a1a 1a2 j E R[?BJ. From (5. 4) we have I a1a., 'a1 I. 

l a2al 'al I . I aia., 'al I lemma3.9 I a2ala .. 'al I. 

This contradicts Lemma 4. 3. Hence I 'a1a1a2 1 may not occur, and in 
similar way I 'a21a1a1 I may not occur. So, we have from (6.1) 1a•-1a• 1a•-11 
ER[?BJ. 
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,,-.,. 
Definition 3. The points a' (i=l, ... , l) of path ab : a, a1, a2, ••• , a1, b are 

said to be inner points of this path. . 

Lemma 6. 2. I -a1 -a~ -a; 1-1 -ai-1 -a~ -a; I <® I -a~-i -a~ -af I for some ele
ment -a1-1 or -a;-1 E -A•-1, ( ± dual, s~2)1'. -- --Proof. We consider the paths a.,-a: bnd a.,-a~, then we have an odd 
cyclic path a.,, -a½, ... , -a1-1, -af, -a~. -a~- 1, ••• , -a½, a.,. For this seqence con

stituting odd elements, we have, by the similar way as the proof of Lemma 

6.1, that at least one of 1-a~-1 -a1-a;1 and {-'-a~-a~-a;- 1 } is contained in 

R[~J 
And if I -a~-i -a1 -a; I and I -a1 -a~ -a~-i I, then 

...... (6. 2) 

Then a sequence of elements a.,, -a½, ... , -af-1, -a~-1, ... , -a~. a., is an odd 
cyclic path. By the same way as the above, at least one of 1-a~-2 -a1-1 -a~-1 } 

and l -a1- 1 -a~-1 -a;-2 l is contbined in R[~J. . ..... (6. 3) 

If 1-a1-2 -a1-1 -a;-11 is contained in R[~J. then by 1-ai-2 -a1-1 -a~- 1 I and 

( 6. 2), we have I -a1-2 -af-1 -a1 -a1 -a~- 1 1- This contracicts Lemma 4. 3. 

Therefore 1-a1-2 -a1-1 -a;-1 } is not contained. Similarly, 1-at1 -a~-1 -a~-2 ! 
is not contained. These contradict (6. 3). 

Therefore the case when 1-a:-1 -af -a;} and 1-af -a~ -a;-1 } ER[~] may 

not occur, {-af-1 -af ~a;} @) 1-a;-1 -a~ -af} is contained in R[~] for Eome 
element -a1-1 or -a;-1 E -A•-1• 

Lemma 6. 3. 1-a1-1 -a• -a~-1 } is not contained in R[~J. (± dual, s.2:.2) 

Proof. I -af-1 -a• -a;-1 I lemma 3.21 -a1-1 -a~-1 -a~-1 I 
---- ,---.. Let us consider the path a., -af-1 and a., -a~-1, then by the same process as 

that used in Lemma 6. 2, we see that at least one of I -af-2 -ar-1 -a~-1 l and 

1-ai-1 -a~-1 -a;-2 } is contained in R[~J. 
If l -af-2 -a~-i -a;-1 l ER, then 

This contradicts Lemma 4. 3, so l -a1-2 -a1-1 -a;-1 I is not contained in RL ~]. 
Similarly, l -ai-1 -a~- 1 -a~-2 I is not contained in R[~J. 

Therefore 1-a1-1 -a• -a~-1 } is not contained in R[~J. 

Lemma 6. 4. I -a,f-1 -af -a~ I • I -a;-1 -af -af 1-1 -a;-1 -a~ -a~ I ( ± dual s>2) 

Proof. 

l) The notation (±dual) means that the propositfbn exchanging -a• and +a8 in this proposition 
is also satisfied. 
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So, 1-a1-1 -i:g~ -a; I · 1-a~ -a;-1 -a~-1 I~ l-a~- 1 -a1 -a; I @ J-af-1 -a~ -a;-1 J 
And, by the Lemma 6. 3 1-at1 -a~ -a~-1 I is not contained in R[?S]. 

Therefore 1-at1 -a~ -a~} is contained in R[?BJ. 
From Lemma 6. 2 and Lemma 6. 4 we have 

Lemma 6. 5. J-a~ -a; -a; 1- J -aH -a1-a; I @ J -aH -a; -af I-

Lemma 6. 6. J -a•-1 -a1 -a; I· 1-a~ -a<+ 1 -a'': 1 I-+ l-a'+ 1 -af -a~ I (±dual) (s2.2) 

Proof. 1-a•-1 -a~ -a; I· I -a1 -a• +l -a• +1 I~ I -a'+ 1 -at -a2 I @ I -a•~1 -a~ -a• +1 I. 
And from Lemma 4. 3 1-a•-1 -af -a•+ 1 1 may not occur, so 1-a•+1 -a~ -a; I is 
contained in R[?B ]. 

Lemma 6. 7. I -aI -a~ -a~ l · I -a~ +a•-1 +a•-1 1-1 -a.1-1 af -a; +a•-1 1 @ 

J-a~ -a~ -at1 I and -a; E '"'As. 

Proof. I -at -a~ -a; I~~ 1-ai-1 -ai -a~ I @ 1-ai -a; -a~- 1 I ...... (6. 4) 

If I -a1-1 -a~ -a; I, then a cyclic path +a1, ... , +a•-1 -a;, ... , -a1 is obtained ---- ,--..._ from the path a., +a•-1, path -a~a., and 1-a; +a,•-1 +a,•-1 J. 
Hence, by B6 1-a1-1 -a; +a•-11 is contained in R[?BJ. 
So, I -ar1 -a~ -a; I. 1-a1-1 -a; +a,•-l I lemma3.7 1-a~-l -a~ -a~ +a,•-l I ............ (6. 5) 

From (6. 4) and (6. 5), we have I -af-1 -ai -a~ +a,•-1 1 @ l -ai -a; -a,i-1 I-
And I -a; +a•-1 +a•-1 I-+ -a; E '"'A'. 

Lemma 6. 8. I -a~-I -a~ -a; I· I -a~ +a,•-l +a•-1 1-1 -ar1 -ai -a~ +a•-1 1. (s;:;;;;,2) 

Proof. By the same process as that deriving· ( 6. 5) in Lemma 6. 7, we 

may prove that 1-a;-1 -af -a~ +a,•-11 is contained in R[?SJ. 

Lemma 6. 9. {,..,a•-1a•a•J is wt contained in R[?B]. (s2.3) 

Proof. For '"'a·•- 1 E '"'A•-1, there exist two paths which are of different 
sort. So, since for +a1 E + A 1 and -a1 E -A 1, { +a1 -a1 -a1 I is contained in 
R[>BJ, a cyclic path is obtained from the two paths ~a•-1 , af- 2 , ••• , +a,1 a., 
and ~a•- 1 a~- 2, ••• ,'-a1 a.,. So, by means of B6, {aI-2 ,..,a•-1 a;- 2 } is contained 

in R[>B]. Then 

And I af- 2 ,..,a•-1 a' I and I a• '"'a•·-1 a~- 2 J both contradicts Lemma 4. 3. 
Therefore {'"'a•-1 a• a• l is not contained in R[>B]. 

Lemma 6. 10. All inner points of the path of a., and x(x E +At): a1, ... , 
at-1 consist of the elements whi,ch are contained in EBA• (s=l, ... , t-1; t>l). 

Proof. For x E +A', there exists always y such that {xyy} is contained 
in R[?SJ and y E +A•-1 by the definition of +A•. Then, for x E +At, there is 

,,--_ 

a path a.,x which consists of the elements ·of + A' (s=l, ... , t-1). And by 
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Lemma 6. 9 t~a•-1 a• a• I is not contained in R[~J- Then all the inner points 
r--, 

of this path a.,x belong to tBA'(s=l, ... , t-1). 

By this Lemma, we can define as follows : --The path (a.,~at)+ means the path whose inner points belong to tBA•, --and the path (a.,"at)- means the path whose inner points belong to 8 A' 

(s=l, ... , t-1). 

Lemma 6.11. If there are.two pathc; (<('x)+ a1ul (<('x)- f01· xE-A', then 

1-a•-1 x +a•- 11 is contained in R[>S]. 
r--, r--, 

Proof. From the two paths (a.,x)' and (a.,xt, an odd cyclic path 
-ax, ... , -a•-1, x, +a•-1, •·· , +a1 is obtained. Hence, by means of Lemma 6.1 

and 6.10, 1-a•-1 x +a•- 1 1 is always contained in R[>SJ. 

Lemma 6. 12. When a'+ 1 E "Ast1 ; a1 E tBA' and a~ E 8 A' (or af E 8 A' and 

a~ EtBA'), the necessary and sufficient condition for II a•+ 1,a1,a~ \I ER[>SJ is that 
there are \ af "as+ 1 'a/+ 1 \ and \ a; "a•+i "a• d \. 

Proof. Since it is clear that the above condition is necessary, we 
shall only prove its sufficiency. 

r--, 

As {af~a•+ 1 "a'+ 1 j ER[:>SJ, path(a.,af)+ and "ar+1 is a path of a., and 
r--, 

~ar+ 1 , and as 1a; "a<+ 1 "a•+1 1 ER[>SJ, path (a;a.,t and ~a•+ 1 is a path of 

a'+ 1 and a.,. From these paths and Lemma 6.11, we have that !af ·~a' t1 

a;! is contained in R[>SJ. 

