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Given the regular transformation 

% : 'xv= ,p"(x) = aix,. + •····· ,(1) 

where det. j a; I 40 and the unwritten terms are those of the second and 
higher orders.c2i In the previous paperc3\ we have seen that, when the eigen 
values Av of the matrix [[a;II are all either less or greater than unity, the 
transformation % can be expressed as the iteration of one infinitesimal 
transformation as follows : 
(2) 'xv = <pv(x) = ex(xv), 

3 where X = t,. ax,. . When, among A; , there does not hold any of the rela-

tions of the forms as follows : 

(3) 

where n is a number of the variables xv and p1 , p2 , ••• , Pn are non-negative 
integers such that p1 + p2 + · · · + p,.~2. we have seen that the operator functions 
t,. are sought in the following way : 

At first, we solve the equations of Schroder for % as follows :. 

(4) 

R L; 
We take the matrix K=[[k~I[ such that K= z] z] EBK!, where 
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1) a~xµ, means ~ a;xl'. In the following, as here, we use this convention of tensor calculus. 

2) In the followfng1 we agree that the unwritten terms in the expansion formulae denote the 
terms of the h;gher orders than those Written expl'citly. 

3) M. Urabe, Equations of Schroder (Continued), Jour. Sci. Hiroshima Univ. 15 (1952), 
pp. 203-233. 

4) For the notations of indices, cf., M. Urabe, ibid • 
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Put f"=k~gv, then gv are determined by the equations as follows: 

(.5) Xg, _ l:,,. ogf p _; µ g' + g' 
lp= S - - , IP lp-1 • ox"' 

where µ, = log X,. Consequently gv become of the forms as follows: 

(6) gv = c~x"" + ...... . 

In this paper, we consider the general case where the conditions on the 

eigen values Xv of Jla~!I are not assumed. 

We take a sufficiently large positive number c' and put X~=e-c'xv, then 

we may assume that O< IX~ I <1 (v=l, 2, ... , n). Besides, if we take a 
sufficiently large positive number c" and put AZ=e-c"x~. then, among X~ 

there does not hold any of the relations of the form (3). For, if there holds 

some one of the relations of the form (3), then we have 

-c",' -( -c"-,.,)Pl( -c",,-d>2 ( -c",,)Pn e "'~ - e "'i e "'2F .. .. .. e "'n , 

Then it follows that 

ec"(Pi+h+···+P,.-lh, _ ....,p1....,P2 ...... )i.'P"' 
"'v - "'1 "'l n • 

Consequently 

I ec"x~ J .:s::::. I ec"(Pi+h+···+Pn-l)x~ I< 1. 

However, this does not hold for a sufficiently large positive number c". Thus, 

putting c=c' +c", we see that, if we take a sufficiently large positive number 

c and put $..v=e-•xv, then O<J\.vJ<l and, among ~v, there does not hold any 
of the relations of the form (3). 

Taking such c, we consider the linear transformation 2 as follows : 

2: 

Put i.2- 1=%0 , then it follows that 

%0 : 'xv = g:,o(x) = g:,v(e -•x) = e-•a~x"' + ....... 

Now the eigen values of the matrix Jle-•a~II are evidently Xv=e-"Xv. Then, 
from the above results, we see that 

(7) 

· where X 0 = E~ 0~,;. and g~ are determined by (5) correspondinJ to %0, con

sequently they are of the forms (6). Now it is easily seen that 2 can be 
expressed as follows : 

(8) 
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where D is the operator of the group of dilatations, i e D = x" ~- Thus, . . ox" 
from ~=~02, we see that 

~: 1X~ = <p~(x) = <p~(e"x) = e'Dcp0(X) = e'DeXl'(x~). 

Thus we have 

Theorem. Any finite t-ra,n'lformati,on ~ of the form (1) can be exp'ressed as 

the product of two tran.<?formation.<1, each of wh,ich is an iteration of the 

infinitesimal transformatwn, a'I follows : 

~= 
where c i.'I a imitable large positi'i:e ni.mber aruZ. D is the operator of the nroup 

of dilatations and X 0 is the operator of the suitable group with the regular 

operator functions. 
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