Therefore \ af "a•+ 1 -~as+ 1 \ and I a; "a•+ 1 "a•• 1 \ are necessary and sufficient 

for II a•+ 1, a1, a~ II. 
Lemma 6. 13. When +af E tBA•, then 

1-a•-1 -at -a;\· 1-ai tBaf tBa11-l tBaf -af -a~\. (s>2) 
B7 

Proof. 1-a•-1 -a• -a•\ · \-a• tBa• tBa• l ~ I tBa• -a• -a•\ @- 1-a•-1 -a• eBa• I 1 2 1 1 ! 1 1 2 "!.V l ,1 • 

But, 1-a•-1 -a~ tBal l ~~ 1-a·-1 tBa~ tBaf \. So tBaf E ~A•, this is contradiction, 

hence 1-a•-1 -a~ tBaf! is not contained in R[>S]. 

Therefore jtBai -af -a;I is contained in R[>SJ. 

§ 7. Sufficient condition for betweenness. 

In this section, we shall prove that the system of seven conditions: 

53 =(Bi, ... , B7) is sufficient for betweenness of set A by the following 
process: 

First, we introduce by means of R[~J the binary relation pin A which 
. satisfies Pl, P2, and P3 and prove that if xpypz or zpypx in A[p] concerning 
the above binary relation, then {xyzl is contained in R[>S] and conversely 

if {xyzl is contained in R[>SJ, then xpypz or zpypx in A[p]. 



1952) ON AXlOM OF BETWEENNESS 

We consider at first the case when A[.,.. J is connected, and then the 

general case A[.,..] as the direct sum of connected systems. 

[1] Definition of binary relation p in A when R[Q] is connected. 
We docompose the set A as follows : 

A= a.,+~ c-A·+ +A')= a.,+~ (8 A"+ 'A':rEBA'), 
8=1 8=1 

and define an binary relation for the elements of A as follows : 

(I) -A1<a .. <+A1• 

where -A<a .. <+ A 1 means that -a1<a.,, a .. <+a1 and -a1<+a1 for -a1 E-A1 

and +a,1 E + A 1• 

(II) -AI©-A2C?, ...... ©-AF•-2g-A2"'-l©-A2"'C?, ...... , 

where A'©A" 1 means that for a' EA' and a' 11 EA'+1, if {aia,t+iaii- 1 J is 

contained in R[,B], then a'<a'+1•1> And the notation © represents the 

binary relation of e]ements of each adjacent A1's alone. 
(III) + Aig+ A2© ...... g+ A2l-2©+ A21-1gA21© ...... • 

(IV) When a• EA' and a• rk E A'+k(k>-2), we do not define the binary relation 

of a• and a'+k. (where A0=a.,). 

(V)1 EBA'©-A'; +A'©8 A' (s=even, s>2), . 
(V)2 EBA•g-A•; +A'C?,8 A' (s=odd, s>3). 

(VI)1 In -A• (s=even); for -a~, -a; E -A•, 

l -x•-1 -a~ -a~ l- -a1<-a~. 
(VI)2 In -A• (s=odd) for -af, -a~ E -A•, 

l -x•-l -at -a; 1- -a1>-a1 c-x•-1=a., for s=l). 

(VII) The binary relation > in + A' is defined by the converse of direction 

in (VI)1 and (VI)2 • 

The pr~cess, by which the expression u, v, w, ... and u>v, w<z ... in 

(a) are replaced by u1, v1, w1 ..• and u1<v1, w 1>z1 •.• respectively, is called 
the conversion of direction in (a). 

(VIII) The relation x=y means that x and y are the same elements of A. 

From the above definition of order p, we may prove the following 

lemmas: 
Lemma 7. 1. -A•©EBA•-1 (='A'©EBA'-1 ) (s=even, s>-2). 

Proof. The binary relation p of A' and A•-1 (s>2) is defined by (II) 

and (Ill) only. Among (II) and (III), the relation containing e, A•- 1 is (III) 
only. And .-a• E -A•, EBa•·- 1 E EB A•- 1 and II -a", EBa•-1, x II - -a• E 'A'. Hence the 

1) If Ai+I$0 and at+I E Ai+l, there exists at least one element at of At such that {.atat+1 

aHI} is cotained in R[~]. 
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element of - A' which has binary-relation with an element of EfJ AH belongs 

to ~ A'. So, from (III) we have 

-A'© EBA•- 1 (=~A'© EBA•- 1) (s=even, s~2) 

When we define the binary reiation in A be (I), (II), (III), (IV), (V), (VI), 

(VII) and (VIII), A' which has binary-relation with A' (s=even) is A•-1, A' 

and A'+ 1 by (IV). From the meaning of © and lemma ~. 9, A"s which has 

binary-relation with -A• (s=even) by the above definition of binary-relation 

are 0 A•-1, EBA•- 1, A' and -A•ti, and their relations are as follows: 

-A•(?, 0 A•- 1 (by (II)); -A•© (l)A•- 1=~A. © (l)A•-1 (by Lemma 7.1) 

-A•C?,EBA• (by (V)); -A·C?,-A•+l (by (II)) 

The binary relation in -A• is decided by (VI). 

So, we have the following lemma. 

Lemma 7. 2. When y E - A' (s=even), 

x>y - x E EBA•- 1 @ -A• (x E (l)A•-1 may occur only in the case 

where y belongs to ~A'), 
y>x-xE 0 A•-1 ·@ -A•@ EBA•@ -A•+ 1• 

I ... ······(7. l) 

when y E - A'( s=odd, =!=1 ), we have the 'J)rOposition ( conversing the direction in ( 7.1 )). 
• ......... (7. 2) 

When y E + A', we have the proposition (conversing the direction and exchanging 

the sign in (7.1) and (7. 2)). 

For s=±l, we have: 

Lemma 7. 3. When yE-A1, 

x>y-xE-A1 @ a,.@ +A1 @ -A2,} 
·········(7. 3) y>x-xE-A1• 

When y E + A1, we have the proposition (conversing the direction (see p.195) 

and exchanging the sign in (7. 3). 

[2] . Proof of Pl, P2 and P3. 

We shall prove that the binary relation which is defined in [1] satisfies 

Pl, P2 and P3. As we have proved in Introduction that system Pl, P2, P3 

is equivalent to system P*l, P*2, P*3, we have only to prove here that 

the binary relation defined in. A satisfies P*l, P*2, P*3. 

P*l is clear by (VIII) in the definition. 

Proof of P*2 : 

According to A' to which y belongs, we consider about six cases: 
Case 1 y=a,. Case 2 y E-A• (s~2, even) 
Case 3 y E-A1 ; Case 4 y E-A• (s~3. odd) 
Case 5 y E + A' (s>2, even) ; Case 6 y E + A" (s=odd) 
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Case 1. y = a., : 
x>y~xE+A1 ; y>x~xE-A1• 

This contradicts - A 1 f'I + A 1===0. 
Therefore, x>y and y>x are not compatible. 

Case 2. y E -A• (s2.2, even): 
x>y !em~ XE EBA•-l (@ -A·; 

> lemro3 7.2 Y x-- XE 0 A•-l (@ -A· @ EBA• @ -As+I 
......... (7. 4) 

......... (7. 5) 

If x>y and y>x are compatible, then x must be contained in -A• 

which is the intersection of (7. 4) and (7. 5), and then it follows from 
x, y E - A' that 

So, 

Hence, 

> cv1J 1- •-1 I > cvv 1-a•-1 xyj x y - a1 yx ; y x - 2 • 

1-a1-l yx I !em~ IX -ai-l -a1-1 1, 
1-a~-1 xy I · Ix -ar-1 -a1-11 l•m~ 1-ai-1 xy I, 

R4 1-ar-1 yx 11-a!-1 xy I ==a> x = y. 

This contradicts x=J=:y, so x>y and y>x are not compatible. 
Case 3. y E - A 1 : 

x>v ~~ x E -A1 ® a., ® + A1 ® -A2• 

> lemm~ 7.3 AI y x--xE- . 
. ........ (7. 6) 

.. ; ...... (7.7) 

If x>v and y>x are compatible, then x must be contained in A- 1 

which is the intersection of (7. 6) and (7. 7), and then it follows from 
x, y E - A 1 that 

, (VI) rVI) 
x;>y==9ja.,xyj; y>x ~la.,yxj. 

So, I a.,xy I • I a.,yx I~ x = y . 

This contradicts x=J=:y, so x>y and y>x are not compatible. 
Case 4. y E - A' (s:;;::;;3, odd); 

By coversing the direction in the proof of Case 2, we can prove this 

case in the similar way. 

Case 5. y E • A' (s2.2, even) 

By conversing the direction and exchanging the sign in the proof of 
Case 2, we can prove this case in the similar way. 

Case 6. y E + A' (s is odd): 

By exchanging the sign in the proof of Case 2, we can prove this case 
in the similar way. And when y E + A 1, by conversing the direction and 
by exchanging the sign in the proof of Case 3, we can prove in the similar 

way. 
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Therefore, in all cases x>y and y>x are not compatible. 

Before proceeding the proof of P*3, we prove the lemma : 

(Vol. 16 

Lemma 7. 4. When and only when {xyy} is contained in R[58], one and 

only one binary relation of x and y is defined. 

Proof. If there exists the binary relation of x and y, then from (5. 4) 

and the definition of binary relation, it follows that {xyyl is contained in 
R[5SJ. And conversely, we shall prove that if {xyy} is contained in R[5S], 

then there is defined the binary relation for x and u. 

Suppose u E -A•. 

We consider separately about two cases: 
Case 1. xE 8 A•-1 @ GlA•- 1 @ GlA• ® -A•+ 1 

There exists an binary relation of x and u from (II), (III) and (V) in the 
definition of the binary relation. And by P*2 there is only one binary 

relation of x and u. 
Case 2. x E - A•. 

By Lemma 6. 5, 

......... (7. 8) 

So, by P*2 and (7. 8), there is .defined one and only one binary relation for 
x and y. 

Therefore, if {xuul is· contained in R[iBJ, then there exists one and only 
one binary relation for x and y. 

Proof of P*3 :1) 

We consider about the six cases, similarly in the proof of P*2. 

Case 1. u=a., : 
' (l)'.lV) +Al > (l)(IV) Al 

X ;>y ---+ X E ; 1/ Z ---+ Z E -

Then, from (I) in the definition of binary relation, we have x>z. 

And, by means of (5. 4), {xa.,zl={xyzl is contained in R[18]. . ........ (7. 9) 
Case 2. y E -A• (s~2. even): 

x>21•yE-A•~"::"_a._7;xE-A' ® EBA•- 1· ($A•- 1 m~y occur only in the case 
where y E ~ A'). 

According to At to which x belongs, we consider about the two cases. 

1) In the proof of this a3sertion, at the same time we shall prove that if x> y and y>z 
then {xyz} is contained in R[~lat the end of each case. 
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(a) xE-A', 11E-A'; (b) xEePA•-1, yE"A•. 

(a) x E -A•, y E -A•: 

x >Y and x, y E -A• ~~ I -at1yx I 
> lemma7Aj j y z --➔ yzz 

On the other hand, 

21>z lem~z E 0 A•-l @ -A· @ EBA• @ -A·' 1 

According to A' to which z belongs, we consider three cases: 
(a1) x, y E -A•, z E 8 A•- 1 @ -A'+1, 

(a2 ) x,yE-A', zE-A', 

(a3) x,yE-A', zE@A'. 

(a1) x,11E-A', zE 0A•-1 @ -A•+i 

From (7.10) and (7.11) we have I -a•- 1yx I and I yzz j. 

I
- •-l j j j lemma fl.1 (6.6) j j lemma 3.2

1 
j a1 yx • 71zz zyx ==9 zzx • 

····:····(7.10) 
......... (7.11) 

......... (7.12) 

Hence, from (7.12), (II) in the definition of binary relation and x E -A•, 

z E 0 A•- 1 @ -A•' 1, we have x>z. 

(a2 ) x, y E -A', z E -A•: 

> cVI) j , jlemmas,2 1 • j 11 z ~ -a2- 1zy ====i> -a2 - 1yy . 

From (7. 6), we have I -af-1yx I and 1-a;-1yy j. 

So, 

......... (7.13) 

Hence from (VI) in the definition of binary relation and x, z E -A•, we have 

x>z. 
(a3 ) x,yE-A', zEEBA•: 

From (7.10) and (7.11) we have 1-at1yxj and jyzzj. 

I -a1-1 yxj • jyzz\ 1em~lzyxj =i? jzxxj. . ........ (7.14) 

Hence, from (V) in the definition of binary relation and xE-A', zEEBA', 

we have x>z. 
(b) xEEBA•-1, yE~A•: 

According to A' to which z belongs, we consider two cases: 

(b1) zE 0 A•- 1 : 

x >v - I xyy I ; y>z - I yzz I. 
a; E EBA•- 1 , y E ~A•, z E 0 A•-1, 
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Hence, by Lemma 6.12, { xyz} is contained in R[~ ]. . ........ (7.15) 

So, I I lenmmS,2 1 1 xyz = xzz 

Hence from (V) in the definition of binary relation and xEEBA•-1, zEeA•-1, 

we have x>z, 
(b2) z E ·•A': 

def, (VI) I 
v>z (s=even)---+ +a•-1yzl; x>y-lxvvl-
1·+ 8 1 1 I I 1emma6.4 dual 1 1 lemml\3.2 1 1 a - yz • xyy =====i> xyz ====i> xzz . ......... (7.16) 

Hence from (III) in the definition of binary relation and x E EBA•- 1, z E ... A', 

we have x>z. 

Case 3. y E -A 1 : 

> lemml\7,3 Al y Z---+zE- ; 

So, from y>z we have la .. yzl. 
On the other hand, 

Hence y,zE-A1• 

> lenmm 7,3 E -Al ~ ~ +AI ~ -A2. X y---+X ev a., ev ~ 

. ........ (7.17) 

According to -Ai, a .. , ➔ A1 , -A2 to which x belongs, we consider about 

the four cases : 
(a) xE-A1, y,zE-A1 : 

> der. (VI) I I x y---- a.,xy. 

And from (7.17) we have I a.,xy I and I a.,yz I. 

So, I I I I !enmms.7 1 a.,xy • a.,yz ====i> a.,xyz I - ......... (7.18) 

Hence, fro;n (VI) in the definition of binary relation and x, z E-A1, we 

have x>z. 

(b) x=a .. , y, z E -A 1 : 

From (I) in the definition of binary relation, we have x>z. 

Furthermore, from (7.17) la .. yzl=lxyzl ER. . ........ (7.19) 
(c) xE+A1,y,zE-A1 : 

From (I) in the definition of binary relation, we have x>z. 
(5.4) • 

Furthermore, x E + A1, y E-A1 ~ lxa.,yl. 

And from (7.17), we have I a.,yz I and I xa.,y I. 

lxa.,yl · la .. yzl~lxvzl. . ........ (7. 20) 

(d) xE-A2, y,zE-A1 : 

From (7.10) and (7.11) we have la .. yzl and lxyyl. 
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So, I I I I lenunn6.6 1 1 lem.ma 3.2 1 1 a.,yz • xyy =~ xyz =~ xzz . ......... (7. 21) 

Hence, from (II) in the definition of binary relation and xE-A2, zE-A1, 

we have x>z. 
Case 4 .. y E-A• (s is odd and ~3); 

By exchanging x and z and by conversing the direction in the proof 

of case 2, we can prove this in the similar way. 
Case 5. y E + A' (s is even and ~2): 

By exchanging x and z and the sign respectively, and by conversing 

the direction in the proof of Case 2, we can prove this case in the similar 

way. 
Case 6. y E + A' (s is odd): 
By exchanging the sign in the proof of Case 2 (s?3), we can prove this 

case in the similar way. And when s=l, by exchanging x and z and sign 

respectively, and by conversing the direction in the proof of Case 3, we 

can prove this case in the similar way. 
Therefore, in all cases it is proved that the binary relation satisfies 

P*3. From the above discussion, we can conclude that the binary relation 

which is defined in [l] satisfies P*l, ·P*2 and P*3, and so is a patial order. 
Moreover, we stated in the proof of each case of P*3 that if x>y 

and y>z, then {xyz! is contained in. R[?BJ. .. ....... (7. 22) 

[3] Proof of the fact that x2.u>z or x.:S:y<z-lxuzl. 
We consider about the case when x2y>z. In this case we consider 

about the following four cases : 

Case 1. x>y>z ; Case 2. x=y, y>z 

Case 3. x>y, y=z; Case 4. x=y=z 

Case 1. x>y>z: 
If x>u>z, then from (7. 22), lxyz} is contained in R[?BJ. 

Case 2. x=y, y>z: 

y>z 1"~lyyzl, hence lyyzl={xyzj ER[?SJ. 

Case 3. x>y, y=z: 

x>y len~IXYYI, hence lxyyl=lxyzl ER[?BJ. 

Case 4. x=y=z : 
From Bl, lxxxj is contained in R[?BJ, so {xyzj is contained in R[?S]. 

Therefore, ill all cases, x ~Y > z -+ I xyz I . 
And we can prove the case when x.:S:y<z in the similar way. Thus, 

we have x~y2z or x.:S:y<z-+lxyzl. 
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[4] Proof of the fact that jxyzj-+x2y2z or x:;;;;,,y5:..z. 

jxyzl~~( jxyyi, jyzzl and jxzzl). 
I I !emmn7.4. > < Xyy =~X y (@ X=y (@ X y . 

. jyzzl \en~ v>z (@ y=z (@ Y<~. 

(Vol. 16 

By combining. the above cases, we see, from Lemma 7. 4, that only one 
case among the following nine may occur : 

(1) x>y•v>z ; 
(2) x>y•y=z ; 

(3) x>y•y<z ; 

(4) X=y•y>z ; 
(5) x=y• y=z ; 

(6) X=Y·Y<z ; 

(7) x<y•y>z, l 
(8) J 
(9) 

<Y·Y=Z, ...... (7. 23) 

In (7. 23), (3) x>v and y<z and (7) x<v and u>z may not occur. 
For; (3) x>v•y<z: 

I I lemmR s.2 1 I lemm" 7.4 > < xyz -~ xzz =~X z (@ X=Z (@ X z. ...... (7. 24) 

We consider about the three cases according to the relation of x and z. 

(a) x>z: 

c1.22) I x>z and z>y~jxz71. 

So, lxyzl • lxzyl~ 71=z. This contradicts y<z. Hence, x>z may not 
occur. 

(b) x = z: 
I I I I JemmRS.I 
xyz = xyx =~ x=y. This contradicts x>y. Hence x=z may not 

occur. 
(c) x<z: 

(7.22) BS 
z>x and x>y~jzxyl; jxyzl~lzuxj. 

Hence, jzyxl and lzxyj~x=y. This contradicts to x>v- So, x<z may 
not occur. 
Therefore, in this case no order between x anq. z exists. But this fact 
contradicts (7. 24). 

Thus, Case (3): x>v and v<z may not occur .. 
(7) x<y and y>z: 

By conversing the order in the proof of the case (3), we can prove similarly 
that the case (7) may not occur. 

Therefore, if {xyzJ is contained in R[>BJ, the~ x2y and y?;::.z or x5:..u 

and y5:..z. And, as this order satisfies P3, then we have 

jxyzj-+x2y2z or x5:..y<z. 
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From the above discussion, we can conclude that when A is connected, 

conditions Bl, B2, B3, B4, B5, B6 and B7 are sufficient for betweenness of 
set A. 

By conversing the order in a partially ordered set we have a partially 

ordered set (which is dual to proceed). So, in A" we may introduce at 
least two kinds of order from R"[~] when R" *[~] is not the only one 
element. 

(IX) In general case when A=:E A", we do not define the order of the 
J.' 

element of A" and that of A~ (µ4=v). . ........ (7. 25) 
And, we define the binary relation in each A" as in [l], then A[p] == 
:E A"[p"] becomes a partially ordered set. For, A[p] is a direct sum of ,,. 
partially ordered sets A,,.[p,,.] (from § 4 and (5.1)). Moreover from the 
Lemma 4. 4, (5.1) and (5. 2) if x2y~z or xs.y<z in A[p], then {xyz} is 

contained in R[~]. conver:oely if ! xyz} is contained in R[~J. then x~y2z 

or x<y<z in A[p]. 

Therefore, in general case, conditions Bl, B2, B3, B4, B5, B6 and B7 are 
also sufficient for betweenness of set A. 

From the above result and Theorem 1 and 2, we have: 
Theorem 4. The system of conditions ~ (==Bl, B.2, B3, B4, B5, B6 and 

B7) is necessary ancl sufficient for betweenness of set A. And these conclitions 

are mutually independent. 

§ 8. Uniqueness of order. 

In this section, we shall prove that if the binary relation which 
satisfies Pl, P2 and P3; i.e. partial order, may be introduced in A from R[~]. 

then this order is unique.I> 

We perform the decomposition of A into connected systems: A=:E A,,.. ,,. 
First, we shall prove that: 

If the partial order can be introduced in A,,. from R,,.[~J. then there 
are only two kinds of order, and the one is dual to the other. 

Proof. We assume that a partial order p is introduced in A" from 

R"[~]. We take any element aw(µ) of A", and fix it. And similarly as 

in § 5, by means of distance for R"[~] we decompose the A" in the form 

A"= a.,(µ)+ :E (+A•+-A')2'. 
•=1 

1) Equivalent partially ordered sets are regarded as the same. 
2) In this section, putting off the suffix !'- in +Af, (or -Ai) we write +A• (or ""A') fot 

+ A~ (or - A$.) in the case when any confusion may not occur by it, 
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From (5. 4), when + A1$0, 

When +A1=0, we have only to consider the proof concerning to a., and 

- A' in the following proof. 

Since a partial order p is introduced in Aµ., 

And -a\, a., and +a10 are distinct, so we have 

-a\<a .. <+a\ or -a10>a.,>+a10. 

Then we consider about two cases : 

Case 1. -a1a<a.,<+a10. Case 2. -a\>a.,>+alo. 
Case 1 -a10<a.,<+a\. 
For any element -a1 E-A1 and +a1 E+A1, from (5.4), we have that 

1-a10 a., +a1 l and {-a1 a., 1·a10 } are contained in R[)B]. 

So, 

and 
Hence, 

1-a\ a., +a1 I and -,1,l0<a .. =:> a.,<+a1 , 

1-a1 a., +a\ I and a.,<+a10 =:> -a1<a ... 
-a1<a .. <+a1 i.e. 

-A1<a .. <.,.A1 • .. ....... (8.1) 

Next, by the mathematical induction we show how the order for -A•-1 

and -A• may be. First, we consider about the order for -A1 and -A2• 

When -a2 E-A2, there exists at least one -a1(E-A1) such that 1-a1 -a2 -a2 } 

is contained in R[?BJ from the definition of -A2• Let -a1 and -a2 be element 

of -A1 and of -A2 respectively such that 1-a1 -a2 -a2 1 is contained in Rµ.[?BJ. 

So, 1-a1 -a2 -a2 I=:> -a1<-a2 ® -a1>-a2• (with respect to the order introducd 

from Rµ.[?B]) 

Only the case -a1<-a2 may occur among them. 
For: Let us suppose -a1>-a2• 

From (8.1) and -a1>-a2, we have a .. >-a1>-a2. 

a .. >-a1>-a2 =:> la., -a1 -a21. 

This contradicts Lemma 4. 3, hence -a1>-a2 may not occur. 

Therefore 1-a1 -a2 -a2 I=:> -a1<-a2 ; i.e. it must be 

......... (8. 2) 

Assuming -A•- 1 © -A• (s is even), we shall prove -A• Ql -A•+ 1• 

For the element -a•+i E -A•+1, there exists at least one element -o," for 
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which 1-a• -a•+ 1 -a•+ 11 is contained in R[~J from the definition of -A•+ 1.u 

...... (8. 3) 

Let '-a• E -A•, -a•+ 1 E -A•+ 1 be two elements such that I -a• -a•+ 1 -a•+1 } is 

contained in R[~ ]. 

We shall prove that only the case -a•>-a•+ 1 may occur among them. 
For; SupPose -a•<-a•n. 
From the assumption : - A'-1 © -A' (s is even) and (8. 3), there exists at 
least one element -a•-1 ( E -A•- 1) such that -a•-1<-a•. Therefore we have 
-a•-1<-a•<.,..a•+i, so I -a•-1 a• -a•-1- 1 1. This contradicts Lemma 4. 3. Hence 
-a•<._-a•-1- 1 may not occur. Therefore -a•>-a•-1- 1, i.e. it must be ,., 

-A• C?) -A•+i (s=even) ......... (8. 4) 

By the same manner as the above, we have : 

-At-1 C?) -At (t=odd) - -At© -At+i. . ........ (8. 4)' 

From the above results, the order for - A' (i=l, 2, ...... ) must be as . 

follows: 
... (8. 5) 

By the same process as the above, we may conclude that the order 
for -1-A' (i=l, 2, ... ) must be as follows: 

... (8. 6) 

Next, we consider about the order for elements of -A' (s is fixed). 
Let -at and -a~ be two elements of -A• such that 1-af -a~ -a;} is con

tained in R[~ ]. 

So, by (8. 5) and (8. 6) the order for -a~ and -a~ must be as follows: 

When s is even 1-a•-1 -af -a~ I - -a1<-a~ 
When s is odd and s>3 1-a•-1 -a~ -a~ I- -a:>-a~ 

(for s=l, see (8.1) considering -a•-1 as a.,). 

......... (8. 7) 

... ······(8. 8) 

Similarly we have that the order for elements of + A' must be dual to 

to the order in (8. 7) and (8. 8). . ........ (8. 9) 

Furthermore, we consider about the order for 8 A' and EBA•. 

Let 0 a• and Ella• be two elements such that { 8a' Ella• Ella• l is contained 

in R[~]. 

1) By this fact (8•5) : - A•0-AB+ I is not trivial. 
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We shall prove that only the case 0 a•>{fJa• (for sis even) may occur among 

them. 

Suppose . ........ (i) 

From (8. 3), we have that there exists one element -a•-1 such that 

{-a•-1 ea• ea•1 is contained in R[~]. From (8. 5), we have that 

......... (ii) 

From (i) and (ii), 1-a•-10a• eia•1 ER[?SJ. 
So, 1-a•-1 8 a' {fJa• 1-1-a•-1 IJJa• IJJa• I, hence from the definition of - A• we have 
eia• E -A•. 

This contradicts 9 a' E + A•, so -a•<IJJa• (s is even) may not occur. 
Hence, it must be that -a•>!fJa•, i.e. 

8 A' (?, ©A• (for s=even). ·~···· ... (8.10) 

Similarly, it must be that 

8 A' © !fJA• (for s=odd.) ......... (8.11) 

Moreover, by the Lemmas 4. 3 and 6. 9, the A' which may have the 
relation with -A• is 0 A•- 1, !fJA•-1 , !fJA•, -A• and -A•-1- 1• So, the above discus

sions· exhaust all cases which must be considered. 
From the above discussions, we conclude that for the case 1 if a 

partial order may be introduced by any manner in A from R[~]. then the 
order must satisfy the conditions (8.1), (8. 5), (8. 6), (8. 7), (8. 8), (8. 9), (8.10) 

and (8.11). (This system of conditions (8.1)-(8.11) is the same as the 

system of (I) (II) (III) (V) (VI) (VII) in the definition of order in the previous 
section.) 

Case 2. -a\>a.,>+a10 

For this case, similarly, the conditions (8. l)' ...... (8.11)' which are obtained 

by conversing the order in (8.1)-(8.11). So, in this case: if a partial order 

may be introduced in A11-, then the order must be dual to that in Case 1. 

Thus, we have : 

Theorem 5. The partial order which may be introduced by any manner 

in A11- from Rµ.[~]. must be that obtained in § 7 or its dual. 

The case when R[~] is not connected: A[R]=:E A11-[R]. µ. 
There are no elements x and y such that x EAµ., y EA, and II x, y, z II 

E R[>SJ as we have seen in § 4 and (5. 2). So, in partial order which may 

be introduced in A from R[~]. there must be no order for elements x E A11-
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and y EA~ (µ4'v). (This condition is (IX) in § 7.) 

And the orders in A,. and A~ are independent of each other. 
• So, from the above and Theorem 5, we have : 

Theorem 6. We can introduce one and only one order in A from R[~] 

except for equivalent. 

Equivalent orders in connected essential set1' A,.[R] are, clearly, some one 

and its dual, so we have : 

Corollary: We may introduce just 2"=kinds of orde1·s in A from R[~] 

when c is power of the index set {,cl of essential connected sets AK[ R] in the 

decomposition: A[R]=~ A,.[R]. 
I" 

§ 9. Other complete systems and remark. 

We shall investigate the systems ~, and ~" which are equivalent to 

the system ~ ( =Bl, B2, B3, B4, B5, B6, B7). 

I) The system ~ is equivalent to the system ~, :~' ......... (9.1) 

Bl. I aaa \ for all a. 

B2. I abx \ - \ aab \ . 

B3. I axb \ - I bxa \ . 

~, B4. \axb\ • \abx\-x=b. 

B5. \axb\ • \xby\x4'b-\aby\. 

B6'. \ a1a2x 1 I· I a2a3x 2 \ •••••• \ a2,i+ 1a1x 2~+1 t-1 ata1+ 1at+ 2 \. 

B7'. \abc\ · \bdx\-\abd\ @ \dbc\. 

For, from the Lemmas 3. 2 and 3. 3 we can easily obtain B6' and B7' 

from ~ so that ~~~,; and conversely the system ~ follows from ~, by 

means of ~C~'. 
The condition B!" : I xab \ and \ xba I are not compatible, is equivalent 

to B4 since the former is the opposition of the latter.3> So by the similar 
way we have that : 

II) In the system ~ the conditions B4, B6 and B7 may be replaced by 
B411 , B611 and B7" respectively. . ........ (9. 2) 

{ B!". 
l J B611 • 

l B7". 

I xab I and I xba I are not compatible. 

II a1,a2,X1 II II a2,a3,X211 ...... 11 a2 .. +1ta,1,X2n+11!-laial+la,i+2I• 

I abc I· II b, d, x II -I abd I @ I dbc I. 

1) E,sential connected set means the set centainin~ more than one element. 
2) \xyz\ means that {xyz} belongs to R[Z] in which Z is a system of conditions considered 

in that place. 
3) If we write' the condition B4'' as \xef\ • \xfe\ being not -::ompatible, we can easily se,i 

that fact. 
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III) And the system ~ is equivalent to the system ~" : 

Bl. 
B211 • 

B3. 
~If 

B411 • 

J aaa I for all a. 

II x, y, z ll -lxyyl. 

\axbl-lbxal. 

I xab I and I xba I are not compatible. 

(Vol. 1& 

...... (9. 3) 

• 

B611 • II a1, a2, X1 II • II a2a3X2 II ...... II U2n+l• a1, X2n+l II -1 aiat+lai+2 I-
B711 • I abc I · II b, d, x II .-I abd I @ I dbc I. 

Proof. Since the condition B2" is the same as Lemma 3. 2 it follows 
that Q3~Q3" from (9. 2). And conversely, B2" contains B2 and B5 follows 
from Q3 11 • For ; 

( i) In the case where x, b and y are all distinct we have 
B"'' I axb I · I xby I-I xby I · II a, x, b II ~ I aby l @ I xba l, on the other hand I xba I 

(i.e. I abx I from B3) and I axb I· x=l-"b are not compatible from B4" .. So we 

have laxbl · lxbylx=l=b .-jabyl. 

(ii) In the case x=y we have I xby I -I xbx I I•m~ x=b, hence the assump

tion of B5 may not occur. 

(iii) In the case y=b, we have I axb I - II a, x, b II ~ I abb I, 
so I axb I • I xby I x=t=b - I aby I . 
Hence we have ~"~B5. Therefore ~"~~- So we have Q3=Q3". 

Furthermore from the examples 2, 4, 6, 7 and the following examples 
10 and 11, the conditions in ~" are mutually independent. 
Example 10. Set A consists of a and b, set R : 0. 

Example 11. Set A consists of a and b, set R : l abb l l baa l l aaa l { bbb j. 

From (9.1), (9. 3) and Theorem 4 we have the systems Q3' is complete 

conditions I> for betweenness of set A and also Q3 11 • 

Remark: 

. ........ (9. 4) 

In § 1---§ 8 we have investigated the system of conditions for between

ness on the set A in the case where A is given at first. The betweenness 
in this case is called betweenness of set A. 

As the system of conditions of betweenness from the standpoint of 
discussing only the character of interval without considering the set A at 
the start, i.e. the standpoint of characterizing the betweenness for some 
set (where only the conditions for R and the order of elements in R* are 
discussed), we have the following : 

1) Complete conditions mean the conditions which are necessary, sufficient and mutually 
independent. 
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I G,B(l 2)'. lxyzl--lxxyl. 

B3. laxbl-lbxal. 

@. ~ l -B4. I axb I • I abx I - x = b . 
B5. I axb I • I xby I x=t=b - I aby I . 
B6. I a1a2a2 I· I a2aaas 1 ... •·· I a2n+1a1a11-1 a1al+1ai+2 I• 
B7. label· lbddl-labdl ® ldbcl. 

This system is called the system of conditions for betweenness. 

Theorem 7. This system of conditions characterizes the betweenness of 

some set. 

Proof. First we prove, that in R* the system @.~ is equivalent to 

the system ~- The system 58 follows from the system @.~. For, lxyzl 

~~lxxy[ 0·~1xxxl. And lxxyl~lyxxl, lxyzl~[zyxj. From lyxxl 

and I zyx I we have I yyy I and I zzz I by the similar way as the above. Hence 

for any element x of R* there exists I xxx 1- The condition B2 is clear 

from G,B(12)'. Therefore we have @.~ -58. 

Conversely, the system @,58 follows from the system 58. The condition 

G,B(12)' follows from the system~- For, (i) jxyzlx=y~]xxxl=fxxyl. 

(ii) lxyzjx=t=y~jxxyj. So we have~-@-~. Therefore the system@.~ 

is equivalent to the system ~-

Thus, from Theorem 4, the system of conditions @. ~ is a complete 

system for betweenness (of R*). So we have theorem. 

From (9.4), the system of conditions@-~" (-B2", B3, B4", B611 , B7") is 

also a complete system of conditions for betweenness. 

§ 10. On the axioms which have been discussed by G. Birkhoff, E. Pitcher 

and M. F. Smiley. 

In this section, we shall consider the conditions which have been 

discussed by G. Birkhoff, E. Pitcher and M. F. Smiley. 

The necessary conditions for betweenness stated by G. BirkhoffD are as 

follows: 

(1) (axb) implies (bxa). 

(2) (axb) and (abx) imply x=b. 

(3) (axb) and (ayx) imply (ayb). 

(4) (axb), (xby) and x=t=b imply (aby). 

(5) (abc) and (acd) imply (bed). 

1) G. Birkhoff: Lattice Theory, Am. Math. Soc. Co. Pub. (1948). 
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And, E. Pitcher and M. F. Smiley obtained the three conditions which 
are independent of (1), (2), (3), (4) and (5),1> 

(6) (abc), (adc) and (bxd) imply (axe). 

(7) (abc), (abd) and (cxd) imply (abx). 

(8) (abe), (abd) and (xbc) imply (xbd). 

Adding to (1)-(8), the following condition is necessary. 

(9) (abe), (bed), (abx} and (xcd) imply (bxe). 

The above conditions (1), (2) and (4) are the conditions B3, B4 and B5 

respectively: (l)=B3, (2)=B4 and (4)=B5. . ........ (9.1) 

We shall prove that the condition (9) is necessary and that the nine 

conditions (1)-(9) are independent of each other. 
Proof. If (abe), (bed), (abx) and (xed), then only one case among the 

following two may occur, because a, b, e and d are distinct. 

(1) a>b>e, b>e>cl, a>b>-x and x>-e>d. 

(2) a<b<e, b<e<cZ, a<b;;;.x and x<c<d 

Then in the case (1) b>-x2.e and in the case (2) b<xS:.e, so in all 

cases, (bxe) must be contained in R[m]. 

Next, we shall prove that nine conditions (1)-(9) are mutually 
independent. 

By the examples 3, 4 and the following examples 12, 13, 14, 15, 16, 17 

and 18, each of which satisfies the eight of the nine conditions respectively, 

except one, we prove the above propQsition. 

1Example[ set A f ---~y~tem R 
----

12 a, b, e faabj {baa} laeal 

13 a,b,e,d fabe} {eba} {bed} fdebl 

14 

15 

16 

17 

18 

a,b,e,d label jcbal {abdl lclbal {aedl ·{deal 

~• ~• e label jcbal {adcl {eclaj I bed} {deb} 
' 

~: ~• e label lebaj labdl ldba} {eedj fcleej 

~•~•e label {ebaj fabdj ldba} {ebe} {ebel 
' 

a,b,c label jcbal {bed! {deb} lacd} Idea} label! {dbal 

only (3) is not 
satisfied. 

(4) " 

(5) ,, 

(6) " 

(7) 
" 

(8) " 

(9) ,, cl, e label jebal {eedUclcej 
-~-------~-~----

1) E. Pitcher and M. F. Smiley, Transitivities of betweenness: Trans. Am. Math. Soc. 
(1942). 
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Now, we have· the following result : 

[1] The system of conditions (1), (2), ... , (9) follows from the system of 

conditions Bl, B2, ... , B7. 

For : since the system of conditions Bl, B2, ... , B7 is necessary and 

sufficient for betweenness of set A, so the system (1), (2), ... , (9) must be 

obtained from the system of conditions Bl, B2, ... , B7. 

[2] Each condition of Bl, B2, B6 and B7 is independent of the con

ditions (1), (2), ... , (9) and the remaining three conditions of Bl, B2, B6 

and B7. 

By the examples 1, 2, 6 and 7 (page 183) we may show the above. 

From the above discussion, we have the conclusion : 

The nine conditions (1), (2), ... , (9) are necessary and independent of each 

other, but are not sufficient for betweenness of set A. 

Chapter II 

On betweenness of special cases 

In this chapter, we shall investigate the betweenness of set A when 

the system A[p] is the following special system : [1] bounded, [2] being 

connected and having center,1' [3] having one extreme element, [ 4] having 

two extreme elements [5] simply ordered. 

We shall obtain the following r·esult: 

The systems of axioms for these special cases are obtained by replacing 

merely B6[1], B6[2], B6[3], B6[ 4] and B6[5] respectively for B6 in the 

system of axioms in general case. ( Cf. >8 [S. I], 5.8 [S. II], ~ [S. III] >8 [S. IV] 

and >S[S. VJ). 

In this chapter, \xyzl means that lxyzl belongs to R[Z] in which Z 

is a system of conditions considered in that place. 

§ 1. Case I. Bounded. 

In the decomposition of A: A=~A,...=~CEA~+a.,(µ)), we can easily 
,... 8 

see from the definition of A~ 

A!1 = o-A!2 = o Ct2>t1). 
mµ. 

When, in particular, A11- =~A~ +a.,(µ) (mµ. is finite), A11- is said to be 
8=1 

bounded. This is eqivalent to that the distance of any two elements in A.µ. 

1) Definition of center is different from that being used in Lattice. 

-211-



K MORTNAGA and N. Nts1ItC6iU, (Vol. 16 

is bounded, so that it is independent of choosing of a.,(µ,). But, the value 
of m,,. depends on choosing of a.,(µ,). The minimum value m~ of m,,. for all 

a.,(µ,) (EA,,.) is said to be the radius of connected set A,,.[RJ, and an a~(µ,) 
for the m~ is said to be pseudo center, and specially the pseudo center for 

the radius one is said to be center. When the set of radii of connected 

sets A,,. in A=~ A,,. is bounded, A is said to be inner bounded, and the 
maximal radius A,,,(µ,), is said to be inner radius of A. 

When the inner radius of A is equal tor, in the proof of the sufficiency 
in § 7, Chapter I, the condition B6' has been used for only n~r1>: i.e. 

I a1a2x1 I· I a2a3x21 ...... I a2,.+1a1x2,.+ 1 I-I atat+1at+2 \ (for n=l, 2, ... , r and at least 
r 

one i, (l~i~2n+l)). We shall write this condition by B6 B6[1]. And by 
[I, examples 1, 2, 3, 4, 5, 6, 7, 8]2> (page 183) we can easily see that the 

r 
conditions Bl, B2, B3, B4, B5, B6 and B7 are mutually independent. 

Therefore, from [I, Theorem 4] we have: 

Theorem 1. When the inner radius of A is equal to r, then the system 
r 

of conditions: ?B[S. IJ==(BJ, B2, B3, B4, B5, B6, B7) is the complete conditi,on 

for betweenness of set A, where 
r 

B6 : I a1a2X1 I . I a2a3X21 ...... I a2n+1a1X2n+l 1-1 aiat+lat+2 I, 
for n=l, 2, ... , r and at least one i (1 <i~2n+l). 

§ 2. Case II. Being connected and having center. 

In particular, from the Theorem 1, the condition for betweenness of 

set A such that A is connected and has center, is the system: BO, Bl, B2, 
l 

B3, B4, B5, B6, B7, where 

BO : I a0xx \ for all x and some one a0 , 

l 

B6: I a1a2X1 I · I a2a3X2 I · I a3a1Xs I - II ai, a2, as 11 • 

By taking b as center a0 in the following example and [I, examples 

1, 2, 3, 4, 5, 6, 7] (page 183), each of which does not satisfy only one of the 
the conditions BO, ...... , B7 respectively, we see that the conditions Bl, B2, 

I 

B3, B4, B5, B6 and B7 are mutually independent. 

Example 1. Set A consists of a and b, system R: {aaa} {bbbl 

(only BO is not satisfied) 

1) When the inner radius of A is equal to r, the number of elements of cyclic path is at 
most 2r+l. 

2) [I, example 1] means the example 1 in Chapter I. 
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Next, we shall investigate the other complete conditions for between

ness of set A such that A is connected and has center. 
The~rem 2. The system of conditions: ~[S. IIJ=(BJ, B.2, B3, B4, BS, 

B6[2], B7) is the complete condition for betweennes.~ of set A such tha,t A is 

connected and has center, where 

B6[2]: II x, y, z II -+ II a0 , x, Y II for some one element a0 • 

Proof. First, from BO, there exists I a0xx I, I a0yy I, so by the lemma 3.2 
1 

laoxxl ·llx,y,zll· lmtaol~ II ao,X,y II-

Hence condition B6[2] is necessary. 
1 

Conversely, we shall prove that conditions BO and B6 follow from 
conditions Bl, B2, B3, B4, B5, B6[2] and B7. 

Putting x=y in the condition B6[2], we have BO, and we shall prove 
1 

that condition B6 follows. 
£6'2) I a1a2X1 I-+ II ao, a1, a2 II , 
£6(2) I a2aaX2 I-+ II ao, a2, a3 II • 

I a3a1Xa I~ II ao, aa, a1 II • 

Combining (2.1) and (2. 2), we have the cases: 

I l l I I l I I (I, Iemms3.6J j I 1) a0a1a2 • a0a2a3 : a0a1a2 • a0a2a3 ,.:__===9 a1a2a3 
2) I a0a1a2 \ • \ a0a3a2 I : According to (2. 3), we have the cases : 

• \ \ I I I I (I, !emmaa.61 1 I ( 1) a0a3a1 : a0a3a1 • a0a1a2 ,...--==9 a3a1a2 • 

(ii) I aoa1a3 \ : I aoa1a3 \·I aoaaa2 \ Cl, 10
~\ a1a3a2 \. 

(iii) \ a1aoaa l : l a1aoaa \ • I aoa3a2 \~I a1aaa2 J. 
3 I I l l I I I l (I,lemma3.6)\ \ ) a0a1a2 • a2a0a3 : a2a1a0 • a2a0a3 ='--===9 a1a0a3 , 

l a2a1ao \ • I a1aoa3 \ Ba,ns l a2a1a3 \. 

......... (2.1) 

. ........ (2.2) 

. ........ (2. 3) 

4) I a0a2a1 \ : In this case, in the similar way as 1), 2) and 3), we can 

prove that it follows that II a1, a2 , a3 II ER[~[S. II]]. 

5) I a1aoa2 I· \ aoa2a3 \ : I a1aoa2 I · I aoa2a3 I~ I a1a2as J. 
6) l a1a0a2 I · I a0a3a2 I : By the similar way as 3), we have I a1a3a2 j. 

7) I a1a0a2 J • I a2a0a3 \ : According to (2. 3), we have the following cases: 

( i ) \ a0aaa1 I : I a2aoaa I · I aoa3a1 I ~ I a2aaa1 \ , 

(ii) \ a0a1aa I : I a2aoa1 \ • I aoa1a3 I~ I a2a1a3 \, 

(iii) l a1aoaa I : I a1aoa2 \ · l a2aoaa \ ~ l a1aoa3 I @ l aaaoa2 \. 

But both I a1a0a3 l and I a3a0a2 \ must be contained in R [~ [S. II]], so 
this is contradiction. Hence, this case (iii) may not occur. Thus we have 
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, 
B6. And [I, Lemma 3. 6] follows from conditions B2, B3, B4 and B7 (page 

185). So that, the conditions Bl, B2, B3, B4, B5, B6[2] and B7 are sufficient. 

By taking b as center a0 in [I, Examples 1, 2, 3, 4, 5, 6, 7] (page 183), 

each of which does not satisfy only one of the conditions Bl, B2, B3, B4, 

B5, B6[2] and B7 respectively, we see that these conditions are mutually 

independent. Thus we have Theorem 2. 

§ 3. Case III. Having one extreme element. 

In this case, A is connected and has center, and so we have: 

The condition for betweenness of set A such that A has one extreme 
1 

element, is the system BO, BO', Bl, B2, B3, B4, B5, B6 and B7, where 

BO' : I xa0u I - x = a0 or u = a0 for some one element a0 ; 

and a0 is the extreme element. 
1 

We see that the conditions BO, BO', Bl, B2, B3, B4, B5, B6 and B7 

are mutually independent, by taking b as a0 in the Example 1 and [I, 

Examples 1, 2, 3, 6] (page 183), each of which does not satisfy only one of 
1 

the conditions BO, Bl, B2, B3 and B6 respectively, and from the following 

examples. 

a!;iel set A I ____ system R 

2 ao, -:~ ~::0b I { ba0a l, { aa0d I I da0a l, { ba0c l I ca0b I, { ca0d I I da0c I/ only BO' 

c, d l aoa0a l { aa0a0 11 a0aa 11 aaa0 l, { a0a0b l I ba0a0 l I a0bb l { bba0 I is not 

! 

l aoaocl I ca0a0 l { a0cc l { cca0 l, I a0 a0d I l da0a0 I { a0dd I { dda0 I satisfied. 
{ aab I { baa I I abb l l bba I , I aad I I daa l I add I l dda I 
{bbc} { ebb l l bee I l ccbl, Iced l I dee} lcdd I lddcl 
la0a0a0 ! laaaj lbbbl {eccl ldddl 

3 a0 , a, b l a0ab l I a0ba} I baa0 l l aba0 l, only B4 

C l aoaoa 11 aaoao 11 aoaa l l aaa0 l, l a0a0b I l ba0a0 l I a0bb 11 bba0 I is not 

I I aoaoc l l caoao I, { aocc I { cca0 I I (tac I {ca.al lace l jcca l, satisfied. 
· I bbc I I ebb I { bee l I ccb I , { aab I I baa l I abb I I bba I , 
I f abc I jcba I , { a0ac I l caa0 l , I a0bc l f cba0 H a0aa0 I f a0ba0 l 
l{a0a0a0 j {aaal {bbb} {eccl . i 
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4 a0 , a, b I a0ab l I baa0 l, I abc l { cba l I abd I I dba ! I a0ac l { caa0 l 

5 

c, d I a0bc} { cba0 l { a0dc l I cda0 l { a0bd l { dba0 l I bdc l I cdb l 
I aab l { baa l I abb l I bba l , I bbd l { dbb l { bdd l { ddb l 
I aac l I caa l I ace l { cca l, I ddc l { cdd I I dee l I ccd l 
{ a0a0a l I aa0a0 l I a0aa l { aaa0 l, { a0a0b l I ba0a0 l I a0bb l I bba0 I 
{ aoaod l I daoao l I aodd l I dda0 l , I a0a0c l I ca0a0 l I a0cc l I cca0 l 
{ bbc l I ebb l I bee l I ccb l, I a0a0a0 l I aaa l{ bbb l I ccc l { ddd l 

a0 , a, b { a0ac l I caa0 l I a0bc l I cba0 l I a0ba l I aba0 l I abc l { cba l 
c jaab} {baa} {abb} {bbal, {bbc} {ebb} {bee! {ccbl 

I aac l I caa l I ace l I cca l, I a0a0a} {aa0a0 l I a0aa l I aaa0 l 
I a0a0b l I ba0a0 l I a0bb l I bba0 I, I a0a0c l I ca0a0 l I a0cc l I ccao I 
,{a0a0a0 I {aaa} {bbb! {ccc}. 
I . 

only B5 

is not 
satisfied. 

only B7 

is not 

satisfied. 

Next, we shall investigate the second system of conditions for between

ness of set A such that A has one extreme element. 
Theorem 3. The system of conditions: ?S [S. IIIJ=(BJ, B2, 'B3, B4, BS, 

B6[3], B7) is the complete condition for betweenness of set A such that A 

has one extreme element, where 

B6 [ 3] : l xyz \ -> \ a0xy \ or l a0yx \ for some one element a0 • 

l 

Proof. From BO, BO', and B6, it is clear that condition B6 [3] is 
l 

necessary. Conversely, we shall prove that conditions BO, BO', and B6 

follow from Bl, B2, B3, B4, B5, B6[3] and B7. It is clear that conditions 

BO and BO' follow from Bl and B6[3], and 
R8(3) 

\ a1 a2X1 \ - \ aoa1a2 \ or \ aoa2a1 \ . 
' R6(3) 

\ a2a3x21-1 a0a2a3 I or \ a0a3a2 j • 
B6C3) . 

\ a3a1X3 \ _:_ \ aoa3a1 \ or l aoa1a3 \. 

. ........ (3.1) 

. ........ (3. 2) 

. ........ (3. 3) 

From (3.1) and (3. 2), we have the following two different types of cases: 

Case 1. \ aoa1a2 \ • \ aoa2a3 \ : \ aoa1a2 \ • \ aoa2a3 \ rr, Jernm,~ I a1a2a3 l .1> 

Case 2. \ a0a1a2 \ • \ a0a3a2 \ : According to (3. 3), -we have two cases: 

( 1• ) I I I I l I n, ]emrnag.GJ I I a0a3a1 : a0a3a1 · a0a1a2 ==- ➔ a3a2a1 • 
(1·1·) I I I l I I (I, ]ennn~ 3.6) I I a0a1a3 : a0a1a3 • a0a3a2 ====a> a1a3a2 . 

l 

Hence, we have B6. 

So that the conditions Bl, B2, B3, B4, B5, B6[3] and B7 are sufficient. 

1) Lemma 3-6 in Chapter I is th:! same condition as (5) which has been discussed by 

G. Birkhoff. 
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And by taking b as a0 in [I, examples 1, 2, 3, 4, 5, 6] (page 183), and the 

example 5, each of which does not satisfy only one of the conditions Bl, 
B2, B3, B4, B5, B6[3] and B7 respectively, we see that the conditions 
Bl, B2, B3, B4, B5, B6[3] and B7 are mutually independent. 

Thus we have Theorem 3. 
We shall investigate the third system of conditions for betweenness 

of set A in this. case .. In the proof of Theorem 3, we have used only Bl, 
B2, B3, B4, B5, B6[3] and [I, Lemma 3. 6] (=(5)). And taking b as a0 in 
[J, ~xamples 1, 2, 3, 4, 5, 6], each of which does not satisfy only one of the 

conditions Bl, B2, B3, B4, B5 and B6[3] respectively, and by the following 

example, we see that the conditions Bl, B2, B3, B4, B5, B6[3] and (5) are 
mutually independent. 

Example 6. Set A consists of a0 , a, b and c, set R : 

! a0ab I I baa0 } l a0bc l ! cba0 l, I aoac I I caa0 l , l bac l l cab l 
I a0a0a I l aa0a0 I { a0aa I { aaa0 l, l a0a0b l I ba0a0 I l a0bb I ! bba0 I 
l a0a0c l I ca0a0 l I a0cc l I cca0 I , l aac l l caa l I ace I { cca I 
I aab I l baa l I abb l l bba I , l bbc I I ebb l I bee l I ccb I 
la0a0a0 } {aaa} {bbb} fccc}. 

This example does not satisfy only (5). 

So, we have Theorem : 
Theorem .4. The system o.f conditions 21=(Bl, B2, B3, B4, B5, B6[3], 

(5)) is the complete condition for betweenness of set A such that A has one 

extreme element, where 

(5): I abc I · I acd I -I bed I. 

§ J. Case. IV. Having two extreme elements. 

This case is the special one of Case III such that the following con

dition must hold : 

B6[ 4] : II x, y, z II -I a0xa00 I, for all x and some two elements a0 and a00 • 

So, from Theorem 3, we have: 
The system of conditions Bl, B2, B3, B4, B5, B6[3], B6[4], B7 is neces

sary and sufficient for betweenness of set A such that A has two extreme 

elements. 
We shall investigate the independency of the above conditions Bl, B2, 

B3, B4, B5, B6[3], B6[ 4] and B7. 

Lemma 4. 1. The condition B6[3] follows from the conditions B3, B4, 

B6[4] and B7. 
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Proof. Suppose that {xyz} is contained is R[>B[S. IV]]. From B6[4] 
there exist I aoxaoo I and l aoyaoo \ . 

I aoxaoo \ • I xyz \ ~ 1 aoXY I @ I yxaoo 1. 
I aoyaoo I . I xyz I ~ I aoYX I @ I xyaoo \ • 

And from B3 and B4 I yxa00 \ and I xya00 I are not compatible, so I a0xy \ or 
laoyxl is contained in R[>S[S. IV]]. 

From the above Lemma, condition B6[3] follows from conditions Bl, 
B2, B3, B4, B5, B6[ 4] and B7. And, by taking a as a0 and b as a00 in [I, 
examples 1, 6], and taking c as a00 in the examples 3, 4, 5 and by the 
following examples 7 and 8, each of which does not satisfy only one of Bl, 
B6[4], B4, B5, B7, B2 and B3 respectively, we see that the conditions Bl, 
B2, B3, B4, B5, B6[ 4] and B7 are mutually independent. 

Example 7. { aoaaoo l { aooaao ! { aoaoaoo I l aooaoao l l aoaooaoo l l aooaooaO l I aoaoao l I aooaooaoJ 
{aaaj. 

Example 8. I aOaooaoJ I aoaoaoo I I aoaoao l { aooaooa.J. 
Thus, we have the Theorem : 
Theorem 5. The system of conditions: >B[S. IVJ=(Bl, B2, B3, B4, B5, 

B6[4], B7) is the complete condition for betweenness of set A such that A 

has two extreme elements, where 
B6[ 4] : II x, y, z II - I a0xa00 \, f01· all x and some two elements ao and a"". 
We shall investigate the other system of condition for betweenness of 

set A in this case. 
, l 
First, by Theorem 3 and Lemma 4.1, condition B6 follows from Bl, B2, 

B3, B4, B5, B6[ 4] and B7, and condition (5) follows from B2, B3, B4 and B7. 

Coversely we shall show that condition B7 follows from conditions Bl, 
I 

B2, B3, B4, B5, B6[ 4], B6 and (5). 

Lemma 4. 2. The following condition follows from conditiom B2, B3, B4, 
l 

B5, B6, B6[4] and (5) 

\ xyz I - I I a0xy \ and I xya00 I I or I \ aoYX I and I yxaoo \ I -
Proof. Suppose that I xyz J is contained in R[2 2]. By B6[ 4], l aoxa,,,\ 

and \ a011a00 I are contained in R[22]. So we have, 
• l 

\aoxa"°\ • \xyz\ • \aoyaoo\ Jlll ► 11 ao, x, y II -
According to II a0 , x, y II , we have three cases : 

' ( ') 

Case 1 I aoXY \ : I aoXY I · \ aoyaoo l ~ I xyaoo j • 
(5) I Case 2 l aoYX \ : l aoyX \ • \ aoxaoo \ =9 I yxaoo • 

Case 3 l xao11 \ : I xaoy l · I aoya"" l ~ I xaoa"" \ • 
This contradicts B6[ 4]. So case 3 may not occur. 
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Therefore, I xyz I - { I a0xy I · I xya00 I ! or { I aoyx I · I yxa"" I I -
Lemma 4. 3. The condition B7 follows from conditions B2, B3, B4, BS, 

l 

B6, B6[4] an.d (5). 

Proof. Suppose that I abc I and I bdx I are contained in R[~2J• 

I abc \ 1""= { I aoab I · I abaoo I l @ { I aoba \ • I baaoo 11, . · · · · · · · .(4.1) 

I abc I !en= I I aobc I · \ bcaoo I l @ l I aocb l · I cbaoo I l - · · · · · · · · .( 4. 2) 

Case 1 I aoab I · I abaoo I : 
(a) I aobcl : 

I bdx I Jen= 11 aobcl I . I bdaoo I l or 11 aoclb I . I clbaoo I l -

( a1 ) I a0bcl I : I a0ab I · I a0bd I ~ I abcl \ . 

(a2) ja0clbl: la0clbj • \a0bcl~ldbcJ. 

So, we have I abc I • I bcx I - I abd I ® I dbc I . 
(b) I aocb \ I cbaoo I : 

I abc I • Jcba00 I ~ I aba00 I ® I a00bc I -
But I abaOQ I and I a00bc I must be compatible, so this is contradiction. Hence, 

this case (b) may not occur. 

Case 2. I a0ba I • I baa00 I : In. this case in the similar way as Case 1, we can 

prove that it follows that I abd I @ I dbc I -
Therefore we have B7. 

And by taking a as a0 and b as a00 in [I, example 1], and taking c as 

a"" in the examples 3, 4, 6 and by the examples 7, 8 and the following examples 
1 

9 and 10, we see that the conditions Bl, B4, B5, (5), B2, B3, B6[4] and B6 

are mutually independent ; 

Example 9. Set A consists of a0 , a"" and a, system R : 

{ aoaoaoo l l aooaoao I { aOaooaoo I I ao,.aooaO l I aoaoao I l ao,.aaoaoo I { aaa I-
Example 10. Set A consists of a.0 , a, b, c and a00 system R : 

I aoaa"" ! l a""aao ! , I a0ba00 ! I a00ba0 I, I a0ca",1 l a00ca0 ! 
laabl I baa I {abb! f bba/, I bbc I I cbbl I bee I {ccb l 
I aac ! fcaa I I ace I I cca I , I a0a0a I I aa0a0 I l a0aa I l aaa0 ! . 
I aaa"" l I a_,,aa I I aa""a"" ! I a""a""a I, I aoaob I l ba0a0 I I a0bb l l bba0 ! 
I bbaoo I { aoobb I I baooa.,,,I I aooaoob I, l aoaoc I { caoao I I aoCC I I ccao I . 
I ccaool l aoocc I { cao,a.,O I l aooaooc l, l aoaoaoo I I aooaoao I I aOaooaoo I I a.,,aooaO I 
I aoaoao I I aaa I I bbb I l CCC l I aooaooaoo l -
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From the above results, we have Theorem : 
• 1 

Theorem 6. The system of conditwns 2 2~Bl, B.2, B3, B4, BS, B6, B6[4], 

(5)) is the complete condition for betweenness of set A such that A has two 

extreme 'elements. 

§ 5. Case V. Simply ordered. 

In this case, A[R] is connected and every element of A may be center, 

and the following condition must hold, 

B2: labbl for all a and b. 
- 1 

From case II, the system of conditions Bl, B2, B3, B4, B5, B6 and B7 

are necessary and sufficient for betweenness of set A in this case. . .. (5.1) 
Now, we shall prove the following Theorem : 

Theorem 7. The system of conditions: ~[S. V]==(Bl, B.2, B3, B4, BS, 

B6[5], 'B?) is the complete condition for betweenness of .~et A such that A is 

simply ordered, where 

B6[5]: II x, Y, z II • II u, v, w II - II a0, x, u II , , for some one element a0 • 

- - 1 
Proof. From B2 we have B2, and from Bl, B2 and B6 we have B6[5]. 

- 1 
Conversely, we shall prove that conditions B2 2nd B6 follow from 

conditions Bl, B2, B3, B4, B5, B6[5] and B7. 

For any a and b, we have II a0 , a, b II from Bl and B6[5]. II a0, a, b II 91 a9ab I 
@ \ aa0b \ ® I a0ba \ . 

laoabl~\baaal~lbbal~labb\. 

\a0ab\~\ ba0a\-~""? I bba0 \ ~ I a0bbj. laa0b\ • \a0bbl ~ \abbl. 

\a0bal~laba0 l~\aabl~\baa\~\bbal~\abb\. 

So, we have B2. And the condition B6[2] follows from B6[5]. Hence, by 
l 

Theorem 2 (in Case II) the condition B6 follows from Bl, B2, B3, B4, B5, 

B6[5] and B7. 

Therefore, from (5.1), the system _of _conditions: ~[S. VJ is necessary 

and sufficient for betweenness of set A in this case. 

And from [I, examples 1, 2, 3, 4, 5, 6] and example 5, each of which 
does not satisfy only one of Bl, B2, B3, B4, B5, B6[5] and B7 respectively, 
we see that the conditions Bl, B2, B3, B4, B5, B6[5] and B7 are mutually 
independent. 

Thus we have Theorem 7. 

We shall investigate the other systems of conditions: 23 and 24 for 

betweenness in this case. 
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Theorem 8. The 8'/Jstem: 2 3==(BJ, B2, B3, B4, B6, B7) is the camplete 

condition for betweenness of set A such that A is simply ordered, where 

B6 : II a, b, c II for all a, b and c. 
- l 

Proof. The system 23 follows from the system Bl, B2, B3, B4, B5, B6 
- - l 

and B7 (page 219). For, the condition B6 follows from B2 and B6. 
- l 

Conversely, we shall prove that the system Bl, B2, B3, B4, B5, B6 and 

B7 follows from 2 3 • 

First we shall prove that : The condition B5 : I axb l • I xby l x=!=b - I aby I 
follows from conditions B2, B3, B4 and B7. . ........ (5. 2) 
When y=b, it is clear that B5 is obtained from B2, so we shall prove the 

case y=!=b. If x=y, we have x=b from B2 and B4. This contradicts the 
assumption x=}cb. So, we have x=!=y. Suppose I axb l and l xby I are contained 
in R[2 3]. Then, 

laxbl· lxbyl~labyl ® lxbal. 

But I xba l • x=!=b contradicts l axb l by B4, so I xba l may not occur. Hence 

we have: laxbl • lxbylx=!=b-labyl. 

So, we have the assertion. 

And condition 136 follows from B2 and B6. Hence the system. Bl, B2, 
1 

B3, B4, B5, B6 and B7 follows from ~3 • Therefore, from (5.1) the system 

2 3 is necessary and sufficient. 
And from [I, examples 1, 2, 11, 4, 6] and example 5, each of which does not 

satisfy only one of the conditions Bl, B2, B3, B4, B6 and B7 respectively, 
we see that these conditions are mutually independent. 

Thus, we have Theorem 8. 
Theorem 9. The system of conditions: 24==(Bl, B.2, B3, B4, BS, B6, (5)) 

is also the complete condition for betweenness of set A such that A is simply· 

ordered. 

Proof. We shall prove that system 24 is equivalent to 23 • First, 24 

follows from 2 3 : For, by Note in Lemma 3. 6 and (5. 2) the conditions B5 
and (5) follow from the conditions B2, B3, B4 and B7. 

Conversely, 23 follows from 24 : The condition B7 follows from the 

conditions B3, B5, B6 and (5). For, Suppose label and lbdxl. 

By B6, there exists II b, c, d II i.e. l bed l or l cdb I or l dbc I for b, c and d.1' 

......... (5. 3) 

1) Because b, c and dare different clements, we have ll b,c,d II means that !bed! or lcdbl 

or jdbcl. 
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Case 1. lbcdl : l~bc\ • lbcd\~labd\. . ........ (5. 4) 

Case 2. lcdb\: \cclbl • lcba\~ldba\~labd\. . ........ (5. 5) 

From (5. 3), (5. 4) and (5. 5), we have B7. 
Therefore, the conditions Bl, B2, B3, B4, BS, B6 and (5) are necessary 

and sufficient for betweenness of set A in this case. And from [I, examples 

1, 2, 11, 4, 6] and example 6 and the following example 11, we see that 
the conditions Bl, B2, B3, B4, B5, B6 and (5) are mutually independent; 

Example 11. Set A consists of a, b, e and d, set R : 

! abe l I cba l I bed I I deb l I ade I I eda l t bad l I dab l 
I aab I ! baa l I abb l t bba l ! aac l I eaa l ! ace l l eea l 
I aad l I daa l I add l { dda I I bbe l I ebb l I bee l I eeb l 
{bbd! {dbbl {bddl {ddbl {ecdl {dee! {cddl {ddej 

I aaa} I bbb I lece I {ddd l. 
Thus we have Theorem 9. 

Remark: 

I) The systems of conditions: 23 and £4 correspond to the systems 
No. 12 and No. 1 respectively which have been obtained by E. V. Huntington 
and J. R. Kline for betweenness such that A is simply ordered.1) 

JI) In the above special cases I.. .... V, the systems of conditions for 

betweenness are obtained by replacing G.B (12)' for Bl and B2. (Cf. p. 209) 

MATHEMATICAL INSTITUTE, 

HIROSHIMA UNIVERSITY 

1) E. V. Huntington and J. R. Kline, Sets of Independent Postulates for Betweenness, 
with proof of Complete Independence, Trans. Am. Math. Soc. vol. 26 (1924). 
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